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We are interested in :

¢ ue WO, T; Wy (Q),L2(€)) 7 such that u(0,.) = upin 2 and

f(Ou) —Apu=g inQ.
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We are interested in :

¢ Jue whro,T; Wé”’(ﬂ),ﬁ(Q)) ? suchthat u(0,.) =upin Q2 and

f(Ou) —Apu=g inQ.

If A is m-accretif in L and $ € R? maximal monotone,
is SA m-accretif in L>°?

g € O + [Au.
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We are interested in :

¢ Jue whrko,T; Wé’p(ﬂ),L2(Q)) ? suchthat u(0,.) =upin Q2 and

f(Ou) —Apu=g inQ.

¢ Jue W0, T; Wé’P(Q),Hé(Q)) ? suchthat u(0,.) =upin Q and

f(Ou) — Apu— eAdu=g inQ.

Q C R? Lipschitz bounded, T > 0 and Q :=]0, T[ x Q.
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@ FLUID FLOW IN FISSURED POROUS MEDIA
Denote by: [G. I. Barenblatt ef al.] (60)

p1 the pressure in the fissures,
P> the pressure in the porous blocks.

Then,
mass conservation .
in — flow rate of fissures =— glv [k:-V;(;] +_a(p)2 : gl) =0
Darcy’s law P2 2= p1) =Y

01 — n0Apy = kAp;.

Numerical simulations )
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© HEAT DIFFUSION IN A TWO-PHASE SUBSTANCE
Denote by: [P. Colli, F. Luterotti, G. Schimperna, U. Stefanelli](’02)
x volume fraction of one of the phases,
0 the absolute temperature.

balance and constitutive laws
Def. of free energy
pseudo — potential of dissipation

—
00 + 500, — kA = p(9x)* + Edx + 8|V I,
X + € — 6Adx — vAX +1 = §(0 = 6.) + A,

where 7 € 5(x) and & € a(0,x).
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@ ELASTO-PLASTIC POROUS MEDIA [G. I. Barenblatt et al.](’82)
O + v|0wu| = Au.

©@ REACTION-DIFFUSION OF TWO SUBSTANCES [M. Ptashnyk](’04)

b(t,x, Ou) — divia(t,x, VOu)] — div[d(t,x)Vu] = f(t,x,u).

©@ ABSTRACT OPERATORS [P. Colli](°’92), [T. Roubicek](’05)
f € 0v(0u) + Au.

@ CAPILLARY HYSTERESIS [G. Schimperna et al.](’07)

f € alu) — div[b(Vu)] + h(u).
@ SEDIMENTARY BASINS [Seam Ngonn ef al.]("11)

f(t,x,0um) — divla(x, u, Ou)Vu] — div[b(x, u, du)Vou,| = g

Introduction The pseudoparabolic case The parabolic cas Numerical simulations
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( with: Adimurthi (Bangalore) and Seam Ngonn (Phnom Penh))

f(Ou) — Au—eAdu=g inQ, e>0 J

f Lipschitz-continuous, f(0) =0, f =fi — f>.
(@) = [ £ s = [ £ 6)ao).
0 0

uy € H)(2) and g € L* (0, T, H'()).

u € Wh2(0,T; HY(Q), HY(Q)),  u(0,-) = uy.,
t€]0,T[ae., YveHLNQ),
/ {f (Ou) v+ Vu.Vv + eV(’),u.Vv} dx =< g,v>.
Q
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fi () — Au— eAdu = g +fo (Ou),  u(0,.) = uo. J

Ai: first eigenvalue of —A in Hy, — €o = "3
Then,

@ ¢ > ¢ > 0: there exists a unique solution in H' (0, T, H} (Q)).

Q c=¢ >0: inH(0,T,H}()), if a solution exists, it is unique.

If supp(fy) is compact, there exists a solution.

Q 0<e<e: inH'(0,T,H}(S)), solutions are not unique in general.
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Consider N > 0, h = % and 1 = kh.

()i € Hy(Q),

Lk kL _ gk
/ {f (—” : " ) v+ Vi vy + ev%w} dx =< gt v>,
Q
G
where gk+1(x) = E /kh g(t, .x) dt.

0 _

W=uy and WveH|Q),

Fixed point - Topological degree - Variational methods - perturbation of A ... I

lic case The parabolic case Numerical simulations )
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h - k41 h w [ut =t k
w = Z &z 1[tk7tk+l[’ u = [T (t—1t) +u :| l[tk7tk+1['
k=! k=0

Ifh<<1.
@ (i) is bounded in H'(0, T; H)());

Q@ IC>0,Vre[0,T]

(1) — uh(t)”H(l)(Q) < CVh;

@ rae in)0,T[, 3C(r), |10 (1)l < CO).

k1 k

h

Test-function v = %
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/ {f (0") v+ Vu"Vv + evaﬁith} dx =< ghv>.
Q

Up to a sub-sequence denoted in the same way,

W —u inH'(0,T;H)()),
JueH (0,T;H)(Q),x €L*(Q) fou") —x inL?*(Q),

ut = u inL?(0,T;H)()) .

/ {Xv + VuVv + eV@,qu} dx =< g,v>.
Q

X =f(0m) (f =hH —f)

One needs a.e. convergence for J,it", i.e. information on 92%"?
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/Q {f (a,ﬁh(t)) v+ Vil (1) Vv + evatﬁh(t)w} dx =< g"(),v > .

W —u inH'(0,T;H}(Q)),

ion The pseudoparabolic case The parabolic case Numerical simulations )
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/Q {f (a,ﬁh(t)) v+ Vil (1) Vv + evatﬁh(t)w} dx =< g"(),v > .

W —u inH'(0,T;H}(Q)),

3E(r) € HY (), (8™ (1)) C (O (1)),
g"(t) — g(t) inL*(9). Ol (1) — &(1) in HY ().
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/Q {f (a,ﬁh(t)) v+ Vil (1) Vv + evatﬁh(t)w} dx =< g"(),v > .

W —u inH'(0,T;H}(Q)),

3E(r) € HY (), (8™ (1)) C (O (1)),
g"(t) — g(t) inL*(9). Ol (1) — &(1) in HY ().

S—

{f (1) v + Vu(t) Vv + eVE(t)Vv} dx =< g(t),v > .

ion The pseudoparabolic case The parabolic case Numerical simulations )
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The solution to such a problem is unique. Thus,
Q du(r) =~ &(1).
@ ¢ is a weakly measurable function.
@ ¢ is a measurable function (Th. Pettis).
Q 9" is bounded in L*(0, T; H)(€2)) and 1.
= Q" — £in L*(0, T; HY(Q)).

@ ¢ = O,u and a solution exists.

Uniqueness : L2-method.

/il
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Ju € H'(0,T; H}(Q)) suchthat u(0,.) =upinQ and

f(t,x,0u) — div [a(x, u, Ou)Vu + b(x, u, B,u)VB,u] =g in Q.J

Let V be a separable reflexive Banach space

M:V=V, A:VxVoV, feL>0,T,V),

Ju € Wh°(0,T,V) suchthatu(t=0)=uo €V

M(Ou) +A(u,0u) =fin V', 1€ (0,T) ae. J

~
UNIVERSITE| ] Py

DES —( Introduction The p case The parabolic case Numerical simulations )—
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Uniqueness : L* — method.

Existence : V= {ueH'(0,T,H)(Q)), u(0,.) =0}

{1y = w = lully = (V0|2 0,71 02)

U:V-V,S—U(S)=us—up:

fi (Owus) — Aug — egAdus = g+ f> (0,5) o)

- 3C = C(ga supp(fz’), €0, MO)’ \II(V) C EV(Ov C)

. W is non expansive.

Fixed point theorem of Browder.

Introduction The pseudoparabolic case The parabolic case Numerical simulations


http://www.lirmm.fr

u(t,x) = a(t)pr(x) SEmEimme auRe
and o
¢y eigenfunction. 7

Set : f

01 () [(f + Aidd) (1) + ()M ] = 0
i.e.
g(a®)+alt)=0

Existence of multiple solution of the ODE governing .

Numerical simulations )~

Introduction The lic case The parabolic case
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(With J. Giacomoni (Pau))

f(., 8;”) — Apu — (—:A@,u =8 8 € LZ(Q),
(P) : u=0 on ¥ =)0, T[xT,
u(0,.) = up € Wy (Q),

where:

Q@ Ayu=Div (|W|1"2 Vu), it <p-

Q [f(x,1)] <eci(x)+calt], 3IC < e, flx,t)sgn(r) > —Clt| — ¢ (x).

Q u+— f(u) — eAu is monotone.

Ju e WIP2(0,T; WP (Q), HY(Q)), u(0) =up, tae, Vv e Wy (q),

/ [F(., u)v dx + |Vulf=>VuVv — eVouVv] dx = / gvdx.
Q Q

s B G Introduction The lic case The parabolic case Numerical simulations )=
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X = W(},max(Zyp) (Q), N>0h= %

I(u kCX W =uy and YveX,

k+1 k

s
/ {f ( —4 ) v+ [V P2vgkt iy 4 ev i — 2

h
/ gk+1 dx ,
Q

J: X =R,

v—uO
o :
vHAt//A f(.,s)dsdx+—/ |vv|de+Atf/
QJo P Ja 2 Ja

ion The lic case The parabolic case Numerical simulations )~
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Ju e WhooR(0,T, Wy (Q), HY(Q)) Iy € L2(0, T, L*(Q2)),

e JuP — Qu  inL*(0,T,H(Q)),

° ﬁAt, WA Sy in L>(0,T, W&’p(Q)) - %

o uA — uA -0 inl’(0,T,X),

o f(.,0u”) — x inL*0,T,L*(Q)).

X — ¢ Apu? —eAdu =g

Introduction The

The parabolic case
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/ g —uldx+ CAr = / F( 0 @ — u)dx
o

— < AEA I —u >
—e< Aat[uA’ —u), 7™ —u >

p > d +2 and Simon’s compactness, A linear ..

T
= limsup/ < —Apﬁm,ﬁm —u>dt<0
A Jo

(ST-prop) = ™" — uin 17(0, T, W' (Q)).

X —Apu—eAOu=g

Introduction The

ic case The parabolic case
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X —Apu—eAOu=g

and

1d
Oyud Voul; + =~ ||Vul]) = dx
| 3o |vouli + S L1vall = | g0

ion The lic case The parabolic case Numerical simulations )
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X —Apu—eAOu=g

and , 1d
/ XOwudx + €| Voul; + ~—||Vull) = / 8O0,udx
Q pdt Q

- ~ ~ 1d, _ ~
/f (., 00" 3,uAtdx+e||V8,uA’||%+I—7d—t||VuA’||5S/gA’&uA’dx
Q

tim sup / £, 00 dx + €| VOS2 < / \Oudx + €| Vo2
Q

f(.,0m) — Apu — eAdu =g

Introduction The pseudoparabolic case The parabolic case Numerical simulations
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(With J. Giacomoni)

f(,0m) — Ayu=g inQ=]0,T[xQ,
(P) : u=0 on'¥ =]0, T[xT,
u(0,.) = up in Q,

where:
@ Agu =31, 0 (10wl Ou)
Q7 =)=t a: 0 =lp~,pt[C] 75, 00| log-continuous
@ f is non-decreasing w. r. t. A and
3y € LN(Q), by >0,  M(,A) > b\ — by

O g€ LX(Q) anduy € W7 ()

Introduction The pseudoparabolic case The parabolic case Numerical simulations
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70 = {u:Q— Rmeasurable, | |u(x)]”™ dx < oo
Q

Wi () = {ueWé’l(Q)/i:1,..,d8x,.ueL1"'(")(Q)}.

Endowed with the Luxembourg norm :

. u .
s = inf {3 0/ p,)(5) < 1} whete ) = [ 1P
d d
, 1
llyir @y = D I0ullner or s gy = (3 90l 1.
i=1 i=1

Ju € H'(Q) N L®(0,T; W7 (), u(0) = ug, ta.e, Vv e W7 (Q),

d
/ lf("a’")”’x +Z|5xi"|”‘(")_23xiu3ﬂ] o / gv dx
@ Q

i=1

The pseudoparabolic case The parabolic case Numerical simulations )=
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Time-discretization: f(., ") — Au" = g".

min E(u):At/ F( dx + / |8 P dx — /gudx
uewl 7 (Q) Q Z

where F(. fo

a priori estimates, compactness (J. Simon), S* prop. of Ay

= convergence of u" in L*(0, T; Wéj((l));
monotonocity argument (f) = convergence in L*(Q).

/il
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Ifp(x) € [p~,p*] C]1, +o0|, IPY) is uniformly convex.

(f).f C ™) Q); fo—fin LP(X)(Q)’
or f,— fae inf.

Then,
pp(fa) = pp(f) = fu = f in LPD(Q).

pp(f) = fg lf|pi(x)dx-

ion The d bolic case The p ic case Numerical simulations )—
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D € [ps,p*] CJ1, 00|

Then there exist constants M > 1, independent of p and C(p) defined as

follows
w1\,
C(p):{ 5(1_2—1—17) ifp<2
yifp>2

such thatV a, b € R,

2

where s = min (1, ).

a—bl 1—s
< C(p) (lal” +[pI") " { |al” + |b|" =2

a+b
2

Y

Numerical simulations )

The ic case

The parabolic case
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Consider T > 0, Q =]0,T[x, ug € Wé’7 (Q), g € L*(Q).
Ifu € H'(Q) n C,([0, T), Wé’? (Q)) is the solution of

Ou—Apu=ginQ, withu(0,.) = up.

Then, u € C([0,T], W7 () and Vit € [0,T],
: 1 ®)
du|* dxdo + /— Vu(t)["™ dx
A),I[XQ| & :Zl Qpi(x)l ol

d
1 )
=3 / —— | Vup"® dx + / g0udxdo.
=1 Qpi(x) 10,1[x

s il Introduction The pseudoparabolic case The parabolic case Numerical simulations )=
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(With C. Bauzet (Pau))
fOum) —Au =0 in Q =)0, T[xQ,
(P): u=0 on ¥ =)0, T[xT,
u(0,.) = up in €,

Introduction The pseudoparabolic case The parabolic case Numerical simulations )—
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Ou—f~HAu) =0 in Q =]0,T[xQ,
(P): =0 on ¥ =|0,T[xT,
u(0,.) = up in ),

Introduction The abolic case The parabolic case Numerical simulations )~
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du — f~'(Au)dt = hdw in Q =)0, T[xQ,
(P): u=0 on ¥ =)0, T[xT,
) = in Q,
where:
Q (O, F,P)is aprobability space, W = {w,, F;;0 < t < T} a standard
1-D Brownien motion associated to (F;), s.t. wo = 0.

Q up € Hy(Q), h € Ny (0,T,Hy(Q))
= L?(]0, T[x O, H}(Q))-predictable.

@ £,/ ! Lipschitz-continuous, £(0) = 0.

Introduction The pseudoparabolic case The parabolic case Numerical simulations


http://www.lirmm.fr

du — f~'(Au)dt = hdw in Q =)0, T[xQ,
(P): u=0 on ¥ =)0, T[xT,
) = in Q,
where:
Q (O, F,P)is aprobability space, W = {w,, F;;0 < t < T} a standard
1-D Brownien motion associated to (F;), s.t. wo = 0.

Q up € HY(Q), h € N (0, T, H)())

= L?(]0, T[x O, H}(Q))-predictable.

@ £,/ ! Lipschitz-continuous, £(0) = 0.

ie.

f (8,[u — /Othdw]> —Au=0 inQ=]0,T[x4,

Introduction The pseudoparabolic case The parabolic case Numerical simulations
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Vh € N (0, T, H)(Q) N H*(Q)), 3w € N§F(0,T,H)(Q)) solution of (P).

The ic case The parabolic case Numerical simulations )—
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Vh € N (0, T, H)(Q) N H*(Q)), 3w € N§F(0,T,H)(Q)) solution of (P).
SetU =u — fothdw,

1
f(B,U)—AU=/ Ahdw=g
0

Introduction The case The parabolic case Numerical simulations )—
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Vh e /\/;%,(0 T,H} () NH*(Q)), 3lu e NZ(0,T,H}(S)) solution of (P).
€ N (Hy(Q) N H*(Q)), uo, ity € Hy(2),
Ef (0= 0)axds+ 3BV - )P
10,1[x Q2

1 R
< 1w —ito)||2+E/ IV (h — h)|2dxds.
2 10,:[x Q2

The pseudoparabolic case The parabolic case Numerical simulations )—
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Vh € N (0, T, H)(Q) 3H26Y), Jlu € N (0,T,H}(Q)) solution of (P).
hh € N2(HL(Q) BEEEY), ug, it € HY(Q),

— U))2dxds l u—1u 2
E/]Mm(a,(U 0))dxds + SB[V — ) (1)

1 .
< —E||V(uo — itg)||* + E/ |V (h — h)|*dxds.
2 10,[x

The pseudoparabolic case The parabolic case Numerical simulations )—
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Proposition
Vh € N (0, T, H)(Q) 3H26Y), Jlu € N (0,T,H}(Q)) solution of (P).

hyh € N2(HL(Q) 2H2ER), u, iy € HY(),
E/ (0,(U — U))*dxds + %EHV(u —a)(0)])?
10,1[x

1 .
< —E||V(uo — itg)||* + E/ |V (h — h)|*dxds.
2 10,[x

H : H)\(QY) — H(Y) Lipschitz:

There exists a unique solution of

f(@,[u — /OIH(u)dw]) —Au=0.

Introduction The pseudoparabolic case The parabolic case Numerigal simulations
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Figure: e =0and e = 0.5
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Figure: e = land e =5
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