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Abstract. In this paper we study the existence and the instability of stand-
ing waves with prescribed L2-norm for a class of Schrödinger-Poisson-Slater
equations in R3

(0.1) iψt + ∆ψ − (|x|−1 ∗ |ψ|2)ψ + |ψ|p−2ψ = 0

when p ∈ ( 10
3 , 6). To obtain such solutions we look to critical points of the

energy functional

F (u) =
1

2
‖Ou‖2L2(R3) +

1

4

∫
R3

∫
R3

|u(x)|2 |u(y)|2

|x− y|
dxdy − 1

p

∫
R3

|u|p dx

on the constraints given by

S(c) = {u ∈ H1(R3) : ‖u‖2L2(R3) = c, c > 0}.

For the values p ∈ ( 10
3 , 6) considered, the functional F is unbounded from

below on S(c) and the existence of critical points is obtained by a mountain
pass argument developed on S(c). We show that critical points exist provided
that c > 0 is sufficiently small and that when c > 0 is not small a non-
existence result is expected. Concerning the dynamics we show for initial
condition u0 ∈ H1(R3) of the associated Cauchy problem with ‖u0‖22 = c that
the mountain pass energy level γ(c) gives a threshold for global existence. Also
the strong instability of standing waves at the mountain pass energy level is
proved. Finally we draw a comparison between the Schrödinger-Poisson-Slater
equation and the classical nonlinear Schrödinger equation.

1. Introduction

In this paper we prove the existence and the strong instability of standing
waves for the following Schrödinger-Poisson-Slater equations:

(1.1) i∂tu+ ∆u− (|x|−1 ∗ |u|2)u+ |u|p−2u = 0 in R× R3.

This class of Schrödinger type equations with a repulsive nonlocal Coulombic
potential is obtained by approximation of the Hartree-Fock equation describing
a quantum mechanical system of many particles, see for instance [3], [27], [29],
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[30]. We look for standing waves solutions of (1.1). Namely for solutions in the
form

u(t, x) = e−iλtv(x),

where λ ∈ R. Then the function v(x) satisfies the equation

(1.2) −∆v − λv + (|x|−1 ∗ |v|2)v − |v|p−2v = 0 in R3.

The case where λ ∈ R is a fixed and assigned parameter has been extensively
studied in these last years, see e.g. [1], [14], [22], [23], [31] and the references
therein. In this case critical points of the functional defined in H1(R3)

J(u) :=
1

2

∫
R3

|∇u|2dx− λ
2

∫
R3

|u|2dx+
1

4

∫
R3

∫
R3

|u(x)|2 |u(y)|2

|x− y|
dxdy− 1

p

∫
R3

|u|pdx

give rise to solutions of (1.2). In the present paper, motivated by the fact that
physics are often interested in “normalized” solutions, we search for solutions
with prescribed L2-norm. A solution of (1.2) with ‖u‖2

L2(R3) = c can be obtained
as a constrained critical point of the functional

F (u) :=
1

2
‖Ou‖2

L2(R3) +
1

4

∫
R3

∫
R3

|u(x)|2 |u(y)|2

|x− y|
dxdy − 1

p

∫
R3

|u|p dx

on the constraint

S(c) := {u ∈ H1(R3) : ‖u‖2
L2(R3) = c}.

Note that in this case the frequency can not longer by imposed but instead appears
as a Lagrange parameter. As we know, F (u) is a well defined and C1 functional
on S(c) for any p ∈ (2, 6] (see [31] for example). For p ∈ (2, 10

3
) the functional

F (u) is bounded from below and coercive on S(c). The existence of minimizers
for F (u) constrained has been studied in the [5], [6], [33]. It has been proved in
[33], using techniques introduced in [11], that minimizer exist for p = 8

3
provided

that c ∈ (0, c0) for a suitable c0 > 0. In [6] it is proved that minimizers exist
provided that c > 0 is small and p ∈ (2, 3). In [5] the case p ∈ (3, 10

3
) is considered

and a minimizer is obtained for c > 0 large enough.

In this paper we consider the case p ∈ (10
3
, 6). For this range of power the

functional F (u) is no more bounded from below on S(c). We shall prove however
that it has a mountain pass geometry.

Definition 1.1. Given c > 0, we say that F (u) has a mountain pass geometry
on S(c) if there exists Kc > 0, such that

γ(c) = inf
g∈Γc

max
t∈[0,1]

F (g(t)) > max{F (g(0)), F (g(1))},

holds in the set

Γc = {g ∈ C([0, 1], S(c)), g(0) ∈ AKc , F (g(1)) < 0},
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where AKc = {u ∈ S(c) : ‖Ou‖2
L2(R3) ≤ Kc}.

In order to find critical points of F (u) on S(c) we look at the mountain pass
level γ(c). Our main result concerning the existence of solutions of (1.2) is given
by the following

Theorem 1.1. Let p ∈ (10
3
, 6) and c > 0 then F (u) has a mountain pass geometry

on S(c). Moreover there exists c0 > 0 such that for any c ∈ (0, c0) there exists a
couple (uc, λc) ∈ H1(R3)×R− solution of (1.2) with ||uc||22 = c and F (uc) = γ(c).

Let us underline some of the difficulties that arise in the study of the existence of
critical points for our functional on S(c). First the mountain pass geometry does
not guarantee the existence of a bounded Palais-Smale sequence. To overcome
this difficulty we introduce the functional

Q(u) :=

∫
R3

|∇u|2dx+
1

4

∫
R3

∫
R3

|u(x)|2 |u(y)|2

|x− y|
dxdy − 3(p− 2)

2p

∫
R3

|u|pdx,

the set

V (c) := {u ∈ S(c) : Q(u) = 0}
and we first prove that

(1.3) γ(c) = inf
u∈V (c)

F (u).

We also show that each constrained critical point of F (u) must lie in V (c). At this
point taking advantage of the nice “shape” of some sequence of paths (gn) ⊂ Γc
such that

max
t∈[0,1]

F (gn(t))→ γ(c),

we construct a special Palais-Smale sequence {un} ⊂ H1(R3) at the level γ(c)
which concentrates around V (c). This localization leads to its boundedness but
also provide the information that Q(un) = o(1). This last property is crucially
used in the study of the compactness of the sequence. Next, since we look for
solutions with a prescribed L2-norm, we must deal with a possible lack of com-
pactness for sequences which does not minimize F (u) on S(c). In our setting it
does not seem possible to reduce the problem to the classical vanishing-dichotomy-
compactness scenario and to the check of the associated strict subadditivity in-
equalities, see [28]. To overcome this difficulty we first study the behaviour of the
function c→ γ(c). The theorem below summarizes its properties.

Theorem 1.2. Let p ∈ (10
3
, 6) and for any c > 0 let γ(c) be the mountain pass

level. Then

(i) c→ γ(c) is continuous at each c > 0.
(ii) c→ γ(c) is non-increasing.
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(iii) There exists c0 > 0 such that in (0, c0) the function c → γ(c) is strictly
decreasing.

(iv) There exists c∞ > 0 such that for all c ≥ c∞ the function c → γ(c) is
constant.

(v) lim
c→0

γ(c) = +∞ and lim
c→∞

γ(c) := γ(∞) > 0.

We show that if γ(c) < γ(c1), for all c1 ∈ (0, c) then there exists uc ∈ H1(R3)
such that ||uc||22 = c and F (uc) = γ(c). However we are only able to prove
this for c > 0 sufficiently small. For the other values of c > 0 the information
that c→ γ(c) is non increasing permits to reduce the problem of convergence to
the one of showing that the associated Lagrange multiplier λc ∈ R is non zero.
However we do prove that λc = 0 holds for any c > 0 is sufficiently large. In
view of this property we conjecture that γ(c) is not a critical value for c > 0 large
enough. See Remark 7.1 in that direction.

Remark 1.1. The proof that c → γ(c) is non increasing is not derived through
the use of some scaling. Due to the presence of three terms in F (u) which scale
differently such an approach seems difficult. Instead we show that if one adds in
a suitable way L2-norm in R3 then this does not increase the mountain pass level.
This approach is reminiscent of the one developed in [25] but here the fact that
we deal with a function defined by a mountain pass instead of a global minimum
and that F (u) has a nonlocal term makes the proof more delicate.

To show Theorem 1.2 (iv) and that γ(c)→ γ(∞) > 0 as c→∞ in (v) we take
advantage of some results of [19]. In [19] the equation

(1.4) −∆v + (|x|−1 ∗ |v|2)v − |v|p−2v = 0 in R3

is considered. Real solutions of (1.4) are searched in the space

E := {u ∈ D1,2(R3) :

∫
R3

∫
R3

|u(x)|2|u(y)|2

|x− y|
dxdy <∞}(1.5)

which contains H1(R3). This space is the natural space when λ = 0 in (1.2).
In [19] it is shown that F (u) defined in E possess a ground state. It is also
proved, see Theorem 6.1 of [19], that any real radial solution of (1.4) decreases
exponentially at infinity. We extend here this result to any real solution of (1.4).
More precisely we prove

Theorem 1.3. Let p ∈ (3, 6) and (u, λ) ∈ E ×R with λ ≤ 0 be a real solution of
(1.2). Then there exists constants C1 > 0, C2 > 0 and R > 0 such that

|u(x)| ≤ C1|x|−
3
4 e−C2

√
|x|, ∀ |x| > R.(1.6)

In particular, u ∈ H1(R3).
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Remark 1.2. Clearly the difficult case here is when λ = 0 and it correspond to the
so-called zero mass case, see [8]. This part of Theorem 1.3 was kindly provided
to us by L. Dupaigne [15]. We point out that the exponential decay when λ = 0
is due to the fact that the nonlocal term is sufficienty strong at infinity. Actually
we prove that (|x|−1 ∗ |v|2) ≥ C|x|−1 for some C > 0 and |x| large. In contrast
we recall that for the equation

(1.7) −∆u+ V (x)u− |u|p−2u = 0, x ∈ H1(R3),

if we assume that lim sup|x|→∞ V (x)|x|2+δ = 0 for some δ > 0, then positive

solutions of (1.7) decay no faster than |x|−1. This can be seen by comparing with
an explicit subsolution at infinity |x|−1(1 + |x|−δ) of −∆ + V .

Theorem 1.3 is interesting for itself and also it answers a conjecture of [19],
see Remark 6.2 there. For our study the information that any solution of (1.4)
belongs to L2(R3) is crucial to derive Theorem 1.2 (iv)-(v) and the exponential
decay is also used later to prove that our solutions correspond to standing waves
unstable by blow-up.

The phenomena described in Theorems 1.1 and 1.2 are also due to the nonlocal
term as we can see by comparing 1.1 with the classical nonlinear Schrödinger
equation

(1.8) iψt + ∆ψ + |ψ|p−2ψ = 0 in R3.

In [24] the existence of standing waves on S(c) when the functional is unbounded
from below was considered and a solution obtained for any c > 0. Here we
show in addition that the mountain pass value γ̃(c) associated to (1.8) is strictly
decreasing as a function of c > 0 and that γ̃(c)→ 0 as c→∞.

The fact that (1.3) holds and that any constrained critical point of F (u) lies
in V (c) implies that the solutions found in Theorem 1.1 can be considered as
ground-states within the solutions having the same L2-norm.

Let us denote the set of minimizers of F (u) on V (c) as

Mc := {uc ∈ V (c) : F (uc) = inf
u∈V (c)

F (u)}.(1.9)

Theorem 1.4. Let p ∈ (10
3
, 6) and c > 0. For each uc ∈Mc there exists a λc ≤ 0

such that (uc, λc) ∈ H1(R3)× R solves (1.2).

Clearly to prove Theorem 1.4 we need to show that any minimizer of F (u) on
V (c) is a critical point of F (u) restricted to S(c), namely that V (c) acts as a
natural constraint. As additional properties of elements of Mc we have :

Lemma 1.1. Let p ∈ (10
3
, 6) and c > 0 be arbitrary. Then

(i) If uc ∈Mc then also |uc| ∈ Mc .
(ii) Any minimizer uc ∈Mc has the form eiθ|uc| for some θ ∈ S1 and |uc(x)| >

0 a.e. on R3.
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In view of Lemma 1.1 each elements ofMc is a real positive function multiply
by a constant complex factor.

Remark 1.3. A natural question that arises, as a consequence of Theorem 1.4,
is why not search for standing waves solutions of (1.2) with prescribed norm by
directly minimizing F (u) on V (c). However starting from an arbitrary minimizing
sequence {un} ⊂ V (c) and trying to show its convergence seems challenging.
Clearly, by definition of V (c), any minimizing sequence is bounded in H1(RN)
and thus we can assume that un ⇀ ū in H1(R3) for some ū ∈ H1(R3). Also ruling
out the vanishing is not a problem as it can be seen from Lemma 4.1. But to show
that dichotomy do not occurs it seems necessary to know that ū ∈ V (||ū||22). For
this we use, in Lemma 4.3, the information that ū ∈ H1(R3) is solution of (4.2).
Then by Lemma 4.2, Q(ū) = 0 and u ∈ V (||ū||22). For an arbitrary minimizing
sequence it does not seems possible to show that the weak limit ū ∈ H1(R3)
belongs to V (||ū||22). For this, informations on the derivative of F (u) along the
sequence seem necessary and that is why we introduce Palais-Smale sequences to
solve our minimization problem.

Concerning the dynamics we first consider the question of global existence of
solutions for the Cauchy problem. In the case p ∈ (2, 10

3
) global existence in

time is guaranteed for initial data in H1(R3), see for instance [12]. In the case
p ∈ (2, 10

3
) the standing waves found in [5], [6], [33] by minimization are orbitally

stable. This is proved following the approach of Cazenave-Lions [13]. In the
case p ∈ (10

3
, 6) the global existence in time of solutions for the Cauchy problem

associated to (1.1) does not hold for arbitrary initial condition. However we are
able to prove the following global existence result.

Theorem 1.5. Let p ∈ (10
3
, 6) and u0 ∈ H1(R3,C) be an initial condition asso-

ciated to (1.1) with c = ||u0||22. If

Q(u0) > 0 and F (u0) < γ(c),

then the solution of (1.1) with initial condition u0 exists globally in times.

In Remark 8.1 we prove that the set

O = {u0 ∈ S(c) : Q(u0) > 0 and F (u0) < γ(c)}
is not empty.

Next we prove that the standing waves corresponding to elements of Mc are
unstable in the following sense.

Definition 1.2. A standing wave eiωtv(x) is strongly unstable if for any ε > 0
there exists u0 ∈ H1(R3,C) such that ‖u0 − v‖H1 < ε and the solution u(t, ·) of
the equation (1.1) with u(0, ·) = u0 blows up in a finite time.

Theorem 1.6. Let p ∈ (10
3
, 6) and c > 0. For each uc ∈ Mc the standing wave

e−iλctuc of (1.1), where λc ∈ R is the Lagrange multiplier, is strongly unstable.
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Remark 1.4. The proof of Theorem 1.6 borrows elements of the original approach
of Berestycki and Cazenave [7]. The starting point is the variational character-
ization of uc ∈ Mc and the decay estimates established in Theorem 1.3 proves
crucial to use the virial identity.

Remark 1.5. For previous results concerning the instability of standing waves of
(1.1) we refer to [23] (see also [22]). In [23], working in the subspace of radially
symmetric functions, it is proved that for λ < 0 fixed and p ∈ (10

3
, 6) the equation

(1.2) admits a ground state which is strongly unstable. However when we work
in all H1(R3) it is still not known if ground states, or at least one of them, are
radially symmetric. In that direction we are only aware of the result of [17] which
gives a positive answer when p ∈ (2, 3) and for c > 0 sufficiently small. In this
range the critical point is found as a minimizer of F (u) on S(c).

Finally we prove

Theorem 1.7. Let p ∈ (10
3
, 6). Any ground state of (1.4) is strongly unstable.

Remark 1.6. In the zero mass case there seems to be few results of stabil-
ity/instability of standing waves. We are only aware of [20] for a stability result.

The paper is organized as follows. In Section 2 we establish the mountain pass
geometry of F (u) on S(c). In Section 3 we construct the special bounded Palais-
Smale sequence at the level γ(c). In Section 4 we show the convergence of the
Palais-Smale sequence and we conclude the proof of Theorem 1.1. In Section 5
some parts of Theorem 1.2 are established. In Section 6 we prove Theorem 1.4 and
Lemma 1.1. In Section 7 we prove Theorem 1.3 and using elements from [19] we
end the proof of Theorem 1.2. Section 8 is devoted to the proof of Theorems 1.5,
1.6 and 1.7. Finally in Section 9 we discuss the nonlinear Schrödinger equation
case.

Acknowledgement: The authors thanks Professor Louis Dupaigne for pro-
viding to them a proof of Theorem 1.3 in the case λ = 0. We also thanks Professor
Masahito Ohta for pointing to us the interest of studying the stability/instability
of the ground states of (1.4).

1.1. Notations. In the paper it is understood that all functions, unless otherwise
stated, are complex-valued, but for simplicity we write Ls(R3), H1(R3)...., and for
any 1 ≤ s < +∞, Ls(R3) is the usual Lebesgue space endowed with the norm

‖u‖ss :=

∫
R3

|u|sdx,

and H1(R3) the usual Sobolev space endowed with the norm

‖u‖2 :=

∫
R3

|∇u|2dx+

∫
R3

|u|2dx.
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Moreover we define, for short, the following quantities

A(u) :=

∫
R3

|∇u|2dx, B(u) :=

∫
R3

∫
R3

|u(x)|2 |u(y)|2

|x− y|
dxdy

C(u) := −
∫
R3

|u|pdx, D(u) :=

∫
R3

|u|2 dx.

Then

(1.10) Q(u) = A(u) +
1

4
B(u) +

3(p− 2)

2p
C(u).

2. The mountain pass geometry on the constraint

In this section, we discuss the Mountain Pass Geometry (“MP Geometry” for
short) of the functional F (u) on the L2-constraint S(c). We show the following:

Theorem 2.1. When p ∈ (10
3
, 6), for any c > 0, F (u) has a MP geometry on the

constraint S(c).

Before proving Theorem 2.1 we establish some lemmas. We first introduce the
Cazenave’s scaling [12]. For u ∈ S(c), we set ut(x) = t

3
2u(tx), t > 0, then

A(ut) = t2A(u) , D(ut) = D(u),

and

B(ut) = tB(u) , C(ut) = t
3
2

(p−2)C(u).

Thus

F (ut) =
t2

2
A(u) +

t

4
B(u) +

t
3
2

(p−2)

p
C(u).(2.1)

Lemma 2.1. Let u ∈ S(c), c > 0 be arbitrary but fixed and p ∈ (10
3
, 6), then:

(1) A(ut)→∞ and F (ut)→ −∞, as t→∞.
(2) There exists k0 > 0 such that Q(u) > 0 if ||∇u||2 ≤ k0 and −C(u) ≥ k0 if

Q(u) = 0.
(3) If F (u) < 0 then Q(u) < 0.

Proof. We notice that

(2.2) F (u)− 2

3(p− 2)
Q(u) =

3p− 10

6(p− 2)
A(u) +

3p− 8

12(p− 2)
B(u).

Thus (3) holds since the RHS is always positive. Moreover, thanks to Gagliardo-
Nirenberg inequality there exists a constant C(p) > 0 such that

Q(u) ≥ A(u)− C(p)A(u)
3(p−2)

4 D(u)
6−p

4 .
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The fact that 3(p−2)
4

> 1 insures that Q(u) > 0 for sufficiently small A(u). Also
when Q(u) = 0

−C(u) =
2p

3(p− 2)
[A(u) +

1

4
B(u)] ≥ 2p

3(p− 2)
A(u)

and this ends the proof of (2). Finally (1) follows directly from (2.1) and since
A(ut) = t2A(u). �

Our next lemma is inspired by Lemma 8.2.5 in [12].

Lemma 2.2. When p ∈ (10
3
, 6), given u ∈ S(c) we have:

(1) There exists a unique t?(u) > 0, such that ut
? ∈ V (c);

(2) The mapping t 7−→ F (ut) is concave on [t?,∞);
(3) t?(u) < 1 if and only if Q(u) < 0;
(4) t?(u) = 1 if and only if Q(u) = 0;
(5)

Q(ut)

{
> 0, ∀ t ∈ (0, t∗(u));
< 0, ∀ t ∈ (t∗(u),+∞).

(6) F (ut) < F (ut
?
), for any t > 0 and t 6= t?;

(7) ∂
∂t
F (ut) = 1

t
Q(ut), ∀t > 0.

Proof. Since

F (ut) =
t2

2
A(u) +

t

4
B(u) +

t
3
2

(p−2)

p
C(u)

we have that

∂

∂t
F (ut) = tA(u) +

1

4
B(u) +

3(p− 2)

2p
t

3
2

(p−2)−1C(u) =
1

t
Q(ut)

and this proves (7). Now we denote

y(t) = tA(u) +
1

4
B(u) +

3(p− 2)

2p
t

3
2

(p−2)−1C(u),

and observe that Q(ut) = t · y(t). After direct calculations, we see that:

y′(t) = A(u) +
3(p− 2)(3p− 8)

4p
t

3p−10
2 C(u);

y′′(y) =
3(p− 2)(3p− 8)

4p
· 3p− 10

2
· t

3p−12
2 C(u).

¿From the expression of y′(t) we know that y′(t) has a unique zero that we
denote t0 > 0. Since p ∈ (10

3
, 6) we see that y′′(t) < 0 and t0 is the unique

maximum point of y(t). Thus in particular the function y(t) satisfies:
(i) y(t0) = maxt>0 y(t);
(ii) y(0) = 1

4
B(u);
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(iii) limt→+∞ y(t) = −∞;
(iv) y(t) decreases strictly in [t0,+∞) and increases strictly in (0, t0].

Since B(u) 6= 0, by the continuity of y(t), we deduce that y(t) has a unique
zero t? > 0. Then Q(ut

∗
) = 0 and point (1) follows. Point (2) (3) and (5) are also

easy consequences of (i)-(iv). Since ∂
∂t
F (ut)|t=t? = 0, ∂2

∂t2
F (ut)|t=t? = y′(t∗) < 0

and t? is unique we get (4) and (6). �

Proof of Theorem 2.1. We denote

αk := sup
u∈Ck

F (u) and βk := inf
u∈Ck

F (u)

where
Ck := {u ∈ S(c) : A(u) = k, k > 0}.

Let us show that there exist 0 < k1 < k2 such that

(2.3) αk < βk2 for all k ∈ (0, k1] and Q(u) > 0 if A(u) < k2.

Notice that, from Hardy-Littlewood-Sobolev’s inequality and Gagliardo-Nirenberg’s
inequalities, it follows that

F (u) ≤ 1

2
A(u) +

1

4
B(u) ≤ 1

2
A(u) + C(p)‖u‖4

L
12
5

≤ 1

2
A(u) + C̃(p)A(u)

1
2 ·D(u)

3
2 .

In particular αk1 → 0+ as k1 → 0+. On the other hand still by the Gagliardo-
Nirenberg inequality we have

F (u) ≥ 1

2
A(u) +

1

p
C(u) ≥ 1

2
A(u)− C(p)A(u)

3(p−2)
4 ·D(u)

6−p
4 .

Thus, since 3(p−2)
2

> 1, βk2 ≥ 1
4
k2 for any k2 > 0 small enough. These two

observations and Lemma 2.1 (2) prove that (2.3) hold. We now fix a k1 > 0 and
a k2 > 0 as in (2.3). Thus for

Γc = {g ∈ C([0, 1], S(c)), g(0) ∈ Ak1 , F (g(1)) < 0},
if Γc 6= ∅, then from the definition of γ(c), we have γ(c) ≥ βk2 > 0 We only need
to verify that Γc 6= ∅. This fact follows from Lemma 2.1 (1). �

Remark 2.1. As it is clear from the proof of Theorem 2.1 we can assume without
restriction that

sup
u∈AKc

F (u) < γ(c)/2

where AKc is introduced in the Definition 1.1.

Lemma 2.3. When p ∈ (10
3
, 6), we have

γ(c) = inf
u∈V (c)

F (u).
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Proof. Let us argue by contradiction. Suppose there exists v ∈ V (c) such that
F (v) < γ(c), and let, for λ > 0,

vλ(x) = λ3/2v(λx).

Then, since A(vλ) = λ2A(v) there exists 0 < λ1 < 1 sufficiently small so that
vλ1 ∈ Ak1 . Also by Lemma 2.1 (1) there exists a λ2 > 1 sufficiently large so that
F (vλ2) < 0. Therefore if we define

g(t) = v(1−t)λ1+tλ2 , for t ∈ [0, 1]

we obtain a path in Γc. By definition of γ(c) and using Lemma 2.2,

γ(c) ≤ max
t∈[0,1]

F (g(t)) = F
(
g(

1− λ1

λ2 − λ1

)
)

= F (v),

and thus
γ(c) ≤ inf

u∈V (c)
F (u).

On other hand thanks to Lemma 2.1 any path in Γc crosses V (c) and hence

max
t∈[0,1]

F (g(t)) ≥ inf
u∈V (c)

F (u).

�

3. Localization of a PS sequence

In this section we prove a localization lemma for a specific Palais-Smale se-
quence {un} ⊂ S(c) for F (u) constrained to S(c). From this localization we
deduce that the sequence is bounded and that Q(un) = o(1). This last property
will be essential later to establish the compactness of the sequence. First we
observe that, for any fixed c > 0, the set

L := {u ∈ V (c), F (u) ≤ γ(c) + 1}
is bounded. This follows directly from the observation that

(3.1) F (u)− 2

3(p− 2)
Q(u) =

3p− 10

6(p− 2)
A(u) +

3p− 8

12(p− 2)
B(u)

and the fact that 3p−10
6(p−2)

> 0, 3p−8
12(p−2)

> 0 if p ∈ (10
3
, 6).

Let R0 > 0 be such that L ⊂ B(0, R0) where B(0, R0) := {u ∈ H1(R3), ||u|| ≤
R0}.

The crucial localization result is the following.

Lemma 3.1. Let p ∈ (10
3
, 6) and

Kµ :=
{
u ∈ S(c) s.t. |F (u)− γ(c)| ≤ µ, dist(u, V (c)) ≤ 2µ, ||F ′|S(c)(u)||H−1 ≤ 2µ

}
,

then for any µ > 0, the set Kµ

⋂
B(0, 3R0) is not empty.
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In order to prove Lemma 3.1 we need to develop a deformation argument on
S(c). Following [9] we recall that, for any c > 0, S(c) is a submanifold of H1(R3)
with codimension 1 and the tangent space at a point ū ∈ S(c) is defined as

TūS(c) = {v ∈ H1(R3) s.t. (ū, v)2 = 0}.
The restriction F|S(c)

: S(c)→ R is a C1 functional on S(c) and for any ū ∈ S(c)

and any v ∈ TūS(c)
〈F ′|S(c)

(ū), v〉 = 〈F ′(ū), v〉.
We use the notation ||dF|S(c)

(ū)|| to indicate the norm in the cotangent space

TūS(c)′, i.e the dual norm induced by the norm of TūS(c), i.e

||dF|S(c)
(ū)|| := sup

||v||≤1, v∈TūS(c)

|〈dF (ū), v〉|.

Let S̃(c) := {u ∈ S(c) s.t. dF |S(c)(u) 6= 0}. We know from [9] that there exists a

locally Lipschitz pseudo gradient vector field Y ∈ C1(S̃(c), T (S(c)) ( here T (S(c))
is the tangent bundle) such that

(3.2) ‖Y (u)‖ ≤ 2 ||dF|S(c)
(u)||,

and

(3.3) 〈F ′|S(c)
(ū), Y (u)〉 ≥ ||dF|S(c)

(u)||2,

for any u ∈ S̃(c). Note that ||Y (u)|| 6= 0 for u ∈ S̃(c) thanks to (3.3). Now for
an arbitrary but fixed µ > 0 we consider the sets

Ñµ := {u ∈ S(c) s.t. |F (u)− γ(c)| ≤ µ, dist(u, V (c)) ≤ 2µ, ||Y (u)|| ≥ 2µ}
Nµ := {u ∈ S(c) s.t. |F (u)− γ(c)| < 2µ}

where, for a subset A of S(c), dist(x,A) := inf{||x−y|| : y ∈ A}. Assuming that
Ñµ is non empty there exists a locally Lipschitz function g : S(c) → [0, 1] such
that

g =

{
1 on Ñµ

0 on N c
µ.

We also define on S(c) the vector field W by

(3.4) W (u) =

{
−g(u) Y (u)

||Y (u)|| if u ∈ S̃(c)

0 if u ∈ S(c)\S̃(c)

and the pseudo gradient flow

(3.5)

{
d
dt
η(t, u) = W (η(t, u))

η(0, u) = u.

The existence of a unique solution η(t, ·) of (3.5) defined for all t ∈ R follows
from standard arguments and we refer to Lemma 5 in [9] for this. Let us recall
some of its basic properties that will be useful to us
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• η(t, ·) is a homeomorphism of S(c);
• η(t, u) = u for all t ∈ R if |F (u)− γ(c)| ≥ 2µ;
• d

dt
F (η(t, u)) = 〈dF (η(t, u)),W (η(t, u))〉 ≤ 0 for all t ∈ R and u ∈ S(c).

Proof of Lemma 3.1. : Let us define, for µ > 0,

Λµ = {u ∈ S(c) s.t. |F (u)− γ(c)| ≤ µ, dist(u, V (c)) ≤ 2µ} .
In order to prove Lemma 3.1 we argue by contradiction assuming that there exists
µ̄ ∈ (0, γ(c)/4) such that

(3.6) u ∈ Λµ̄ ∩B(0, 3R0) =⇒ ||F ′ |S(c)(u)||H−1 > 2µ̄.

Then it follows from (3.3) that

(3.7) u ∈ Λµ̄ ∩B(0, 3R0) =⇒ u ∈ Ñµ̄.

Also notice that, since by (3.5),

|| d
dt
η(t, u)|| ≤ 1, ∀t ≥ 0, ∀u ∈ S(c),

there exists s0 > 0 depending on µ̄ > 0 such that, for all s ∈ (0, s0),

(3.8) u ∈ Λ µ̄
2
∩B(0, 2R0) =⇒ η(s, u) ∈ B(0, 3R0) and dist(η(s, u), V (c)) ≤ 2µ̄.

We claim that, taking ε > 0 sufficiently small, we can construct a path gε(t) ∈ Γc
such that

max
t∈[0,1]

F (gε(t) ≤ γ(c) + ε

and

(3.9) F (gε(t)) ≥ γ(c) =⇒ gε(t) ∈ Λ µ̄
2
∩B(0, 2R0).

Indeed, for ε > 0 small, let u ∈ V (c) be such that F (u) ≤ γ(c) + ε and consider
the path defined in Lemma 2.3 by

gε(t) = u(1−t)λ1+tλ2 , for t ∈ [0, 1].(3.10)

Clearly

max
t∈[0,1]

F (gε(t)) ≤ γ(c) + ε.

Also for t∗ε > 0 such that (1− t∗ε)λ1 + t∗ελ2 = 1 we have, since gε(t
∗
ε) ∈ V (c), that

(3.11)
d2

d2s
F (gε(s))|t∗ε = −1

4
B(u)− 3

2p
(p− 2)(5− 3

2
p)C(u) ≤ −Ck0 < 0

where k0 > 0 is given in Lemma 2.1 (2). The estimate (3.11) is uniform with
respect to the choice of ε > 0 and of u ∈ V (c). Thus, by Taylor’s formula, it is
readily seen that

{t ∈ [0, 1] : F (gε(t)) ≥ γ(c)} ⊂ [t∗ε − αε, t∗ε + αε]
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for some αε > 0 with αε → 0 as ε → 0. The claim (3.10) follows for continuity
arguments.

We fix a ε ∈ (0, 1
4
µ̄s0) such that (3.9) hold. Applying the pseudo gradient flow,

constructed with µ̄ > 0, on gε(t) we see that η(s, gε(·)) ∈ Γc for all s > 0. Indeed
η(s, u) = u for all s > 0 if |F (u)− γ(c)| ≥ 2µ̄ and we conclude by Remark 2.1.

We claim that taking s∗ :=
4ε

µ̄
< s0

(3.12) max
t∈[0,1]

F (η(s∗, gε(t))) < γ(c).

If (3.12) hold we have a contradiction with the definition of γ(c) and thus the
lemma is proved. To prove (3.12) for simplicity we set w = gε(t) where t ∈ [0, 1].
If F (w) < γ(c) there is nothing to prove since then F (η(s∗, w) ≤ F (w) < γ(c) for
any s > 0. If F (w) ≥ γ(c) we assume by contradiction that F (η(s, w)) ≥ γ(c) for
all s ∈ [0, s∗]. Then by (3.8) and (3.9), η(s, w) ∈ Λµ̄∩B(0, 3R0) for all s ∈ [0, s∗].
In particular ||Y (η(s, w))|| ≥ 2µ̄ and g(η(s, w)) = 1 for all s ∈ [0, s∗]. Thus

d

ds
F (η(s, w)) = 〈dF (η(s, w)),− Y (η(t, u))

||Y (η(t, u))||
〉.

By integration, and since s∗ =
4ε

µ̄
, we get

F (η(s∗, w)) ≤ F (w)− µ̄s∗ ≤ (γ(c) + ε)− 2ε < γ(c)− ε.

This proves the claim (3.12) and the lemma. �

Lemma 3.2. Let p ∈ (10
3
, 6), then there exists a sequence {un} ⊂ S(c) and a

constant α > 0 fulfilling

Q(un) = o(1), F (un) = γ(c) + o(1),

||F ′ |S(c)(un)||H−1 = o(1), ||un|| ≤ α.

Proof. First let us consider {un} ⊂ S(c) such that {un} ⊂ B(0, 3R0),

dist(un, V (c)) = o(1), |F (un)− γ(c)| = o(1), ||F ′ |S(c)(un)||H−1 = o(1).

Such sequence exists thanks to Lemma 3.1. To prove the lemma we just have to
show that Q(un) = o(1). It is readily checked that ||dQ(·)||H−1 is bounded on any
bounded set of H1(R3) and thus in particular on B(0, 3R0). Now, for any n ∈ N
and any w ∈ V (c) we can write

Q(un) = Q(w) + dQ(aun + (1− a)w)(un − w)

where a ∈ [0, 1]. Thus since Q(w) = 0 we have

(3.13) |Q(un)| ≤ max
u∈B(0,3R0)

||dQ||H−1||un − w||.
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Finally choosing {wm} ⊂ V (c) such that

||un − wm|| → dist(un, V (c)) as m→∞,
since dist(un, V (c))→ 0 we obtain from (3.13) that Q(un) = o(1). �

4. Compactness of our Palais-Smale sequence

Proposition 4.1. Let {vn} ⊂ S(c) be a bounded Palais-Smale for F (u) restricted
to S(c) such that F (vn) → γ(c). Then there is a sequence {λn} ⊂ R, such that,
up to a subsequence:
(1) vn ⇀ vc weakly in H1(R3);
(2) λn → λc in R;
(3) −∆vn − λnvn + (|x|−1 ∗ |vn|2)vn − |vn|p−2vn → 0 in H−1(R3);
(4) −∆vn − λcvn + (|x|−1 ∗ |vn|2)vn − |vn|p−2vn → 0 in H−1(R3);
(5) −∆vc − λcvc + (|x|−1 ∗ |vc|2)vc − |vc|p−2vc = 0 in H−1(R3).

Proof. Point (1) is trivial. Since {vn} ⊂ H1(R3) is bounded, following Berestycki
and Lions (see Lemma 3 in [9]), we know that:

F ′|S(c)(vn) −→ 0 in H−1(R3)

⇐⇒ F ′(vn)− 〈F ′(vn), vn〉vn −→ 0 in H−1(R3).

Thus, for any w ∈ H1(R3),

〈F ′(vn)− 〈F ′(vn), vn〉vn, w〉 =

∫
R3

∇vn∇wdx+

∫
R3

∫
R3

|vn(x)|2

|x− y|
vn(y)w(y)dxdy

−
∫
R3

|vn|p−2vnwdx− λn
∫
R3

vn(x)w(x)dx,

with

(4.1) λn =
1

‖vn‖2

{
‖∇vn‖2

2 +

∫
R3

∫
R3

|vn(x)|2vn(x)2

|x− y|
dxdy − ‖vn‖pp

}
.

Thus we obtain (3) with {λn} ⊂ R defined by (4.1). If (2) holds then (4) fol-
lows immediately from (3). To prove (2), it is enough to verify that {λn} ⊂ R
is bounded. But since {vn} ⊂ H1(RN) is bounded, by the Hardy-Littlewood-
Sobolev inequality and Gagliardo-Nirenberg inequality, it is easy to see that all
terms in the RHS of (4.1) are bounded. Finally we refer to Lemma 2.2 in [35] for
a proof of (5). �

Lemma 4.1. Let p ∈ (10
3
, 6) and {un} ⊂ S(c) be a bounded sequence such that

Q(un) = o(1) and F (un)→ γ(c) with γ(c) > 0,

then, up to a subsequence and up to translation un ⇀ ū 6= 0.
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Proof. If the lemma does not hold it means by standard arguments that {un} ⊂
S(c) is vanishing and thus that C(un) = o(1) (see [28]). Thus let us argue
by contradiction assuming that C(un) = o(1), i.e. that, since Q(un) = o(1),
A(un)+ 1

4
B(un) = o(1). Now from (3.1) we immediately deduce that F (un) = o(1)

and this contradicts the assumption that F (un)→ γ(c) > 0. �

Lemma 4.2. Let p ∈ (10
3
, 6), λ ∈ R. If v ∈ H1(R3) is a weak solution of

(4.2) −∆v +
(
|x|−1 ∗ |v|2

)
v − |v|p−2v = λv

then Q(v) = 0. Moreover if λ ≥ 0, there exists a constant c0 > 0 independent on
λ ∈ R such that the only solution of (4.2) fulfilling ||v||22 ≤ c0 is the null function.

Proof. The following Pohozaev type identity holds for v ∈ H1(R3) weak solution
of (4.2), see [14],

1

2

∫
R3

|∇v|2dx+
5

4

∫
R3

∫
R3

|v(x)|2 |v(y)|2

|x− y|
dxdy − 3

p

∫
R3

|v|p dx =
3λ

2

∫
R3

|v|2 dx.

By multiplying (4.2) by v and integrating we derive a second identity∫
R3

|∇v|2dx+

∫
R3

∫
R3

|v(x)|2 |v(y)|2

|x− y|
dxdy −

∫
R3

|v|p dx = λ

∫
R3

|v|2 dx.

With simple calculus we obtain the following relations

A(v) +
1

4
B(v) + 3

(
p− 2

2p

)
C(v) = 0,

(
p− 6

3p− 6
)A(v) + (

5p− 12

3p− 6
)
B(v)

2
= λD(v).

(4.3)

The first relation of (4.3) is Q(v) = 0. This identity together with the Gagliardo-
Nirenberg inequality assures the existence of a constant C(p) such that

(4.4) A(v)− C(p)A(v)
3(p−2)

4 D(v)
6−p

4 ≤ A(v) + 3

(
p− 2

2p

)
C(v) ≤ 0,

i.e

(4.5) A(v)
10−3p

4 ≤ C(p)D(v)
6−p

4 .

Now we recall that by the Hardy-Littlehood-Sobolev inequality and the Gagliardo-
Nirenberg inequality we have

(4.6) B(v) ≤ CA(v)
1
2D(v)

3
2 ,

then, from the second relation of (4.3) we obtain

(4.7) λD(v) ≤ (
p− 6

3p− 6
)A(v) + C̃(p)A(v)

1
2D(v)

3
2 .
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Notice that (4.5) tells us that, for any solution u of (4.2) with small L2-norm,
A(u) must be large. This fact assures that the left hand side of (4.7) cannot be
non negative when D(v) is sufficiently small. �

Lemma 4.3. Let p ∈ (10
3
, 6). Assume that the bounded Palais-Smale sequence

{un} ⊂ S(c) given by Lemma 3.2 is weakly convergent, up to translations, to the
nonzero function ū. Moreover assume that

(4.8) ∀c1 ∈ (0, c), γ(c1) > γ(c).

Then ‖un − ū‖ → 0. In particular it follows that ū ∈ S(c) and F (ū) = γ(c).

Proof. Let T (u) := 1
4
B(u) + 1

p
C(u) such that

(4.9) F (u) :=
1

2
‖∇u‖2

2 + T (u).

In [5] or [35] it is shown that the nonlinear term T fulfills the following splitting
properties of Brezis-Lieb type (see [10]),

(4.10) T (un − ū) + T (ū) = T (un) + o(1).

We argue by contradiction and assume that c1 = ||ū||22 < c. By Proposition 4.1
(5) and Lemma 4.2 we have Q(ū) = 0 and thus ū ∈ V (c1). Now since un− ū ⇀ 0,

(4.11) ‖∇(un − ū)‖2
2 + ‖∇ū‖2

2 = ‖∇un‖2
2 + o(1).

Also since {un} ⊂ S(c) is a sequence at the level γ(c) we get

(4.12)
1

2
‖∇un‖2

2 + T (un) = γ(c) + o(1).

Combining (4.10)- (4.12) we deduce that

(4.13)
1

2
‖∇(un − ū)‖2

2 +
1

2
‖∇ū‖2

2 + T (un − ū) + T (ū) = γ(c) + o(1).

At this point, using that ū ∈ V (c1) and Lemma 2.3 we get from (4.13) that

(4.14) F (un − ū) + γ(c1) ≤ γ(c) + o(1).

On the other hand,

(4.15) F (un−ū)− 2

3(p− 2)
Q(un−ū) =

3p− 10

6(p− 2)
A(un−ū)+

3p− 8

12(p− 2)
B(un−ū)

and

(4.16) Q(un − ū) = Q(un − ū) +Q(ū) = Q(un) + o(1) = o(1).

¿From (4.15) and (2.2) we deduce that F (un− ū) ≥ o(1). But then from (4.14)
we obtain a contradiction with (4.8). This contradiction proves that ‖ū‖2

2 = c
and F (ū) ≥ γ(c). Now still by (4.14) we get F (un − ū) ≤ o(1) and thanks to
(4.15) and (4.16) A(un − ū) = o(1). i.e ‖∇(un − ū)‖2 = o(1). �
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Lemma 4.4. Let p ∈ (10
3
, 6). Assume that the bounded Palais-Smale sequence

{un} ⊂ S(c) given by Lemma 3.2 is weakly convergent, up to translations, to the
nonzero function ū. Moreover assume that

(4.17) ∀c1 ∈ (0, c), γ(c1) ≥ γ(c)

and that the Lagrange multiplier given by Proposition 4.1 fulfills

λc 6= 0.

Then ‖un − ū‖ → 0. In particular it follows that ū ∈ S(c) and F (ū) = γ(c).

Proof. Let us argue as in Lemma 4.3. We obtain again

F ((un − ū)) + γ(c1) ≤ γ(c) + o(1),

F (un − ū)− 2

3(p− 2)
Q(un − ū) =

3p− 10

6(p− 2)
A(un − ū) +

3p− 8

12(p− 2)
B(un − ū)

and

Q(un − ū) = Q(un − ū) +Q(ū) = Q(un) + o(1) = o(1).

Thanks to (4.17) we conclude that

3p− 10

6(p− 2)
A(un − ū) +

3p− 8

12(p− 2)
B(un − ū) = o(1).

Then

(4.18) A(un − ū) = o(1), B(un − ū) = o(1) and also C(un − ū) = o(1),

since Q(un − ū) = o(1). Now we use (5) of Proposition 4.1, i.e

A(un)− λcD(un) +B(un) + C(un) = A(ū)− λcD(ū) +B(ū) + C(ū) + o(1).

Thanks to the splitting properties of A(u), B(u), C(u) and to (4.18) we get

−λcD(un) = −λcD(ū) + o(1),

which implies D(un−ū) = o(1), i.e ||un−ū||2 = o(1). From this point we conclude
as in the proof of Lemma 4.3. �

Admitting for the moment that c → γ(c) is non-increasing (we shall prove it
in the next section) we can now complete the proof of Theorem 1.1.

Proof of Theorem 1.1. By Lemmas 3.2 and 4.1 there exists a bounded Palais-
Smale sequence {un} ⊂ S(c) such that, up to translation, un ⇀ uc 6= 0. Thus, by
Proposition 4.1 there exists a λc ∈ R such that (uc, λc) ∈ H1(R3)\{0} ×R solves
(1.2). Now by Lemma 4.2 there exists a c0 > 0 such that λc < 0 if c ∈ (0, c0).
Also we know from Theorem 1.2 (ii) that (4.17) holds. At this point the proof
follows from Lemma 4.4. �
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5. The behaviour of c→ γ(c)

In this section we give the proof of Theorem 1.2. Let us denote

γ1(c) = inf
u∈S(c)

max
t>0

F (ut),(5.1)

and

γ2(c) = inf
u∈V (c)

F (u).(5.2)

Lemma 5.1. For p ∈ (10
3
, 6), we have:

γ(c) = γ1(c) = γ2(c).

Proof. When p ∈ (10
3
, 6), from Lemma 2.3, we know that γ(c) = γ2(c). In ad-

dition, by Lemma 2.2, it is clear that for any u ∈ S(c), there exists a unique
t0 > 0, such that ut0 ∈ V (c) and maxt>0 F (ut) = F (ut0) ≥ γ2(c), thus we get
γ1(c) ≥ γ2(c). Meanwhile, for any u ∈ V (c), maxt>0 F (ut) = F (u) and this
readily implies that γ1(c) ≤ γ2(c). Thus we conclude that γ1(c) = γ2(c). �

Lemma 5.2. We denote

f(a, b, c) = max
t>0

{
a · t2 + b · t− c · t

3
2

(p−2)
}
,

where p ∈ (10
3
, 6) and a > 0, b ≥ 0, c > 0 which are totally independent of t.

Then the function: (a, b, c) 7−→ f(a, b, c) is continuous in R+ × Rc
− × R+ (here

we denote Rc
− the non negative real number set).

Proof. Let g(a, b, c, t) = a · t2 + b · t− c · t 3
2

(p−2), then

∂tg(a, b, c, t) = 2a · t+ b− 3

2
(p− 2) · c · t

3p−8
2 ,

∂2
ttg(a, b, c, t) = 2a− 3p− 6

2
· 3p− 8

2
· c · t

3p−10
2 .

It’s not difficult to see that for any (a0, b0, c0) with a0 > 0, b0 ≥ 0, c0 > 0, there
exists a unique t1 > 0, such that ∂tg(a0, b0, c0, t1) = 0 and ∂2

ttg(a0, b0, c0, t1) < 0,
thus f(a0, b0, c0) = g(a0, b0, c0, t1). Then applying the Implicit Function Theorem
to the function ∂tg(a, b, c, t), we deduce the existence of a continuous function t =
t(a, b, c) in some neighborhood O of (a0, b0, c0) that satisfies ∂tg(a, b, c, t(a, b, c)) =
0, ∂2

ttg(a, b, c, t(a, b, c)) < 0. Thus f(a, b, c) = g(a, b, c, t(a, b, c)) in O. Now since
the function g(a, b, c, t) is continuous in (a, b, c, t), it follows that f(a, b, c) is con-
tinuous in (a0, b0, c0). The point (a0, b0, c0) being arbitrary this concludes the
proof. �

Lemma 5.3. When p ∈ (10
3
, 6), the function c 7→ γ(c) is non increasing for c > 0.



20 JACOPO BELLAZZINI, LOUIS JEANJEAN, AND TINGJIAN LUO

Proof. To show that c 7→ γ(c) is non increasing, it is enough to verify that: for
any c1 < c2 and ε > 0 arbitrary, we have

γ(c2) ≤ γ(c1) + ε.(5.3)

By definition of γ2(c1), there exists u1 ∈ V (c1) such that F (u1) ≤ γ2(c1) + ε
2
.

Thus by Lemma 5.1, we have

F (u1) ≤ γ(c1) +
ε

2
(5.4)

and also

(5.5) F (u1) = max
t>0

F (ut1).

We truncate u1 into a function with compact support ũ1 as follows. Let η ∈
C∞0 (R3) be radial and such that

η(x) =

 1, |x| ≤ 1,
∈ [0, 1], 1 < |x| < 2,
0, |x| ≥ 2.

For any small δ > 0, let

ũ1(x) = η(δx) · u1(x).(5.6)

It is standard to show that ũ1(x) → u1(x) in H1(R3) as δ → 0. Then, by conti-
nuity, we have, as δ → 0,

(5.7) A(ũ1)→ A(u1), B(ũ1)→ B(u1) and C(ũ1)→ C(u1).

At this point applying Lemma 5.2, we deduce that there exists δ > 0 small
enough, such that

max
t>0

F (ũt1) = max
t>0

{t2
2
A(ũ1) + tB(ũ1) + t

3
2

(p−2)C(ũ1)
}

≤ max
t>0

{t2
2
A(u1) + tB(u1) + t

3
2

(p−2)C(u1)
}

+
ε

4

= max
t>0

F (ut1) +
ε

4
.(5.8)

Now let v(x) ∈ C∞0 (R3) be radial and such that supp v ⊂ B2Rδ+1\B2Rδ . Here
supp v denotes the support of v and Rδ = 2

δ
. Then we define

v0 = (c2 − ‖ũ1‖2
2)/‖v‖2

2 · v

for which we have ‖v0‖2
2 = c2−‖ũ1‖2

2. Finally letting vλ0 = λ
3
2v0(λx), for λ ∈ (0, 1),

we have ‖vλ0‖2
2 = ‖v0‖2

2 and

(5.9) A(vλ0 ) = λ2 · A(v0), B(vλ0 ) = λ ·B(v0) and C(vλ0 ) = λ
3
2

(p−2) · C(v0).



EXISTENCE AND INSTABILITY OF STANDING WAVES 21

Now for any λ ∈ (0, 1) we define wλ = ũ1 + vλ0 . We observe that

(5.10) dist{supp ũ1, supp v
λ
0} ≥

2Rδ

λ
−Rδ =

2

δ
(
2

λ
− 1).

Thus ‖wλ‖2
2 = ‖ũ1‖2

2 + ‖vλ0‖2
2 and wλ ∈ S(c2). Also

(5.11) A(wλ) = A(ũ1) + A(vλ0 ) and C(wλ) = C(ũ1) + C(vλ0 ).

We claim that, for any λ ∈ (0, 1) ,

(5.12)
∣∣∣B(wλ)−B(ũ1)−B(vλ0 )

∣∣∣ ≤ λ ‖ũ1‖2
2 · ‖vλ0‖2

2.

Indeed, from (5.10),(
ũ1 + vλ0

)2
(x) = ũ2

1(x) +
(
vλ0
)2

(x),
(
ũ1 + vλ0

)2
(y) = ũ2

1(y) +
(
vλ0
)2

(y).

Thus

B(wλ) =

∫
R3

∫
R3

(
ũ1 + vλ0

)2
(x) ·

(
ũ1 + vλ0

)2
(y)

|x− y|
dxdy

=

∫
R3

∫
R3

ũ2
1(x) · ũ2

1(y)

|x− y|
dxdy + 2

∫
R3

∫
R3

ũ2
1(x) ·

(
vλ0
)2

(y)

|x− y|
dxdy

+

∫
R3

∫
R3

(
vλ0
)2

(x) ·
(
vλ0
)2

(y)

|x− y|
dxdy

= B(ũ1) +B(vλ0 ) + 2

∫
R3

∫
R3

ũ2
1(x) ·

(
vλ0
)2

(y)

|x− y|
dxdy

with∫
R3

∫
R3

ũ2
1(x) ·

(
vλ0
)2

(y)

|x− y|
dxdy =

∫
supp ũ1

∫
supp vλ0

ũ2
1(x) ·

(
vλ0
)2

(y)

|x− y|
dxdy

≤ δλ

2(2− λ)

∫
supp ũ1

∫
supp vλ0

ũ2
1(x) ·

(
vλ0
)2

(y)dxdy

≤ δλ

2(2− λ)
‖ũ1‖2

2 ·
∥∥vλ0∥∥2

2

≤ λ

2
‖ũ1‖2

2 ·
∥∥vλ0∥∥2

2

and then (5.12) holds. Now from (5.11), (5.12) and using (5.9) we see that

(5.13) A(wλ)→ A(ũ1), B(wλ)→ B(ũ1) and C(wλ)→ C(ũ1), as λ→ 0.

Thus from Lemma 5.2 we have that, fixing λ > 0 small enough,

(5.14) max
t>0

F (wtλ) ≤ max
t>0

F (ũt1) +
ε

4
.
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Now, using Lemma 5.1, (5.14), (5.8), (5.5) and (5.4) we have that

γ(c2) ≤ max
t>0

F (wtλ) ≤ max
t>0

F (ũt1) +
ε

4

≤ max
t>0

F (ut1) +
ε

2

= F (u1) +
ε

2
≤ γ(c1) + ε

and this ends the proof. �

Lemma 5.4. When p ∈ (10
3
, 6), c 7→ γ(c) is continuous at each c > 0.

Proof. Since, by Lemma 5.3, c→ γ(c) is non increasing proving that it is contin-
uous at c > 0 is equivalent to show that for any sequence cn → c+

(5.15) γ(c) ≤ lim
cn→c+

γ(cn).

Let ε > 0 be arbitrary but fixed. By Lemma 2.3 we know that there exists
un ∈ V (cn) such that

(5.16) F (un) ≤ γ(cn) +
ε

2
.

We define ũn = c
cn
· un := ρn · un. Then ũn ∈ S(c) and ρn → 1−. In addition

γ(c) ≤ max
t>0

F (ũtn)

= max
t>0
{t

2

2
ρ2
nA(un) +

t

4
ρ4
nB(un) +

t
3p−6

2

p
ρpnC(un)}.(5.17)

Since un ∈ V (cn) and cn → c+, using the identity

F (un)− 2

3(p− 2)
Q(un) =

3p− 10

6(p− 2)
A(un) +

3p− 8

12(p− 2)
B(un),(5.18)

it is not difficult to check that A(un), B(un) and C(un) are bounded both from
above and from zero. Thus without restriction we can get that

A(un)→ A > 0, B(un)→ B ≥ 0 and C(un)→ C < 0.

Indeed, A ≥ 0, B ≥ 0, C ≤ 0 are trivial and it is also easy to verify by contradic-
tion that A 6= 0, C 6= 0 from (4.6), (5.18) and the fact

Q(un) = A(un) +
1

4
B(un) +

3p− 6

2p
C(un) = 0.
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Now recording that ρn → 1−, using Lemma 5.2 twice, we get from (5.17), for any
n ∈ N sufficiently large

max
t>0

F (ũtn) ≤ max
t>0
{(A

2
)t2 + (

B

4
)t− (−C

p
)t

3
2

(p−2)}+
ε

4

≤ max
t>0
{(A(un)

2
)t2 + (

B(un)

4
)t− (−C(un)

p
)t

3
2

(p−2)}+
ε

2

= max
t>0

F (utn) +
ε

2
= F (un) +

ε

2
.(5.19)

Now from (5.16) and (5.19) it follows that γ(c) ≤ γ(cn)+ε for n ∈ N large enough
and since ε > 0 is arbitrary (5.15) holds. �

Lemma 5.5. Let p ∈ (10
3
, 6) and (uc, λc) ∈ H1(R3)× R solves

−∆v − λv + (|x|−1 ∗ |v|2)v − |v|p−2v = 0 in R3,

with F (uc) = infu∈V (c) F (u) = γ(c). Then λc ≤ 0 and moreover if λc < 0 the
function c→ γ(c) is strictly decreasing in a neighborhood of c.

Proof. To prove the lemma it suffices to show that if λc < 0 (λc > 0) the function
c → γ(c) is strictly decreasing (increasing) in a neighborhood of c. Indeed, in
view of Lemma 5.3 the case λc > 0 is then impossible.

The strict monotonicity of the function c→ γ(c) when λc 6= 0 is obtained as a
consequence of the Implicit Function Theorem.
Let us consider the following rescaled functions ut,θ(x) = θ

3
2 t

1
2uc(θx) ∈ S(tc) with

θ ∈ (0,∞) and t ∈ (0,∞). We define the following quantities

(5.20) α(t, θ) = F (ut,θ),

(5.21) β(t, θ) = Q(ut,θ).

Simple calculus shows that

(5.22)
∂α(t, θ)

∂t |(1,1)

=
1

2
(A(uc) +B(uc) + C(uc)) =

1

2
λcc

(5.23)
∂α(t, θ)

∂θ |(1,1)

= 0,
∂2α(t, θ)

∂2θ |(1,1)

< 0.

Following the classical Lagrange Theorem we get, for any δt ∈ R, δθ ∈ R,

(5.24) α(1 + δt, 1 + δθ) = α(1, 1) + δt
∂α(t, θ)

∂t |(t̄,θ̄)
+ δθ

∂α(t, θ)

∂θ |(t̄,θ̄)

where |1 − t̄| ≤ |δt| and |1 − θ̄| ≤ |δθ|, and by continuity, for sufficiently small
δt > 0 and sufficiently small |δθ|,
(5.25) α(1 + δt, 1 + δθ) < α(1, 1) if λc < 0
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(5.26) α(1− δt, 1 + δθ) < α(1, 1) if λc > 0.

To conclude the proof it is enough to show that β(t, u) = 0 in a neighborhood
of (1, 1) is the graph of a function g : [1 − ε, 1 + ε] → R with ε > 0, such that
β(t, g(t)) = 0 for t ∈ [1 − ε, 1 + ε]. Indeed in this case we have when λc < 0 by
(5.25)

γ((1 + ε)c) = inf
u∈V ((1+ε)c)

F (u) ≤ F (u1+ε,g(1+ε)) < F (uc) = γ(c)

and when λc > 0 we have by (5.26)

γ((1− ε)c) = inf
u∈V ((1−ε)c)

F (u) ≤ F (u1−ε,g(1−ε)) < F (uc) = γ(c).

To show the graph property by the Implicit Function Theorem it is sufficient to
show that

(5.27)
∂β(t, θ)

∂θ |(1,1)

6= 0.

By simple calculus we get

∂β(t, θ)

∂θ |(1,1)

= 2A(uc) +
B(uc)

4
+

1

p
(
3

2
(p− 2))2C(uc).

Using the fact that Q(uc) = 0 we then obtain

∂β(t, θ)

∂θ |(1,1)

= (5− 3

2
p)A(uc) + (1− 3

8
p)B(uc).

Then, since p > 10
3

we see that to have

∂β(t, θ)

∂θ |(1,1)

= 0

necessarily A(uc) = 0 and B(uc) = 0. Thus the derivative is never zero. �

Lemma 5.6. We have γ(c)→∞ as c→ 0.

Proof. By Theorem 1.1 we know that for any c > 0 sufficiently small there exists a
couple (uc, λc) ∈ H1(R3)×R− solution of (1.2) with ||uc||22 = c and F (uc) = γ(c).
In addition by Lemma 4.2, Q(uc) = 0. Thus uc ∈ H1(R3) fulfills

(5.28) 0 = Q(uc) = A(uc) +
1

4
B(uc) +

3(p− 2)

2p
C(uc)

(5.29) γ(c) = F (uc) =
1

2
A(uc) +

1

4
B(uc) +

1

p
C(uc).
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We deduce from (5.28) that A(uc) ≤ −3(p−2)
2p

C(uc) and thus it follows from

Gagliardo-Nirenberg inequality that

‖∇uc‖2
2 ≤

3(p− 2)

2p
‖uc‖pp ≤ C̃(p) · ‖∇uc‖

3(p−2)
2

2 · ‖uc‖
6−p

2
2 ,

i.e

1 ≤ C̃(p) · ‖∇uc‖
3p−10

2
2 · c

6−p
4 .(5.30)

Since p ∈ (10
3
, 6), we obtain that

‖∇uc‖2
2 →∞, as c→ 0.(5.31)

Now from (5.28) and (5.29) we deduce that

γ(c) = F (uc) =
3p− 10

6(p− 2)
A(uc) +

3p− 8

12(p− 2)
B(uc).(5.32)

and thus from (5.31) we get immediately that γ(c)→∞ as c→ 0. �

6. Proof of Theorem 1.4 and Lemma 1.1

In this section we prove Theorem 1.4. Let us first show

Lemma 6.1. Let p ∈ (10
3
, 6), for each uc ∈ Mc there exists a λc ∈ R such that

(uc, λc) ∈ H1(R3)× R solves (1.2).

Proof. From Lagrange multiplier theory, to prove the lemma, it suffices to show
that any uc ∈Mc is a critical point of F (u) constrained on S(c).

Let uc ∈ Mc and assume, by contradiction, that ‖F ′|S(c)(uc)‖H−1(R3) 6= 0.
Then, by the continuity of F ′, there exist δ > 0, µ > 0 such that

v ∈ Buc(3δ) =⇒ ‖F ′|S(c)(v)‖H−1(R3) ≥ µ,

where Buc(δ) := {v ∈ S(c) : ‖v − uc‖ ≤ δ}.
Let ε := min{γ(c)/4, µδ/8}. We claim that it is possible to construct a defor-

mation on S(c) such that

(i) η(1, v) = v if v /∈ F−1([γ(c)− 2ε, γ(c) + 2ε]),
(ii) η(1, F γ(c)+ε

⋂
Buc(δ)) ⊂ F γ(c)−ε,

(iii) F (η(1, v)) ≤ F (v), ∀ v ∈ S(c).

Here, F d := {u ∈ S(c) : F (u) ≤ d}. For this we use the pseudo gradient flow on
S(c) defined in (3.5) but where now g : S(c)→ [0, δ] satisfies

g(v) =

{
δ if v ∈ Buc(2δ)

⋂
F−1([γ(c)− ε, γ(c) + ε])

0 if v /∈ F−1([γ(c)− 2ε, γ(c) + 2ε]).
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With this definition clearly (i) and (iii) hold. To prove (ii) first observe that if
v ∈ F γ(c)+ε

⋂
Buc(δ), then η(t, v) ∈ Buc(2δ) for all t ∈ [0, 1]. Indeed

‖η(t, v)− v‖ =

∥∥∥∥∫ t

0

−g(η(s, v))
Y (η(s, v))

‖Y (η(s, v))‖
ds

∥∥∥∥
≤

∫ t

0

‖g(η(s, v))‖ ds ≤ tδ ≤ δ.

In particular for s ∈ [0, 1], g(η(s, v)) = δ as long as F (η(s, v)) ≥ γ(c)− ε. Thus if
we assume that there exists a v ∈ F γ(c)+ε

⋂
Buc(δ) such that F (η(1, v)) > γ(c)−ε

we have

F (η(1, v)) = F (v) +

∫ 1

0

d

dt
F (η(t, v))dt

= F (v) +

∫ 1

0

〈dF (η(t, v)),−g(η(t, v))
Y (η(t, v))

‖Y (η(t, v))‖
〉dt

≤ F (v)− µδ

4
≤ γ(c) + ε− µδ

4
≤ γ(c)− ε,

i.e. η(1, v) ∈ F γ(c)−ε. This contradiction proves that (ii) also hold.

Now let g ∈ Γc be the path constructed in the proof of Lemma 2.3 by choosing
v = uc ∈ V (c). We claim that

max
t∈[0,1]

F (η(1, g(t))) < γ(c).(6.1)

By (i) and Remark 2.1 we have η(1, g(t)) ∈ Γc. Thus if (6.1) holds, it contradicts
the definition of γ(c). To prove (6.1), we distinguish three cases:
a) If g(t) ∈ S(c) \Buc(δ), then using (iii) and Lemma 2.2 (6),

F (η(1, g(t))) ≤ F (g(t)) < F (uc) = γ(c).

b) If g(t) ∈ F γ(c)−ε, then by (iii)

F (η(1, g(t))) ≤ F (g(t)) ≤ γ(c)− ε.

c) If g(t) ∈ F−1([γ(c)− ε, γ(c) + ε])
⋂
Buc(δ), then by (ii)

F (η(1, g(t))) ≤ γ(c)− ε.

Note that since F (g(t)) ≤ γ(c), for all t ∈ [0, 1] one of the three cases above must
occurs. This proves that (6.1) hold and the proof of the lemma is completed. �

Proof of Theorem 1.4. We know from Lemma 6.1 that to each uc ∈ Mc is asso-
ciated a λc ∈ R such that (uc, λc) ∈ H1(R3) × R is solution of (1.2). Now using
Lemmas 5.5 we deduce that necessarily λc ≤ 0. �
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Proof of Lemma 1.1. Let uc ∈ H1(R3,C) with uc ∈ V (c). Since ‖∇|uc|‖2 ≤
‖∇uc‖2 we have that F (|uc|) ≤ F (uc) and Q(|uc|) ≤ Q(uc) = 0. In addition, by
Lemma 2.2, there exists t0 ∈ (0, 1] such that Q(|uc|t0) = 0. We claim that

(6.2) F (|uc|t0) ≤ t0 · F (uc).

Indeed, due (2.2) and since Q(|uc|t0) = Q(uc) = 0, we have

F (|uc|t0) = t20 ·
3p− 10

6(p− 2)
‖∇|uc|‖2

2 + t0 ·
3p− 8

12(p− 2)
T (|uc|)

= t0 ·
(
t0 ·

3p− 10

6(p− 2)
‖∇|uc|‖2

2 +
3p− 8

12(p− 2)
T (uc)

)
≤ t0 ·

(
3p− 10

6(p− 2)
‖∇uc‖2

2 +
3p− 8

12(p− 2)
T (uc)

)
= t0 · F (uc).

Thus if uc ∈ H1(R3,C) is a minimizer of F (u) on V (c) we have

F (uc) = inf
u∈V (c)

F (u) ≤ F (|uc|t0) ≤ t0 · F (uc),

which implies t0 = 1 since t0 ∈ (0, 1]. Then Q(|uc|) = 0 and we conclude that

‖∇|uc|‖2 = ‖∇uc‖2 and F (|uc|) = F (uc).(6.3)

Thus point (i) follows. Now since |uc| is a minimizer of F (u) on V (c) we know by
Theorem 1.4 that it satisfies (1.2) for some λc ≤ 0. By elliptic regularity theory
and the maximum principle it follows that |uc| ∈ C1(R3,R) and |uc| > 0. At this
point, using that ‖∇|uc|‖2 = ‖∇uc‖2 the rest of the proof of point (ii) is exactly
the same as in the proof of Theorem 4.1 of [18]. �

7. Proof of Theorems 1.2 and 1.3

In [19] the authors consider the functional F (u) as a free functional defined in
the real space

E := {u ∈ D1,2(R3) :

∫
R3

∫
R3

u2(x)u2(y)

|x− y|
dxdy <∞}

equipped with the norm

||u||E :=
(∫

R3

|∇u(x)|2dx+
(∫

R3

∫
R3

u2(x)u2(y)

|x− y|
dxdy

) 1
2
) 1

2
.

Clearly H1(R3,R) ⊂ E. They show, see Theorem 1.1 and Proposition 3.4 in [19],
that F (u) has in E a least energy solution whose energy is given by the mountain
pass level

(7.1) m := inf
γ∈Γ

max
t∈[0,1]

F (γ(t)) > 0
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where

Γ := {γ ∈ C([0, 1], E), γ(0) = 0, F (γ(1)) < 0}.

Lemma 7.1. For any c > 0 we have γ(c) ≥ m where m > 0 is given in (7.1).

Proof. We fix an arbitrary c > 0. From Lemma 1.1 we know that the infimum of
F (u) on V (c) is reached by real functions. As a consequence in the definition of
γ(c), see in particular (5.1), we can restrict ourself to paths in H1(RN ,R) instead
of H1(RN ,C). To prove the lemma it suffices to show that for any g ∈ Γc there
exists a γ ∈ Γ such that

(7.2) max
t∈[0,1]

F (g(t)) ≥ max
t∈[0,1]

F (γ(t)).

Let v ∈ S(c) be arbitrary but fixed. Letting vθ(x) = θ
3
2v(θx) we have vθ ∈ S(c)

for any θ > 0. Also taking θ > 0 sufficiently small, vθ ∈ AKc . Now for g ∈ Γc
arbitrary but fixed, let γθ(t) ∈ C([1

4
, 1

2
], AKc) satisfies γθ(

1
4
) = vθ, γθ(

1
2
) = g(0),

and consider γ(t) given by

γ(t) =

 4tvθ, 0 ≤ t ≤ 1
4
,

γθ(t),
1
4
≤ t ≤ 1

2
,

g(2t− 1), 1
2
≤ t ≤ 1.

Since S(c) ⊂ H1(R3) ⊂ E by construction γ ∈ Γ. Now direct calculations show
that, taking θ > 0 small enough, F (4tvθ) ≤ F (vθ) for any t ∈ [0, 1

4
]. Thus

max
t∈[0,1]

F (γ(t)) = max
t∈[ 1

4
,1]
F (γ(t)).

Recalling that γθ(t) ∈ AKc for any t ∈ [1
4
, 1

2
], we conclude from Theorem 2.1 that

max
t∈[0,1]

F (γ(t)) = max
t∈[ 1

2
,1]
F (γ(t)) = max

t∈[0,1]
F (g(t))

and (7.2) holds. This proves the lemma.
�

Lemma 7.2. There exists γ(∞) > 0 such that γ(c)→ γ(∞) as c→∞.

Proof. The existence of a limit follows directly from the fact that c → γ(c) is
non-increasing. Now because of Lemma 7.1 the limit is strictly positive. �

Proof of Theorem 1.3. As we already mentioned this proof is largely due to L.
Dupaigne. It also uses arguments from [12] and [16]. We divide the proof into
two steps.

Step 1 : Regularity and vanishing: let (u, λ) with u ∈ E and λ ≤ 0 solves (1.2),
then u ∈ L∞(R3)

⋂
C1(R3) and u(x)→ 0, as |x| → ∞.
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We set φu(x) = 1
4π|x| ∗ u

2. Clearly since u ∈ E then φu ∈ D1,2(R3). We denote

H = −∆ + (1 − λ). Since λ ≤ 0, H−1 exists in Lη(R3) for all η ∈ (1,∞). The
operators H and −∆ being closed in Lη(R3) with domain D(H) ⊂ D(−∆), it

follows from the Closed Graph Theorem that there exists a constant C̃ > 0 such
that

‖∆u‖η ≤ C̃‖Hu‖η,(7.3)

for any u ∈ D(H). Now we write (1.2) as

u = H−1u−H−1(φuu) +H−1(|u|p−2u)(7.4)

and we claim that

(7.5) H−1u ∈ L3 ∩ L∞(R3) and H−1(φuu) ∈ L2 ∩ L∞(R3).

Indeed, u ∈ Lq(R3) for all q ∈ [3, 6], see [32], and from (7.3) and Sobolev’s
embedding theorem, we obtain

H−1u ∈ W 2,q(R3) ↪→ L∞(R3), ∀ q ∈ [3, 6].(7.6)

Now since φu ∈ D1,2(R3) ↪→ L6(R3), by Hölder inequality, φuu ∈ Lt(R3) holds for
any t ∈ [2, 3] and we have

H−1(φuu) ∈ W 2,t(R3) ↪→ L∞(R3), ∀ t ∈ [2, 3].(7.7)

At this point the claim is proved. Next we denote

v := u+H−1(φuu)−H−1u.(7.8)

By interpolation, and using (7.5), we see that v ∈ Lq(R3) for all q ∈ [3, 6]. Now
since u ∈ Lq(R3), for all q ∈ [3, 6], (7.4) implies that

Hv = |u|p−2u ∈ L
q
p−1 (R3).(7.9)

By (7.3) and Sobolev’s embedding theorem, we conclude from (7.9) that

v ∈ Lr(R3), for all r ≥ q

p− 1
such that

1

r
≥ p− 1

q
− 2

3
.(7.10)

Next we follow the arguments of Cazenave [12] to increase the index r.
For j ≥ 0, we define rj as:

1

rj
= −δ(p− 1)j +

2

3(p− 2)
, with δ =

2

3(p− 2)
− 1

p
.

Since p ∈ [3, 6), then δ > 0 and 1
rj

is decreasing with 1
rj
→ −∞ as j →∞. Thus

there exists some k > 0 such that

1

ri
> 0 for 0 ≤ i ≤ k;

1

rk+1

≤ 0.
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Now we claim that v ∈ Lrk(R3). Indeed, r0 = p as j = 0 and it is trivial that
v ∈ Lr0(R3). If we assume that v ∈ Lri(R3) for 0 ≤ i < k, then by (7.8) and
(7.5), we have u ∈ Lri(R3). Thus following (7.10) we obtain

v ∈ Lr(R3), for all r ≥ ri
p− 1

such that
1

r
≥ p− 1

ri
− 2

3
=

1

ri+1

.

In particular, v ∈ Lri+1(R3) and we conclude this claim by induction. Now since
v ∈ Lrk(R3) it follows from (7.8) and (7.5) that u ∈ Lrk(R3) and we get that

v ∈ Lr(R3), for all r ≥ rk
p− 1

such that
1

r
≥ p− 1

rk
− 2

3
=

1

rk+1

.

Since 1/rk+1 < 0 we obtain that v ∈
⋂

3≤α≤∞ L
α(R3) and thus also u ∈

⋂
3≤α≤+∞ L

α(R3).

At this point we have shown that

Hu = u− φuu+ |u|p−2u

with for all α ∈ [3,∞],

u ∈ Lα ∩ L∞(R3), φuu ∈ L
6α

6+α (R3) and |u|p−2u ∈ L
α
p−1 ∩ L∞(R3).

Since 6α
6+α
∈ [3, 6] for α ∈ [6,∞], by interpolation and (7.3) we obtain that

u ∈ W 2, 6α
6+α (R3) for any α ∈ [6,+∞].(7.11)

Thus by Sobolev’s embedding, u ∈ L∞(R3)
⋂
C1(R3). Also there exists a se-

quence {un} ⊂ C1
c (R3) such that un → u inW 2, 6α

6+α (R3). When α > 6, W 2, 6α
6+α (R3) ↪→

L∞(R3). Thus un → u uniformly in R3 and we conclude that u(x) → 0 as
|x| → ∞.

Step 2: Exponential decay estimate.

First we show that φu ∈ C0,γ(R3), ∀γ ∈ (0, 1) and that there exists a constant
C0 > 0 such that

φu ≥
C0

|x|
, for all |x| ≥ 1.(7.12)

Since φu ∈ D1,2(R3) solves the equation −∆Φ = 4π|u|2 and u ∈ L6(R3) by
elliptic regularity φu ∈ W 2,3

loc (R3), Thus by Sobolev’s embedding, φu ∈ C0,γ(R3),
∀γ ∈ (0, 1). In particular

C0 = min
∂B1

φu(x) > 0

where BR = {x ∈ R3 : |x| ≤ R}. Indeed, if φu(x0) = 0 at some point x0 ∈ R3

with |x0| = 1, then u(x) = 0 a.e. in R3.
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Now for an arbitrary R0 > 0, let w1 = φu − C0

|x| . Then−∆w1 = 4πu2 ≥ 0, in BR0 \B1;
w1 ≥ 0, on ∂B1;

w1 ≥ −C0

R
, on ∂BR0

and the maximum principle yields that

w1 ≥ −
C0

R0

, in BR0 \B1.

Letting R0 →∞, it follows that w1 ≥ 0 in R3 \B1 and thus (7.12) holds.

Now we denote by u+(u−) the positive (negative) part of u, namely u+(x) =
max{u(x), 0} and u−(x) = max{−u(x), 0}.

By Kato’s inequality, we know that ∆u+ ≥ χ[u ≥ 0]∆u, see [4]. Thus

−∆u+ − λu+ + φu · u+ ≤ (u+)p−1 in R3.(7.13)

Let us show that there exist constants C̃ > 0 and R1 > 0 such that

u+(x) ≤ C̃φu(x) for |x| > R1.(7.14)

To prove this, we consider w2 = u+ − φu − d
|x| , for a constant d > 0. Then (7.13)

and λ ≤ 0 imply that

−∆w2 ≤ (u+)p−1 − 4πu2, in |x| ≥ 1.

Since lim|x|→∞ u(x)→ 0 and p > 3, then (u+)p−1 − 4πu2 ≤ 0 holds in |x| ≥ R1

for some R1 > 0 large enough. Thus for any R ≥ R1 and taking d > 0 large
enough we have  −∆w2 ≤ 0, in BR \BR1 ;

w2 ≤ 0, on ∂BR1 ;
w2 ≤ max∂BR u

+ − d
R
, on ∂BR.

Then by the maximum principle, we have w2 ≤ max∂BR u
+ − d

R
in BR \ BR1 .

Letting R→∞ we conclude that w2 ≤ 0 in R3 \BR1 . This, together with (7.12),
implies (7.14).

¿From (7.13) we have for any σ > 0 and since λ ≤ 0,

−∆u+ +
σ

|x|
u+ ≤ σ

|x|
u+ − φuu+ + λu+ + (u+)p−1

≤
(
σ

|x|
− φu + (u+)p−2

)
u+.(7.15)
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Using (7.12) and (7.14), for |x| ≥ R1 > 1, by choosing 0 < σ < C0, we have

σ

|x|
− φu + (u+)p−2 ≤ σ

C0

· φu − φu + (u+)p−2

≤ −(1− σ

C0

)C̃−1u+ + (u+)p−2

=

(
−(1− σ

C0

)C̃−1 + (u+)p−3

)
· u+,

where (1 − σ
C0

)C̃−1 > 0. Since p ≥ 3 and u(x) → 0 as |x| → ∞, for R1 > 1

sufficiently large, we obtain that −(1− σ
C0

)C̃−1 + (u+)p−3 ≤ 0 in |x| ≥ R1. Thus

it follows from (7.15) that

−∆u+ +
σ

|x|
u+ ≤ 0, in R3 \BR1 .(7.16)

If we denote C̄1 = max∂BR1
u+, applying the maximum principle, we thus obtain

u+ ≤ C̄1 · w̄, in R3 \BR1(7.17)

where w̄ is the radial solution of
−∆w̄ + σ

|x| = 0, if |x| > R1;

w̄(x) = 1, if |x| = R1;
w̄(x)→ 0, if |x| → ∞.

Now w̄ satisfies (cfr. [2] Section 4),

w̄(x) ≤ C

|x|3/4
e−2C′

√
|x|, ∀ |x| > R′(7.18)

for some C > 0, C ′ > 0 and R′ > 0.

Finally we observe that if u is a solution of (1.2), then −u is also a solution.
Thus since u− = (−u)+, following the same arguments, we obtain that there
exists a constant C̄2 > 0 such that

u− ≤ C̄2 · w̄, in R3 \BR1 .(7.19)

Hence |u| = u+ + u− ≤ (C̄1 + C̄2)w̄, in R3 \BR1 for R1 > 0 sufficiently large.
At this point we see from (7.18) that u ∈ E satisfies the exponential decay (1.6).
In particular u ∈ L2(R3) and then also u ∈ H1(R3). �

Lemma 7.3. There exists c∞ > 0 such that for all c ≥ c∞ the function c→ γ(c)
is constant. Also if for a c ≥ c∞ there exists a couple (uc, λc) ∈ H1(R3) × R
solution of (1.2) with ||uc||22 = c and F (uc) = γ(c) then necessarily λc = 0.

Proof. ¿From Lemma 1.1 and [19] we know that there exists grounds states of the
free functional F (u) which are real. From Theorem 1.3 we know that any ground
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state belongs to H1(R3). Let u0 ∈ H1(R3) be one of these ground states and set
c0 = ||u0||22. Then, by Lemma 4.2, u0 ∈ V (c0) and using Lemma 7.1 we get

F (u0) ≥ γ(c0) ≥ m = F (u0).

Thus necessarily γ(c0) = m. Now since c→ γ(c) is non increasing, still by Lemma
7.1, we deduce that γ(c) = γ(c0) for all c ≥ c0. Now let (uc, λc) ∈ H1(R3) × R
be a solution of (1.2) with ||uc||22 = c and F (uc) = γ(c). Thus by Lemma 5.5,
λc ≤ 0. But we note that λc < 0 will not happen since by Lemma 5.5 it would
imply that c→ γ(c) is strictly decreasing around c > 0 in contradiction with the
fact that γ(c) is constant. Then necessarily λc = 0. �

Remark 7.1. We see, from Theorem 1.4 and Lemma 7.3, that if γ(c) is reached,
say by a uc ∈ H1(R3) with c > 0 large enough, then uc is a ground state of F (u)
defined on E. It is unlikely that ground states exist for an infinity of value of
c > 0. So we conjecture that there exists a clim > 0 such that for c ≥ clim there
are no critical points for F (u) constrained to S(c) at the ground state level γ(c).

Proof of Theorem 1.2. Obviously, points (i), (ii), (iv), (v) of Theorem 1.2 follow
directly from Lemmas 5.3, 5.4, 5.6, 7.2, 7.3 and Lemmas 4.2, 5.5 conclude point
(iii). �

8. Global existence and strong instability

We introduce the following result about the locally well-posedness of the Cauchy
problem to the equation (1.1) (see Cazenave [12], Theorem 4.4.6 and Propostion
6.5.1 or Kikuchi’s Doctoral thesis [23], Chapter 3 ).

Proposition 8.1. Let p ∈ (2, 6), for any u0 ∈ H1(R3,C), there exists T =
T (‖u0‖H1) > 0 and a unique solution u(t) ∈ C([0, T ), H1(R3,C)) of the equation
(1.1) with initial datum u(0) = u0 satisfying

F (u(t)) = F (u0), ‖u(t)‖2 = ‖u0‖2 for any t ∈ [0, T ).

In addition, if u0 ∈ H1(R3,C) satisfies |x|u0 ∈ L2(R3,C), then the virial identity

d2

dt2
‖xu(t)‖2

2 = 8Q(u),

holds for any t ∈ [0, T ).

Proof of Theorem 1.5. Let u(x, t) be the solution of (1.1) with u(x, 0) = u0 and
Tmax ∈ (0,∞] its maximal time of existence. Then classically we have either

Tmax = +∞
or

(8.1) Tmax < +∞ and lim
t→Tmax

||∇u(x, t)||22 =∞.



34 JACOPO BELLAZZINI, LOUIS JEANJEAN, AND TINGJIAN LUO

Since

F (u(x, t))− 2

3(p− 2)
Q(u(x, t)) =

3p− 10

6(p− 2)
A(u(x, t)) +

3p− 8

12(p− 2)
B(u(x, t))

and F (u(x, t)) = F (u0) for all t < Tmax, if (8.1) happens then, we get

lim
t→Tmax

Q(u(x, t)) = −∞.

By continuity it exists t0 ∈ (0, Tmax) such that Q(u(x, t0)) = 0 with F (u(x, t0)) =
F (u0) < γ(c). This contradicts the definition γ(c) = infu∈V (c) F (u). �

Remark 8.1. For p ∈ (10
3
, 6) and any c > 0 the set O is not empty. Indeed for an

arbitrary but fixed u ∈ S(c) ut(x) = t
3
2u(tx). Then ut ∈ S(c) for all t > 0 and

Q(ut) = t2A(u) +
t

4
B(u)− 3(p− 2)

2p
t

3(p−2)
2 C(u),

F (ut) =
t2

2
A(u) +

t

4
B(u)− t

3(p−2)
2

p
C(u).

We observe that F (ut) → 0 as t → 0. Also, since 3(p−2)
2

> 1, we have Q(ut) > 0
when t > 0 is sufficiently small. This proves that O is not empty.

Proof of the Theorem 1.6. For any c > 0, let uc ∈Mc and define the set

Θ =
{
v ∈ H1(R3) \ {0} : F (v) < F (uc), ‖v‖2

2 = ‖uc‖2
2 , Q(v) < 0

}
.

The set Θ contains elements arbitrary close to uc in H1(R3). Indeed, letting

v0(x) = uλc = λ
3
2uc(λx), with λ < 1, we see from Lemma 2.2 that v0 ∈ Θ and

that v0 → uc in H1(R3) as λ→ 1.

Let v(t) be the maximal solution of (1.1) with initial datum v(0) = v0 and
T ∈ (0,∞] the maximal time of existence. Let us show that v(t) ∈ Θ for all
t ∈ [0, T ). From the conservation laws

‖v(t)‖2
2 = ‖v0‖2

2 = ‖uc‖2
2 ,

and

F (v(t)) = F (v0) < F (uc).

Thus it is enough to verify Q(v(t)) < 0. But Q(v(t)) 6= 0 for any t ∈ (0, T ).
Otherwise, by the definition of γ(c), we would get for a t0 ∈ (0, T ) that F (v(t0)) ≥
F (uc) in contradiction with F (v(t)) < F (uc). Now by continuity of Q we get that
Q(v(t)) < 0 and thus that v(t) ∈ Θ for all t ∈ [0, T ). Now we claim that there
exists δ > 0, such that

Q(v(t)) ≤ −δ, ∀t ∈ [0, T ).(8.2)
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Let t ∈ [0, T ) be arbitrary but fixed and set v = v(t). Since Q(v) < 0 we know
by Lemma 2.2 that λ?(v) < 1 and that λ 7−→ F (vλ) is concave on [λ?, 1). Hence

F (vλ
?

)− F (v) ≤ (λ? − 1)
∂

∂λ
F (vλ) |λ=1

= (λ? − 1)Q(v).

Thus, since Q(v(t)) < 0, we have

F (v)− F (vλ
?

) ≥ (1− λ?)Q(v) ≥ Q(v).

It follows from F (v) = F (v0) and vλ
? ∈ V (c) that

Q(v) ≤ F (v)− F (vλ
?

) ≤ F (v0)− F (uc).

Then letting δ = F (u0) − F (v0) > 0 the claim is established. To conclude the
proof of the theorem we use Proposition 8.1. Since v0(x) = uλc we have that∫

R3

|x|2|v0|2dx =

∫
R3

|x|2|uλc |2dx = λ2

∫
R3

|y|2|uc(y)|2dy.

Thus, from Lemma 6.1 and Theorem 1.3, we obtain that∫
R3

|x|2|v0|2dx <∞.(8.3)

Applying Proposition 8.1 it follows that

d2

dt2
‖xv(t)‖2

2 = 8Q(v).

Now by (8.2) we deduce that v(t) must blow-up in finite time, namely that (8.1)
hold. Recording that v0 has been taken arbitrarily close to uc, this ends the proof
of the theorem. �

Proof of Theorem 1.7. For p ∈ (10
3
, 6), let u0 be a ground state of equation (1.4).

From Theorem 1.3 we know that u0 ∈ H1(R3), thus we can set

c0 := ‖u0‖2
2.

¿From Lemma 4.2, we have Q(u0) = 0. Thus u0 ∈ V (c0) and it follows from (1.3)
and Lemma 7.1 that

F (u0) ≥ γ(c0) ≥ m = F (u0).

Hence F (u0) = infu∈V (c0) F (u), which means that u0 minimizes F (u) on V (c0).
Thus applying Theorem 1.6, we end the proof. �
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9. Comparison with the nonlinear Schrödinger case

In [24] the existence of critical points of

F̃ (u) =
1

2
‖Ou‖2

2 −
1

p
‖u‖pp, u ∈ H1(RN).(9.1)

constrained to S(c) was considered under the condition:

(C) :
2N + 4

N
< p <

2N

N − 2
, if N ≥ 3 and

2N + 4

N
< p if N = 1, 2.

In our notation it is proved in [24] that F̃ (u) has a mountain pass geometry on
S(c) in the sense that

γ̃(c) = inf
g∈Γc

max
t∈[0,1]

F̃ (g(t)) > max{F̃ (g(0)), F̃ (g(1))}

where

Γ̃c = {g ∈ C([0, 1], S(c)), g(0) ∈ AKc , F̃ (g(1)) < 0},
and AKc = {u ∈ S(c) : ‖Ou‖2

2 ≤ Kc}. Also we have

Lemma 9.1. ([24] Theorem 2) For N ≥ 1 and any c > 0, under the condition
(C), the functional F̃ (u) admits a critical point uc at the level γ̃(c) with ‖uc‖2

2 =
c and there exists λc < 0 such that (λc, uc) solves weakly the following Euler-
Lagrange equation associated to the functional F̃ (u) :

−∆u− λu = |u|p−2u.(9.2)

Lemma 9.2. ([24] Corollary 3.1 and Theorem 3.2) For N ≥ 1, as c→ 0{
‖∇uc‖2

2 →∞,
λc → −∞.

and as c→ +∞, {
‖∇uc‖2

2 → 0,
λc → 0.

Using the above two results we now prove

Lemma 9.3. For N ≥ 1, under the condition (C), the function c 7−→ γ̃(c) is
strictly decreasing. In addition, we have{

γ̃(c)→ +∞, as c→ 0,
γ̃(c)→ 0, as c→∞.(9.3)

Proof. Arguing as in the proof of Lemma 5.1 we can deduce that

γ̃(c) = inf
u∈S(c)

max
t>0

F̃ (ut) = inf
u∈Ṽ (c)

F̃ (u).(9.4)
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Here Ṽ (c) = {u ∈ H1(RN) : Q̃(u) = 0} with

Q̃(u) = ‖Ou‖2
2 −

N(p− 2)

2p
‖u‖pp

and ut(x) = t
N
2 u(tx) for t > 0. To show that c → γ̃(c) is strictly decreasing we

just need to prove that: for any c1 < c2, there holds γ̃(c2) < γ̃(c1). By (9.4) we
have

γ̃(c1) = inf
u∈S(c1)

max
t>0

F̃ (ut) and γ̃(c2) = inf
u∈S(c2)

max
t>0

F̃ (ut)

where

F̃ (ut) =
t2

2
‖Ou‖2

2 −
t
N
2

(p−2)

p
‖u‖pp.

After a simple calculation, we get

max
t>0

F̃ (ut) = c̃(p) ·
(

1

2
‖∇u‖2

2

) N(p−2)
N(p−2)−4

·
(

1

p
‖∇u‖pp

)− 4
N(p−2)−4

(9.5)

with

c̃(p) =

(
4

N(p− 2)

) 4
N(p−2)−4

· N(p− 2)− 4

N(p− 2)
> 0.

By Lemma 9.1, we know that γ(c1) is attained, namely that there exists u1 ∈
S(c1), such that γ̃(c1) = F̃ (u1) = maxt>0 F̃ (ut1). Then using the scaling uθ(x) =

θ1−N
2 u1(x

θ
), we have

‖uθ‖2
2 = θ2‖u1‖2

2, ‖∇uθ‖2
2 = ‖∇u1‖2

2 and ‖uθ‖pp = θ(1−N
2

)p+N‖u1‖pp.
Thus we can choose θ > 1 such that uθ ∈ S(c2). Under the condition (C), we
have (1− N

2
)p+N > 0 for N ≥ 1 and thus ‖uθ‖pp > ‖u1‖pp. Now we have

max
t>0

F̃ (utθ) = c̃(p) ·
(

1

2
‖∇uθ‖2

2

) N(p−2)
N(p−2)−4

·
(

1

p
‖uθ‖pp

)− 4
N(p−2)−4

< c̃(p) ·
(

1

2
‖∇u1‖2

2

) N(p−2)
N(p−2)−4

·
(

1

p
‖u1‖pp

)− 4
N(p−2)−4

= max
t>0

F̃ (ut1),

which implies that

γ̃(c1) = max
t>0

F̃ (ut1) > max
t>0

F̃ (utθ) ≥ γ̃(c2).(9.6)

Finally, from Lemma 2.7 of [24] we know that, for any c > 0, Q̃(uc) = 0. Thus
we can write

γ̃(c) =
N(p− 2)− 4

2N(p− 2)
‖Ouc‖2

2
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and (9.3) directly follows from Lemma 9.2. �

Finally in analogy with Theorems 1.4 and 1.6 we have

Remark 9.1. Let

M̃c := {uc ∈ Ṽ (c) : F̃ (uc) = inf
u∈Ṽ (c)

F̃ (u)}.(9.7)

Then for any uc ∈ M̃c there exists a λc < 0 such that (uc, λc) ∈ H1(RN) × R
solves (9.2) and the standing wave solution e−iλctuc of (1.8) is strongly unstable.

The proof of these statements is actually simpler than the ones for (1.1) and
thus we just indicate the main lines. We proceed as in Lemma 6.1 to show that
for any uc ∈ M̃c there exists a λc ∈ R such that (uc, λc) ∈ H1(RN) × R solves
(9.2). Indeed a version of Lemma 2.2 (and thus of Lemma 2.3) holds when F̃ (u)
replaces F (u) and this is precisely Lemma 8.2.5 in [12]. Now if for a λ ∈ R,
u ∈ S(c) solves

(9.8) −∆u− |u|p−2u = λu,

on one hand, multiplying (9.8) by u ∈ S(c) and integrating we obtain

(9.9) ||∇u||22 − ||u||pp = λc.

On the other hand, since solutions of (9.8) satisfy Q̃(u) = 0, we have

(9.10) ||∇u||22 −
N(p− 2)

2p
||u||pp = 0.

Thus, since under (C) N(p − 2)/2p < 1, we deduce that necessarily λ < 0.
To conclude the proof we just have to show that the standing wave e−iλctuc is
strongly unstable. This can be done following the same lines as in the proof of
Theorem 1.6. Here the fact that λc < 0 insures the exponential decay at infinity
of uc ∈ S(c) which permits to use the virial identity in the blow-up argument (see
also [7]).
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