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INTRODUCTION FRAMEWORK

Our aim is to study the following equation
afu(tyx’w)—i_an(u(tvx’w)) :aXF(t7X’w)7 (1)

with
> x eR,
> >0,
> u(t, x,-) is a random variable with values in R,
» Fis a random force.
A deterministic initial data u(fy, -) = up(-) € L*°(R) is given.

SCL WITH FRACTIONAL STOCHASTIC FORCING JEUDI 24 NOVEMBRE



INTRODUCTION FRAMEWORK

Burgers’ case :
If the flux function W is the half of the square function and F = 0, then we obtain the Burgers’
equation

oru(t, x) + %ax(u(t,x))2 =0,

u(0,x) = up(x) .
Characteristic method :

A characteristic curve ¢ is a curve such that u(t, £(t)) is constant. If u is regular then a
characteristic satisfies

gt =u(t&);
£(0)  =Xo.

= £(t) = xo + tp(xo)t.

If there exists xo < x§ such that ug(xp) > uo(x§) then the characteristics intersect each other and
at the intersection point (¢, x) one should have

u(t, x) = tp(x0) = Uo(xp)-

So we need weak solution.
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INTRODUCTION FRAMEWORK

Weak solution :

1
/ / aw dxdt+/ / O ;X) (u(t, x))zdxdt—i-/ Ug(X)p(fy, X)dx = 0.
f R
For the Riemann problem, vy = —13- + 1+ we have two weak solutions :

-1 ifx+t<0;
Lou(t,x)=< +1 ifx—t>0;

x/t otherwise.
2. 0(t, x) = up(x).
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INTRODUCTION FRAMEWORK

In the deterministic case :
» the weak solution is not unique,

> in order to discriminate the "physical" solution one have to introduce the notion of entropy
solution

» the selected solution has nice qualitative behavior :

1. discontinuities that are related with creation of shocks
2. description of the behavior in term of characteristics
3. ..

o There is a wide literature on deterministic conservation laws :
Dafermos, Evans, Hérmander, Serre, Oleinik, Kruzkhov...
o In the stochastic case only few works in this area :
» Kim (Indiana 03)
Vallet-Wittbold (IDAQPRT 09)
Feng-Nualart (JFA 08)
Debussche-Vovelle (JFA 10)
E-Khanin-Mazel-Sinai (Ann. Math. 00)
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INTRODUCTION THE WORK OF E-KHANIN-MAZEL-SINAT

This article deals with the Burgers’ case (that is W(u) = u?/2) :
Bru(t, X, w) + Ay (u(t, x,w))? = OxF(t, x,w) ,

with a stochastic forcing given by
>© .
F(t,x,w) = Fe(x)Bx(t)
k=1

where (Bg)x>1 are independent standard Wiener processes on the real line R.

They prove :
» the existence and uniqueness of the solution via a parabolic perturbation method,

» the existence and uniqueness of an invariant measure via a fundamental property of the
Brownian paths.

The Brownian noise is arbitrary small on an infinite number of arbitrary long time intervals. In other
words for all e > 0, T > 0, for almost-all w, there exists a sequence of random time (in(w))n>1,
such that fp(w) — —oo and

v s S {I1Ful oy Bi() — Beltn)l} <<
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EXISTENCE AND UNIQUENESS OF THE SOLUTION | SHYPOTHESES

OUTLINE
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EXISTENCE AND UNIQUENESS OF THE SOLUTION | SHYPOTHESES

HYPOTHESES

» The stochastic term : for any t, x, F(f,x) = >_32 Fi(x)Bxk(t) where :
(A) there exists A > 0 such that the sequence of processes ((Bk(t)),e(,mm))k>1 satisfies
Bi(-) € C*(a,b)forany k > 1, —0o < a < b < +o00. B
(B) the sequence (Fi)x>1 is such that for any k, the function Fx belongs to Cﬁ(R) satisfies
IFillgay < Ok~ 5.

» The flux :
(A) W is uniformly convex : there exists # > 0 such that W"/(v) > g forall v € R,
(B) super-linear growth condition : there exists k» > ki > 0 and two constants /i, k such that
vk < 58 < pvife,
(C) there exists L such that [W/(v) — W/ (v')| < L|v — V|,
(D) there exists a positive function R — C(R) such that |W*(v) — W*(v')| < C(R)|v — v/|" whenever
max(|vl, [v']) < R.

3
cAw

1. For a function f from R — R, we denote f* its Legendre transform defined as f*(q) = SUPpcR (pg — f(p)) forqg € R
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EXISTENCE AND UNIQUENESS OF THE SOLUTION S WEAKSOLUTION

WEAK SOLUTION

DEFINITION
A random field u defined on [fy, +00) x R x Q with real values is a weak solution of (1) with initial
condition u(fp,-) = Up(-) € L>*(R) if :
(1) Forallt > fyand x € R, u(t, x, -) is measurable with respect to
Flgot = o{Bk(s),lp <s<tk>1}

(11) Almost surely, u(-, -, w) € L{ ([, 00) x R) and u(t,-,w) € L>°(R) forany t > t

(1) For all test function ¢ € C2(R x R) (the set of twice differentiable functions with compact
support) the following equality holds almost-surely

/I:O/R%u(l‘,x)dxdlur/t0 / Oelt, X) (t,x))dxdt = 7/Ru0(x)<p(t07x)dx

- /IR Z {Fk(x) /too %(Bk(t) - Bk(to))dt} ax . 2)
k=1 0
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EXISTENCE AND UNIQUENESS OF THE SOLUTION S WEAKSENTROPY SOLUTION:
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EXISTENCE AND UNIQUENESS OF THE SOLUTION
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EXISTENCE AND UNIQUENESS OF THE SOLUTION S WEAKSENTROPY SOLUTION:

WEAK-ENTROPY SOLUTION

DEFINITION
We say that a random field u which is a already a weak solution of Equation (1) is an entropy-weak
solution if there exists C > 0 such that for almost-all w € Q,

u(t, x + z,w) — u(t, x,w) < C(1 +,jf,0) z (3)
forall (t,x) € (fp,o0) x Rand z > 0.

» The above entropy condition is the historical "condition E".

» This condition will ensure us the uniqueness of bounded weak solution.

» From (3), for t > fy the function x — u(t, x) — Cx is nonincreasing, and consequently has left
and right hand limits at each point.

» Thus also x — u(t, x) has left and right hand limits at each point, with u(t, x—) > u(t, x+)
(classical form of the entropy condition).
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EXISTENCE AND UNIQUENESS OF THE SOLUTION LAX-OLEINIK FORMULA

THEOREM

Let uy € L>°(R). There exists a unique entropy-weak solution to the stochastic scalar

conservation law (1) such that u(ty, x) = ug(x). Fort > ty, this solution is given by the following
Lax-Oleinik type formula :

o ) £(t)
u(t, x,w) = — inf Ayt +/ up(z)dz , (4)
Ox \ ceH(yn 0
£ =x

with

t . .
A 1(€) = /{ {*(€()) = Szt (Bls) — Belto)) Fi(£(9))E(s) bis
+ izt (Bult) — Bilo)) Fi€(1) - (5)
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OUTLINE

EXISTENCE AND UNIQUENESS OF THE SOLUTION

Few words about the proof
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EXISTENCE AND UNIQUENESS OF THE SOLUTION | SEEWSWORDS ABOUT THE PROOF

THE "STOCHASTIC" INTEGRAL

» The trajectories w — By(t)(w) are A—Hdlder continuous ;

» If the curve ¢ is regular (C'(7,t)) then the stochastic term of the action exists as a
Riemann-Stieltjes integral

t t .
| ShorFl€(9)dBi() = = | Sz (Buls) - Belr)) Ful€(s)é(s)os
Sk (B = B(r)) Fil€(D) ®)

> If £(1) is fixed to be x, then the second term in the above equality is independent on &, hence
the action is redefined for ¢ € C'(7,t) as

t ] t
Antl€) = [ W E)ds + [ Sy Fle(s))oBls)
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EXISTENCE AND UNIQUENESS OF THE SOLUTION | SEEWSWORDS ABOUT THE PROOF

LINK WITH HJB EQUATION

Formally let ¢ a test function in C2(R x R), thanks to an integration by parts one rewrites (2) :

/tooo/R%u(t,x)dxdt+/lo“’/m{%w(u(t,x))dxdt:f/l;uo(x)go(tmx)dx

> oo 52
- /RZ {Fk(x)/, %(Bk(t) - Bk(to))dt} dx
k=1 0

as

/t:o/Ratcp(t,x)u(t,x)dxdt—f—/I:O/Raxgo(t,x)\l»'(u(t,x))dxdt: —/Ruo(x)gO(to,x)dx

+ / = Orp(t, x)v(t, x)dtdx (7)
RJty
with
v(t,x) = > Fr(x)(Bk(t) = Bi(t)) - ®)
k=1
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EXISTENCE AND UNIQUENESS OF THE SOLUTION | SEEWSWORDS ABOUT THE PROOF

LINK WITH HJB EQUATION

Consequently,

/N/Bt@(t, x)[u(t, x) — v(t, x)]dxdt+/oo/axcp(t,x)w(u(t, X)) dxdt = f/ Up(x)(ty, x)dx
b JR o Jr R

with w = u + v we obtain

/OO/8;Lp(t,X)W(1‘,X)dXdI+/OO/8X90(I7X)\U(W(t,x)+V(i,X))dXdi:—/ Uo(X)(ty, X)dx .
b JR v Jr R

Hence w is a solution of the stochastic scalar conservation law
ow +divyW(w+v) =0

and if we integrate with respect to the space variable x this equation, we derive the HJB equation
oW +V(oxW+v)=0.

where W is such that oxW = w .

This HJB is related to an optimization problem with an action involving the Legendre transform of
p — W(p+ v). Thanks to the behavior under translation of the Legendre transformation, one have
(V(- +v))"(g) = W*(q) — vq and we obtain the action in (5).
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GENERALIZED CHARACTERISTICS EULER-LAGRANGE EQUATIONS

PROPERTIES OF THE MINIMIZERS

To simplify W(v) = W*(v) = v?/2 and the noise is F(t, x) = F(x)B(t).

If v is @ minimizer of A on [#;,L], that is

tp . .
Ayp) = inf { 7 (G2 - (Bts) - B)F eo)ics) ) os

567{?11’[)2(2
+ (B(k) — B(H))F(é(fz))}

then we have the following properties :
> regularity : 4 € C'(t,b);
» Euler-Lagrange equations :for t; < r<s<t

Y(s) =) = /rs F'(7(7))dB(7) - ©)
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GENERALIZED CHARACTERISTICS EULER-LAGRANGE EQUATIONS

» Bound on velocities : for &, — t; > 1, then there exists a constant ¢ such that

1llty,15,00 < € IFllc2 { sup |B(r) — B(f')} (10)

{4 <r<r'<t
> u(t,x=) = sup,, (1)
> u(t,x+) = infy 4(1)
» The bound (10) on velocities implies

[At, ()| < ¢ lIFllce { sup
Hh<r<r'<

t IB(f)—B(f')} (1)
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GENERALIZED CHARACTERISTICS
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GENERALIZED CHARACTERISTICS [SONESSIDED MINIMIZERS!

ONE-SIDED MINIMIZERS

DEFINITION
Let t € R. A piecewise C' curve ¢ : ] — oo,t] — R is a one-sided minimizer if
(1) forany v € H'(—oo,t) such that y(t) = £(t) and v = £ on ] — oco,7] for some 7 < t, it holds
that As (&) < As () forany s < 7;
() forany s <t [£(s) — &(t)] < 1.

PROPOSITION
Forevery x € R and t € R, there exists a one-sided minimizer v such that ~(t) = x.

PROPOSITION

Intersection of one sided minimizers :

For almost-all w, for any distinct one-sided minimizers vy and v, on] — oo, t] and] — oo, &), if 1
and v intersect at time t in a point x, then t; = t, = t and v () = v2(&) = x.

The above result is true if we assume that the noise has the following "silence property".
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GENERALIZED CHARACTERISTICS [SONESSIDED MINIMIZERS!

"SILENCE PROPERTY"

Our noise must satisfy that it is arbitrary small on an infinite number of arbitrary long time intervals.

Ve > 0,VT > 0, for aimost-all w, 3 (tn(w))n>1, such that th(w) — —occ and

vn, sup |B(s)—B(t) <e.
th—T<s<tp

In the Brownian case, we consider the events

An = { sup |B(s) — B(—nT)| < a} .

—nT—T<s<—nT
The events Aj are independent and P(An) > 0 for any n. By the Borel-Cantelli lemma,

IP(w € Ap for infinitely many n) =1.
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AN ASYMPTOTIC PROPERTY OF THE FBM Two SIDED FBM

OUTLINE

AN ASYMPTOTIC PROPERTY OF THE FBM
Two sided FBm
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AN ASYMPTOTIC PROPERTY OF THE FBM Two SIDED FBM

DEFINITION
A two-sided fractional Brownian motions (fBm in short) with Hurst parameter H € (0,1) is a
Gaussian process (B(t))tcr with B(0) = 0 and E(|B(t) — B(s)[?) = |t — s|?H.

Moving average representation :
B(t) = / f(s)aWs  with
R

) =ou (=97 = (-9H)

PROPOSITION
A two-sided fractional Brownian motion satisfies the following property : Ve > 0,VT > 0, for
almost-all w, 3 (tn(w))n>1, such that th(w) — —oco and

vn, sup |B(s)—B(t) <e.
th—T<s<tp
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AN ASYMPTOTIC PROPERTY OF THE FBM PROOF OF THE "SILENCE PROPERTY" OF THE FBM

OUTLINE

AN ASYMPTOTIC PROPERTY OF THE FBM

Proof of the "silence property" of the fBm
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AN ASYMPTOTIC PROPERTY OF THE FBM PROOF OF THE "SILENCE PROPERTY" OF THE FBM

PROOF

Lete > 0and T > 0 be fixed. Let (f),>1 be a decreasing sequence of negative real numbers
such that -

liMp—s 00 In = —00 ;

fhy1 < th— T and

St — )71 < o0

We denote Fi, = o{B(r); — oo < r < tp} and

An(e) = { sup |B(t) — B(s)| < 5} :
th—T<t,5<ty

The proof is based on the following reversed Borel-Cantelli’'s lemma :

LEMMA
Let (Fn)n>1 be a decreasing sequence of o —fields and (An)n>1a sequence of events such that
Apn € Fn. Then the events

Z1Ak<oo and ZE(1Ak|‘Fk+1)<OO
k>1 k>1

are almost-surely equal.
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AN ASYMPTOTIC PROPERTY OF THE FBM PROOF OF THE "SILENCE PROPERTY" OF THE FBM

For t > t,.1 we set
B™(t) = E(B(1)|F,,,) and  B"T'(1)=B(t)— B™(1).

By the gaussian property of the fBm, B (t) is independent of F; . We denote

An(e) = { sup  |B™(t) — B™ (s)‘ < z—:} ,
th—T<t,5<tn
An(e) = { sup  [B"(1)-B" ()| < 5}.
th—T<t,s<ty
After elementary calculus we obtain
E (1An(a)|]:t,,+1) > P(An(e/4)) — P((Zn(s/4))c) - 1(7\,,(5/2))0' (12)
If one has -
SOP((An(e))%) < oo and  P(A(c)) > exp (%) , (13)
n>1

then Zn21 E(1An(€)‘]:tn+1) = o0 a.s.

Using the reversed conditional Borel-Cantelli’'s lemma we deduce that =~ ; 14,(c) = oo a.s,,
which implies the expected "silence property". -
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AN ASYMPTOTIC PROPERTY OF THE FBM PROOF OF THE "SILENCE PROPERTY" OF THE FBM

PROOF OF 3,2 1 P((An(¢))°) < 00

Garsia-Rodemich-Rumsey inequality : let f be a continuous function, p and g two continuous
stricly increasing functions on [0,00) with p(0) = g(0) = 0 and limx— o p(X) = oo

o-rn<s [ ot (45

/ —
with cst_// (‘”“/ fsl|))|)ds’dt’.

We apply the above inequality with p(u) = u* and g(u) =

|B™(t) — B™(s)| < 6n x |t—s|'/2  with

4 4 +1( IRPNA 4

n n Bn Bn

6,,_0/ / | 2 - ()l ds'dt’ .
th— th— “73‘
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AN ASYMPTOTIC PROPERTY OF THE FBM PROOF OF THE "SILENCE PROPERTY" OF THE FBM

PROOF OF 3,2 1 P((An(¢))°) < 00

FOrtn*TSSStStn:

fn1

B™(t) — B™(s) = E [/ anf{(s—nf=2 - (t-n2}aw, ]—',M}

— 00

and for p > 1 we obtain

E (\B”“(t) _ Bn+1(s)|2p> <c (/

— 00

tnid

(s— 2 —(t— r)H-%fdr)p

<c((t-9)t - t,,+1)H_‘)2p .

By the Garsia-Rodemich-Rumsey inequality there exists a random variable 4, with
E(|6n[2) < ¢T(tn — the1)2H =1 and we obtain

sup
th—T<t,s<ty

Bn+1(f) _ Bn+1 (S)‘ <c T1/2 5n .

We obtain the convergence since 3,51 (tn — th11)" 1 < co.
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AN ASYMPTOTIC PROPERTY OF THE FBM PROOF OF THE "SILENCE PROPERTY" OF THE FBM

PROOF OF P(An(c)) > exp (=5 )

Talagrand’s small ball estimate :

One needs al least Te—" balls of radius e under the Dudley metric
1/2
d(s. 1) = (EIB() - B(s)?)"/
to cover the time interval [t, — T,t5].
Then there exists a constant ¢ such that

Iog]P’( sup  |B(t) — B(s)| <a> > —clH
tn—T<t,5<tn e
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INVARIANT MEASURE

CONSTRUCTION OF THE INVARIANT SOLUTION

We denote M; x the family of all one-sided minimizers with end x at time f and

u _ . .
ut(t,x,w) = inf t).
( ) YEM x 7( )

Remark

If more than one one-sided minimizer comes to x at time t, there corresponds a non-trivial
segment I(x) = [y1(t — T),y2(t — T)], where v < 2 on] — oo,t] (because two different
one-sided minimizers can not intersect each other more than once).

Then the segments I(x) are mutually disjoint. Consequently, for almost-all w, the set of x € R with
more than one one-sided minimizer is coming to x at time t is at most countable.

PROPOSITION
(1) almost-surely, ut(t,-,w) € L(R) forany t;
(11) almost-surely, u”(t, ww)eDforanyt;
(111) given t, the mapping w +— ul(t, -,w) is measurable from (Q, F) to (D, D) ;

(1v) on any finite time interval [t ,t2], for almost-all w, (t, x) — uf(t, x,w) is a weak solution of (1)
with initial data uy(x) = uf(t;, x, w).

=
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EXISTENCE AND UNIQUENESS OF THE INVARIANT MEASURE

> Q= Cy(R,R),
> 07 the shift operator on Q with increment 7 : 7 (w) = w(- + 7) — w(7) forany w € Q,

> The operator S7, : for v € L>°(R), ST (v) is the solution of (1) at time 7, with initial condition v
at time ty = 0 when the realization of the noise is w.

By construction of u?,
SL(UH(0, -, w)) = Ui(t, -, w).

THEOREM
On (2 x D ; F ® D), the measure . defined by

p(dw,dv) = 041(g,. ) (V) P(dw) (14)
is the unique measure that leaves invariant the transformation

QxD — QxD
(w,v) — (0'w, SL(v))

with given projection P on (Q2,F).
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INVARIANT MEASURE

Merci de votre attention
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