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A SURVEY ON THE SZLENK INDEX AND SOME OF ITS
APPLICATIONS

G. LANCIEN

ABSTRACT. We describe how the Szlenk index has been used in various
areas of the geometry of Banach spaces. We cover the following domains of
application of this notion: non existence of universal spaces, linear classifi-
cation of C(K) spaces, descriptive set theory, renorming problems and non
linear classification of Banach spaces.

1. INTRODUCTION

In this survey paper, we have selected some of the fields, where the Szlenk
index and its variants, have been fruitfully used in the geometry of Banach
spaces.

In section 2, we define the different slicing indices, including the Szlenk
index, that will be studied in this paper. Then, we gather some elementary or
technical facts in section 3.

The Szlenk index of a Banach space X, denoted Sz(X), is an ordinal num-
ber, which is invariant under linear isomorphisms. As it is suggested by its
name, it was first introduced by W. Szlenk [62] in order to prove that there
is no separable reflexive Banach space universal for the class of all separable
reflexive Banach spaces. This aspect is briefly treated in section 4. Very recent
developments are also indicated.

Another striking fact is that the isomorphic classification of a separable
C(K) space is perfectly determined by the value of its Szlenk index. This
is a consequence of some classical work by C. Bessaga and A. Pelczynski [8],
D.E. Alspach and Y. Benyamini [1] and C. Samuel [59]. We give in section 5 a
recent short proof ([33]) of the computation of Sz(C'(«)) when « is a countable
ordinal.

It follows rather simply from Baire’s Great Theorem that a separable Banach
space has a separable dual if and only if its Szlenk index is countable. This can
be made more precise by using the Kunen-Martin Theorem and other tools
from descriptive set theory. The interactions between the geometry of Banach
spaces and descriptive set theory have been widely investigated and for a
complete reference, we suggest the survey paper by S.A. Argyros, G. Godefroy
and H.P. Rosenthal [3]. In section 6, we try to give a simple example of this
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type of results by showing, using the work of B. Bossard ([9],[10]), how one can
justify the following statement: the set of all separable Banach spaces with
a separable dual is coanalytic non Borel and the Szlenk index is a coanalytic
rank for this set.

These tools from descriptive set theory, together with a geometric construc-
tion using a dentability index allow us to prove in section 7 a first renorming
result. More precisely, we show that a Banach space with countable Szlenk in-
dex admits an equivalent norm, whose dual norm is locally uniformly rotund.
Then we explain how this dentability index provides us with a simple geomet-
ric formula for building an equivalent uniformly convex norm with power type
modulus on super-reflexive Banach spaces.

Section 8 is devoted to another renorming question. We consider the prob-
lem of building an equivalent norm with a dual weak® uniformly Kadec-Klee
norm on a Banach space with finite Szlenk index. This was solved positively
by H. Knaust, E. Odell and T. Schlumprecht ([44]), who along their way gave
a detailed study of the linear structure of these spaces. We also present a
different approach ([30]) yielding some precise quantitative estimates that will
be crucial in the last section.

Finally, in section 9, we show that the Szlenk index, when finite, is, in a
very precise quantitative way, an invariant under Lipschitz homeomorphisms
or uniform homeomorphisms. Then we derive some important results on the
non linear classification of certain classical Banach spaces, such as ¢g, subspaces
of ¢g, subspaces of ¢, (p > 2) or quotients of ¢, (p > 2).

We also refer the reader to a more synthetic survey on this subject that has
already been written by G. Godefroy (]28]).

2. NOTATION

We first give the definition of the Szlenk index and the Szlenk derivation.
Suppose X is a real Banach space and K is a weak*-compact subset of X*.
For € > 0 we let V be the set of all relatively weak*-open subsets V' of K such
that the norm diameter of V' is less than ¢ and s. K = K\ U{V : V € V}.
Then we define inductively s®K for any ordinal a by s®™'K = s.(s¢K) and
sS¢K = m sPK if av is a limit ordinal.

f<a

We denote by By- the closed unit ball of X*. We then define Sz(X,¢) to be
the least ordinal « so that s®By- = (), if such an ordinal exists. Otherwise we
write Sz(X, e) = co. The Szlenk index is defined by Sz(X) = sup,. Sz(X, €).
Let us point out that this definition differs slightly from the original definition
of W. Szlenk in [62]. However, both definitions coincide if X is a separable
Banach space which does not contain any isomorphic copy of ¢;(N) (see [46]
for instance).



A SURVEY ON THE SZLENK INDEX AND SOME OF ITS APPLICATIONS 3

We also introduce an alternative conver Szlenk index. If K is a weak®-
compact and convex subset of X*, we may define c. K = @ *(s.K) (namely,
the weak*-closed convex hull of s.K). Then Cz(X,¢e) and Cz(X) are defined
as before, using the derivation c. instead. Let us notice that a geometrical
way to define this derivation is to say that it removes the weak*-slices that can
be covered by a union (and therefore by a finite union) of weak*-open sets of
diameter less than e.

Now, if K is a weak*-compact and convex subset of X*, we call weak*-slice
of K any non empty set of the form S = {z* € K, z*(x) > t}, where z € X
and t € R. Then we denote by S the set of all weak*-slices of K of norm
diameter less than € and d.K = K \ U{S : S € S}. From this derivation, we
define similarly the weak*-dentability index of X that we denote Dz(X,¢e) and
Dz(X).

We shall also briefly use the following derivation on subsets of X itself.
Let C be a closed convex subset of X. A slice of C is a set of the form
T ={z € C, x*(x) > t}, where z* € X* and t € R. We denote by 7 the set of
all slices of C' of norm diameter less than € and D.C = C\U{T : S € T}. From
this derivation, we define D(X, £) to be the least ordinal « so that DBy = (),
if such an ordinal exists, and D(X, €) = oo otherwise. The dentability index of
X is as usual D(X) = sup,.,D(X,¢).

3. A FEW BASIC PROPERTIES

In the following proposition, we gather without proof some elementary facts.

Proposition 3.1. Let X be a Banach space.

(i) S2(X) <CxX) <Dz X).

(ii) The indices Sz, Cz and Dz are invariant under linear isomorphisms.

(iii) For each of our three definitions, the indices of subspaces or quotients of
X are bounded above by the index of X.

(iv) X is finite dimensional if and only if Sz(X)=CzX) = 1.

(v) If X # {0}, then for any e > 0, Dz(X,e) > e~ ! and therefore Dz(X) > w,
where w is the first infinite ordinal.

(vi) Since weak*-compactness implies that Dz(X,€) is never a limit ordinal,
we have that D2(X) < w if and only if D2(X,e) < w for any € > 0. The same
is true for Sz(X) or Cz(X).

(vii) If X is separable, K a weak®-compact subset of X* and e > 0, we denote

K ={z"€ K 3(x})pn>1 C K st Vn ||2* — x| > ¢ and z), SLAN "}
Then the index associated with this derivation is equal to Sz(X).

Remark 3.2. Despite the lack of compactness, we also have that D(X,¢) is
never a limit ordinal. It relies on the fact that D2 Bx is convex symmetric and
therefore contains 0, whenever it is not empty.
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Our next proposition, is a rather technical fact, that was first mentioned in
a paper of A. Sersouri [61] on similar indices.

Proposition 3.3. Let X be a Banach space. Then, either Sz(X) = oo or
there exists an ordinal o such that Sz(X) = w®.
The same 1is true for the other indices.

Proof. We only give the argument for the Szlenk index and use the following
fact: for any Banach space X and any ordinal «

1 1
(31) §S?BX* —+ §BX* C SS/QBX*‘

The proof is a straightforward transfinite induction.

Then let us show that Sz(X) > w® implies that Sz(X) > w*™'. This will
clearly yield the conclusion.

So assume that Sz(X) > w® We can find € > 0 such that s*“ By« # (). Then,
by (3.1), 0 € 52, Bx+ and 3Bx- C s, Bx-. So

{e3 1 fe%
0€ 35/4(53)(*) C 52,2 Bx-.

Proceeding inductively, we can show that for any integer n, 0 € 5‘6"72311 Bx~.
Thus Sz(X) > w™. O
Another simple but useful fact is the following.
Proposition 3.4. Let X be a Banach space and o an ordinal. Assume that
Ve >0 3(e) >0 s¢(Bx+) C (1 —4(g))Bx~.

Then
SAX) < aw

A similar statement is true for the other indices.
Proof. Let € > 0. An easy homogeneity argument shows that for any n € N :
S?n(BX*> - (]_ — 5(8))”.8)(*

Consequently, there exists an integer N so that s*V(Bx:) C < By« and there-
fore s®N*1(By.) = ). This finishes the proof. O

We shall also need the following property of the Szlenk index.

Proposition 3.5. Let X be a Banach space.
a) The fonction Sz(X,.) is submultiplicative. More precisely:

Ve >0Ve' >0 SzX,ee’) < S2(X,¢e).52X, ).
b) If S2(X) = w, then
3C >0 dpe[l,400) Ve >0 SxX,e) < CeP.
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Proof. Let € > 0 and €’ > 0. It is enough to show (omitting the obvious case
when Sz(X,€’) = 0o0) that for any ordinal «,
Sa.’Sz(X,a')(BX*) C S?(BX*).

(33

This will be achieved with a transfinite induction on «. The statement is
clearly true for « = 0 and passes easily to limit ordinals. So, let us assume it
is true for some ordinal . Let now x* € By« \ s2™(Bx+). We need to show
that z* ¢ s(aH) 34X (By.), so we may assume that 2* € s®(Bx-). Then,
there is a Weak*—open set V' containing z* and such that diam(VNs%(Bx+)) < &
and therefore diam(V N s> <)(By.)) < e. But, we have by homogeneity

ee’!

that every set C' with diameter less than e satisfies SSZ(X€ (C) =10. So z* ¢
s S4XE) By and the proof of a) is finished.

54
The statement b) is classical for N-valued submultiplicative functions.

O

Remark 3.6. We do not know if the functions Cz(X,.) and Dz(X,.) are
submultiplicative, but we will see in sections 7.2 and 8 that they satisfy the
property stated in b). One of the ingredients for that, will be the next simple
comparison lemma, that we state and prove now.

Lemma 3.7. Let X be a Banach space and L*(X) be the space of all square
Bochner-integrable functions with respect to the Lebesque measure on [0, 1].
Then, for any e > 0:

DX, 2¢) < SAL*(X),e).

Proof. For simplicity, we denote K = Bx- and L = DB2(x)-. We recall
that L?(X™*) is canonically identified with a subspace of (L?(X))*. Then, it is
enough to show that for any ¢ > 0 and any ordinal a:

k
Vk €N Vai, .z} € ds(K), Y wil € s2(L).

For a given € > 0, this will be proved by transfinite induction. The statement is
clear for & = 0 and passes trivially to limit ordinals. So assume it is true for an
ordinal o and let 2%, ..,z € d5= (K). It follows easily from the Hahn-Banach
Theorem, that for alli € {1, .., k}, z} belongs to the weak*-closed convex hull of
ds.(K) \ (¢ + eBx-). By induction hypothesis, ¢ = 3% | Tl i € s¥(L).
Let V be a weak*-open subset of (L?(X))* containing ¢. Then, there exist
n € N and (77 ;)1<i<k, 1<j<n C d5.(K) so that:

Vi<kVj<n [oj,—2|| >¢c and f= Z wa]l[” i €V.
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We now consider the function ¢ of period 1 and such that, for all 7 < k and all
j<n,¢=ux;;on [% + ]k;nl,% + =] Next we set, for [ € N and ¢ € [0, 1],
() = 1(It). Then the sequence (1;); converges to f for the weak*-topology
of (L*(X))*. So, for [ large enough, ¥, € V. On the other hand, 1; € s*(L)
(by induction hypothesis) and ||¢; — ¢|| > . This finishes our proof.

U

Not surprisingly, these indices are related to Baire’s fundamental charac-
terization of pointwise limits of sequences of continuous functions. Indeed we
have:

Theorem 3.8. Let X be a separable Banach space. The following assertions
are equivalent.

(i) X* is separable.

(ii) Dz(X) < wy, where wy is the first uncountable ordinal.

(111) Cz(X) < wy.

(v) Sz(X) < wy.

(v) The identity map from (Bxs,w*) into (X*, || ||) is of first Baire class.

Proof. Notice first that the separability of X implies that (Bx-,w*) is a com-
plete metric space.

(i) = (ii). A fundamental result of I. Namioka and R. Phelps ([53]) asserts
that if X* is separable, then any non empty bounded subset of X* has non
empty weak*-slices of arbitrarily small diameter. So, for any € > 0, (d2Bx+)a
is a strictly decreasing family of weak*-closed subsets of Bx«. Since (Bx+, w")
is separable, we get that for any ¢ > 0, Dz(X,¢) < w;. Thus Dz(X) =
sup,enDz(X, 1/n) < wy.

(i1) = (iii) and (iii) = (iv) are obvious.

(v) = (v). Let ¢ = Id : (Bx~,w*) — (X*,|| [|). If Sz(X) < wy, then it
follows from Baire’s lemma that for any non empty weak*-closed subset F' of
Bx-, ¢|p has a point of continuity. Indeed, otherwise, there would exist F
weak*-closed subset of Bx+ and n € N such that the set F}, of all x* in F' so
that the oscillation of ¢|p at z* is at least 1/n has a non empty interior in
F. Thus, for any ordinal o and any € < 1/n, the interior of F}, is included in
s¥(F') and therefore in s&(Bx~). Hence we can apply Baire’s great theorem
(see [4] for a historical reference) to conclude that ¢ is the pointwise limit of
a sequence of weak® to norm continuous functions.

(v) = (i). Let (f,) be a sequence of continuous functions from (Bx:,w")
into (X*, || ||) so that for any 2* € By, ||fu(z*) — 2*|] — 0. Since By« is
weak*-separable, we have that for any n, f,(Bx+) is norm separable. Thus
Bx+, which is included in the norm closure of U, f,,(Bx+), is norm separable.

OJ
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Remark 3.9. The oscillation index of a Baire class 1 function, among other
indices, is defined and studied in detail by A. Kechris and A. Louveau in [43].
Then, the Szlenk index is simply the oscillation index of the identity map from
(Bx+, w*) into (X*, || ||)-

Let us now recall that a Banach space X is called an Asplund space if every
convex continuous function defined on a convex open subset U of X is Fréchet
differentiable on a dense G5 subset of U. The following statement summarizes
the classical theory of Asplund spaces (see the book of R. Deville, G. Godefroy
and V. Zizler [17] for a complete reference).

Theorem 3.10. Let X be a Banach space. The following assertions are equiv-
alent:

(i) X is an Asplund space.

(ii) Every bounded non empty subset of X* has non empty weak*-slices of
arbitrarily small diameter.

(i) X* has the Radon-Nikodym property.

(iv) Every separable subspace of X has a separable dual (in particular, a sep-
arable Banach space is an Asplund space if and only if its dual is separable).
(v) Dz(X) < 0.

(vi) Cz(X) < o0.

(vii) Sz(X) < oo.

We will now show that if the indices Sz(X), Dz(X) and Cz(X) of a Banach
space X are countable, then they are determined by the separable subspaces
of X ([48]). More precisely, we have:

Theorem 3.11. Let X be a Banach space and let o < wy. If Dz X) > «,
then there is a closed separable subspace Y of X such that Dz(Y) > «.
The same is true for the other indices.

Proof. We will only indicate the proof for the dentability index Dz. For this, it
is enough to show that there is a family of separable subspaces of X, (X, )a<w,
such that for any countable ordinal o and any v < a: if 2* € d) Bx~ then Ty, s
the restriction of z* to X, belongs to dBx:. Let us denote this statement
by (Hay)-

We will first build (X,) by transfinite induction. We pick = # 0 in X and
set Xo = Ruz.
If ov is a limit ordinal, we define X, to be the closed linear span of Ug.,X3.
If o =3 +1, wecall V = Xg. Let Dy be a countable dense subset of Vj and
So be the collection of all half spaces S = {z* € X*: 2*(z) > ¢} with z € D,
and ¢ € Q. If S € S intersects 2™ By« for some v < 3, then the diameter
of SN dlBx- is greater than ¢ and therefore we can find u*, v* in S N d} Bx-
and z = z(v,S) in By such that (u* — v*)(z) > €. Let us now denote by V}
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the closed linear span of XgU {x(v,S), v <3, S € Sy} and pick a countable
dense subset D; of Vi. Then V5, Dy, V3, Ds,.. are constructed similarly and
X, is the closed linear span of Uffzo V.

We will now prove by induction on «, that (H,.) is true for any v < o
If @« = 0 or if « is a limit ordinal, the conclusion is clear. So assume that
a = #+ 1 and that for any v < 3, (Hg,) is true. Clearly, we only need to
prove (H,o). So let x* € d?*'By. and let S be a slice of d’ Bx« containing
x*. We may assume that S = {z* € X*: 2%(2) > ¢}, with z in some D,, and
q in Q (following the notation used above in the construction of Xg4). Let u*
and v* in SNd?Bx- such that (u* —v*)(z(3,S)) > €. By induction hypothesis
ufy, and vy belong to d?By;. Thus the diameter of 51 d’B x5 and therefore

the diameter of SN d?Bx: are greater than €. So Ty, € d)™ Bx:. O

Remark 3.12. It is also proved in [48] that if X is a Banach space with
separable dual such that Sz(X) > « for some countable ordinal «, then there
is a quotient Y = X/Z of X, with a shrinking basis and such that Sz(Y) > a.

In a recent work [63], S. Todorcevic proved that under a suitable “Baire-
like” axiom, every Banach space of density character N, has a quotient with a
transfinite basis. One can wonder if this deep result leads to a non separable
version of the above remark.

4. UNIVERSAL SPACES

Let us first recall that a Banach space X is universal for a class of Banach
spaces F if any Banach space Y in F is isomorphic to a subspace of X. For
instance, it is a well known result, due to S. Mazur, that C(A), the space of
continuous functions on the Cantor set, is universal for the class of all separable
Banach spaces. In [62], W. Szlenk introduced his index to prove the following
fundamental result.

Theorem 4.1. There is no separable reflexive Banach space universal for all
reflexive separable Banach spaces.

Proof. Since every separable reflexive Banach space has a countable Szlenk
index, it is enough to build a family (X,)a<w, of separable reflexive Banach
spaces such that for any countable ordinal «, Sz(X,,1) > a. We define X,
inductively as follows: X7 = fo, Xop1 = Xo @1 02 and X, = (Z B&Xp3)e, if a
B<a
is a limit ordinal. One can prove, by a straightforward transfinite induction
that for any countable ordinal «, X, is separable and reflexive. Then, another
induction shows that for any a < wq, 0 € s{Bx~. This relies on the following:
if 2* € s{Bx+, then for any n € N (2%, e,) € s{(Bx+a.r,), Where (e,) is the
canonical basis of ¢5. Since (0, e,) is weak™ null in X* @, o = (X @1 lo)*, we
get that (2*,0) € s{(Bxai))- O
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Note that J. Bourgain [12] significantly improved this result by showing:

Theorem 4.2. If a Banach space X s universal for all separable reflexive
Banach spaces then X contains an isomorphic copy of C'(A).

Remarks 4.3. 1) A recent important result of E. Odell and T. Schlumprecht
[55] asserts the existence of a separable reflexive space, which is universal for
the class of all separable superreflexive Banach spaces. In fact, they obtain a
stronger result, which is that this space is universal for the class of all reflexive
Banach spaces X such that Sz(X) < w and Sz(X*) < w.

In a work in preparation, E. Odell, T. Sclumprecht and A. Zsak improve this
result and show that for any fixed countable ordinal «, there is a reflexive space
which is universal for all reflexive Banach spaces X such that Sz(X) < « and
Sz(X*) < a (private communication).

2) However, one can show, with a simple transfinite induction (see [45]
for details), that the spaces (X, )a<w, satisfy the following property: for any
a < wy, X, admits a Schauder basis ()22, so that

¥n > 1Vr €splef, .. en} Yy €splenyy, -} llz+yll* > [l +lly]*

9 Cn

Then, it follows easily that for any o < wy, Sz(X}) < w. Thus, there is
no separable reflexive space universal for the class of reflexive spaces X with
Sz(X) < w. As well, there is no separable reflexive space universal for the
class of reflexive spaces X with Sz(X*) < w.

3) Universality problems in a descriptive set theoretical context are revisited
in the important recent work by S. Argyros and P. Dodos ([2]). This point of
view is further developed in an even more recent work of P. Dodos and V. Fer-
enczi ([19]). As a consequence of their study of some strongly bounded classes
of Banach spaces (a notion introduced in [2]), they obtain for instance that for
every countable ordinal «, there exists a Banach space Y, with separable dual
such that every separable Banach space X with Sz(X) < a embeds into Y.

5. THE SZLENK INDEX OF C(K') SPACES

Another classical feature of the Szlenk index is that it perfectly describes
the isomorphic classification of C'(K) spaces when K is a countable compact
space. In this section, we shall detail this property.

First, we need to recall some standard facts about ordinals. For that pur-
pose, we follow the notation of [58]. An ordinal « is identified with the set
of ordinals 3 such that 3 < «. For an ordinal a, we denote a+ = a + 1.
We always consider that the sets of ordinals are topological spaces equipped
with the order topology. Then, for any ordinal a, C(«a+) is the space of all
real valued continuous functions on [0, o] equipped with the supremum norm
and Cy(a) = {f € C(a+), f(a) = 0}. Note that for any infinite o, C(a+)
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is isomorphic to Cy(ar). Through the natural isometries, we will identify the
dual space of C'(a+) to ¢1([0, «]) and the dual space of Cy(«) to ¢1([0, «)). For
« and [ countable ordinals, we set e,(3) = 1 if @« = [ and 0 otherwise.

The isomorphic classification of these spaces is described by the following
fundamental result due to C. Bessaga and A. Pelczyniski [8].

Theorem 5.1. Let a and (3 be two ordinals so that w < o < § < wy. Then
C(a+) is isomorphic to C(8+) if and only if 5 < .

Then, C. Samuel [59] performed the following computation.

Theorem 5.2. For any 0 < a < wy,
SAC(w*"4)) = w*.

By a result of A.A. Milutin [52], C(K) and C(L) are isomorphic, whenever
K and L are two compact uncountable metrizable spaces. In that case, C'(K)
and C'(L) are not Asplund. So we can state:

Corollary 5.3. The Szlenk index characterizes the isomorphism class of C(K)
spaces, for K compact and metrizable.

Samuel’s proof contains more information but is rather complicated and
relies on the following deep result of D. Alspach and Y. Benyamini [1].

Theorem 5.4. Let X be a L®-space. Then X has a quotient isomorphic to
C(w*"+) if and only if S« X) > w*.

We shall indicate here a direct and elementary proof due to P. Hajek and
G. Lancien [33]. H.P. Rosenthal conjectured that there should be such a proof
in his survey paper on C(K) spaces [58].

Proof. Showing the inequality Sz(C(w*"+)) > w**! is the easy part of the
proof. Indeed, using the fact that the set (e,),<g is 2-separated for the norm
of ¢1(]0,0]) and w*-homeomorphic to [0,], we get that for any 5 < wy,
Sz(C(wP+),1) > B (see [58] for details). Then Proposition 3.3 implies that
Sz(C(w*" +)) > wr.

So we now concentrate on the converse inequality. For a fixed 0 < a < wy,
we denote Z = (1([0,w*")) equipped with the weak*-topology induced by
Co(w®”). Then, for all v < w*", we set Z, = £,([0,7]) equipped with the
weak*-topology induced by C'(y+) and P, the canonical projection from Z onto
Z.,. The following lemma is the crucial step of our argument (in this statement,
the Szlenk derived sets are meant with the weak*-topologies described above
for Z and Z,).

Lemma 5.5. Let o < wy, v < w*”, B <w; and € > 0.
If z € s5.(By) and | Pyz|| > 1 — ¢, then P,z € s2(Bgz,).
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Proof. Given o < wy, v < w*”, and ¢ > 0, we denote, for 3 < wy, by (Hp)
the implication to be proved. This will be done by transfinite induction on
B. (Hyp) is trivially true and (Hg) passes easily to limit ordinals. So assume
(Hp) is true and let us prove (Hgy1). Let z € By such that | P,z|| > 1 —¢ and
P,z ¢ sPt1(Bz ). We need to show that z ¢ s2T(By), so we may assume that
2z € s (By) and therefore that P,z € s9(Bz,). Then, there is a weak*-open
subset V of Z, containing P,z such that d =diam(V Ns?(Bz,)) < e. Using the
Hahn-Banach separation theorem, we may choose V' so that VN (1—¢)Bz, = 0.
We may also assume that

V=€ 2, o) > aih

where o; € R and f; € C(y+). We now define functions g; € Co(w*”) by
gi = fion [0,7] and ¢g; = 0 on (v,w*"). Then we consider the weak*-open
subset of Z:

U=(WveZz aly >l
i=1
It is clear that z € U N sy (By). For any y € UNsh(By), Py € V, so
|Pyy|| > 1 —¢ and by the induction hypothesis P,y € V Ns?(By,). Therefore

for all y,y' € UNsh.(By), |Pyy—Pyy'|| < d < e. Since moreover ||Py|| > 1—¢
and || P,y/|| > 1 — ¢, we have that ||y — ¢/|| < d+ 2¢ < 3s. We have shown
that diam(U N s5.(By)) < 3¢ and therefore z ¢ so.'(By). This finishes our
induction.

O

In order to conclude the proof of Theorem 5.2, it is enough to show that

(5.2) VO<a<w Vy<w” Ve>0 s (Bg)=0.

This will be done by transfinite induction on «. If o = 0, then for any
v < w, Z, is finite dimensional and therefore s.(Bz ) = (. So the statement
is true for a = 0. It also passes easily to limit ordinals. So assume now that
it is true for a. Then Lemma 5.5 implies that

(5.3) Ve >0 s*°(By) C (1- %)BZ,

where Z = £,([0,w*")) is equipped with the weak*-topology induced by Cp(w“").
It now follows from (5.3) and Proposition 3.4 that

(5.4) Ve >0 s (By) =10

Now, Theorem 5.1 implies that for any w*” < v < w*""", C(y4) is isomorphic
to C(w*"+) and therefore to Cy(w*”). So s‘s"aH(BZW) = (), for any £ > 0 and
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any v < w**"". This finishes our induction (Note that we only used the “if”
part of Theorem 5.1, which is the easy one). O]

Remark 5.6. It is also shown in [33], that
Va € [wi,wiw), Sz(Cla+)) = wi.w.

However, Z. Semadeni proved in [60] that when w; < a < < wy.w, C(a+)
and C(f+) are isomorphic if and only if wy.n < a < < wy.(n + 1), for
some integer n. So, unlike in the separable case, the Szlenk index does not
distinguish the isomorphic classes for the non separable C'(a+) spaces.

6. THE SZLENK INDEX AS A COANALYTIC RANK

Our first task will be to prove the following improvement of Theorem 3.8,
which is based on ideas of B. Bossard (see [9] or [10]).

Theorem 6.1. There exists a universal function v : [1,wy) — [1,wy) such that
if « <wy and X is a Banach space satisfying Sz(X) < «, then Dz(X) < i(«).

Before to proceed with the proof, we need to introduce some notation and
background. Let K = (By_,0({x,?1)). K is a compact metrizable space. We
denote by F be the set of all closed subsets of K and we equip F with the
usual Hausdorff topology. Then F is again compact and metrizable. The next
lemma is due to B. Bossard ([9]):

Lemma 6.2. For any € > 0, s. and d. are Borel maps on F.

Proof. We will only detail the argument for d.. Then it is enough to prove
that for any open subset O of K, H = {F € F, d.F C O} is a Borel subset
of F.

For z € {; and a € R, we denote S,, = {* € K, 2*(x) > a}. Let V be the
set of all linear combinations with rational coefficients of the elements of the
canonical basis of ;. Then, we clearly have:

H={FeF: Ve F\O3x,a) € VXQ, 2" € S, , and diam(S, ,NF) < €}.

Let P be the set of all finite subsets of V' x Q. Then, by compactness, we get
that
"= ({Fe]—“, Fc |J S.wuorn N H)
IeP (z,a)el (z,a)el
where H, , = {F € F, diam(F N S,,) < €}. Then it easy to verify that H,,
is a closed subset of F. Finally, since P is countable, we obtain that H is a
Gso subset of F. O

Proof of Theorem 6.1. In view of Theorem 3.11, we may clearly assume that
X is separable. Then X is isometric to a quotient of ¢; and we can identify
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Bx+ with an element of F. So, it is enough to build v such that if a < wy,
F € F and s2F = () for any € > 0, then AV F = for any £ > 0.
Let us denote

B,={F€eF, Ve >0 s2F = 0}.
By Lemma 6.2, B, is a Borel subset of F. On the other hand, any F'in B, is
norm separable and therefore weak*-dentable (see [18]), so

Ve>0 B,C{FeF, dF=0}=C..

The crucial point is now to use the results of C. Dellacherie [14] on the appli-
cations of the Kunen-Martin Theorem to the study of analytic derivations. It
follows from this work that for any € > 0 and any Borel subset B of C., there
exists # < w; such that B C {F € F, d°F = (0}. So,

Va <w, Vn € N Ipy(a) <wi, Bo C{FeF, d’F =0}

1/n

We can now conclude the proof by taking ¢ (a) = sup ¢, (). O
n>1

Remark 6.3. Let us now denote
Y(a) = sup Dz(X).

S7(X)<a
It follows from Proposition 3.1 (iv) and v)) that ¥ (1) = w. It is easy to see
that 1(w) > w?. Indeed, Sz(cy(N)) = w, while Dz(X) < w if and only if X is
super-reflexive (as we will see in the next sections).
It is proved in [33] that ¢ (w) = w?, but the values of ¥(w®), for & > 2 are not
known.
Similarly, we can define
¢(a) = sup Cz(X), and O(a) = sup Dz(X).
Sz(X)<a Cz(X)<a
As we will show in section 8, ¢(w) = w. But we do not know if the function ¢
is the identity.
Let us also mention, that it follows from recent results of F. Garcia, L. Oncina,
J. Orihuela and S. Troyanski (see [25] and [26]), that 0(«) < w¥a.

We are very grateful to the referee for suggesting the following statement:

Proposition 6.4. There is an uncountable set S C [1,w;) such that ¢ is the
identity on S.

Proof. Let A =1([1,w1)). We define f : A — [1,w;) by
Vae A, f(a)= inf  Sz(X).

X, Dz(X)>a
Assume that f(a) < «, for all @« € A. Then, the so-called “pressing down
lemma” and the fact that A is uncountable imply the existence of an uncount-
able subset B of A such that f is constant on B (we use here the simplest
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version of this lemma due to J. Nowdk [54]). This is clearly in contradiction
with Theorem 6.1. So, there is a € A such that f(a) = a. Let 5 € [1,w)
so that ¥(5) = a. We now wish to prove that § = a. So let us assume that
0 < a.

If there exists a separable Banach space X such that Sz(X) < § and Dz(X) =
«, we directly have a contradiction with the equality f(a) = a. Otherwise,
it follows from Proposition 3.3, that @ = w”, where A is a limit ordinal.
Besides, with can find a sequence of separable Banach spaces (X,,)r, such
that sup,, Dz(X,,) = « and for all n € N, Sz(X,,) < . Let now X be the (-
sum of the X,,’s. We have that Dz(X) > «. On the other hand, one can show,
using some techniques in the spirit of Lemma 5.5, that Sz(X) < f.w < a.
This is again a contradiction.

This proves the existence of & > 1, such that 1)(«) = «. The same reasoning
can be applied to f restricted to any uncountable subset of A. This implies
that S = {a € [1,w;), (@)= a} is uncountable.

O

Note. Let us say a few words on the formal setting developed by B. Bossard
(see [9] and [10]) in which Theorem 6.1 can be properly interpreted. The space
E = C(A) of all continuous functions on the Cantor set A is isometrically
universal for all separable Banach spaces. So we can consider the set of all
closed subspaces of F, denoted by G(E), as being the “set of all separable
Banach spaces”. The set F of all closed subsets of E' can be equipped with
the Effros Borel-structure, generated by the sets {F € F, FnO, # 0},
where (0,,)92, is a basis for the topology of E. The above construction does
not depend on the choice of the basis (0,,):2, and defines a standard Borel
structure. Then one can show that G(E) is a Borel subset of F and therefore
inherits its Borel structure. Let us also recall that a subset A of a standard
Borel space B is analytic if there is a standard Borel space B’ such that A is the
canonical projection on B of a Borel subset of B x B’. Then a subset C of B is
coanalytic in B if B\ C is analytic. Finally, if C'is coanalytic in B, we say that
amap 7 : B — wy is a coanalytic rank for C'if C' = {x € B, r(z) < w;} and the
sets {(z,y) € BxB, r(z) <r(y)} and {(z,y) € BxB, x € Candr(z) <r(y)}
are coanalytic in B x B.

The following result is fundamental in the descriptive set theory (see the
book of A. Kechris [42] for a complete exposition).

Theorem 6.5. 1) Let C' be a coanalytic subset of a standard Borel space.
Then C' admits a coanalytic rank.

2) Let C' be a coanalytic subset of a standard Borel space B and r be a
coanalytic rank for C. Then, for every o <wi, By, ={z € B, r(z) < a} isa
Borel subset of B. Moreover, for every analytic subset A of C, there is a < wy
such that A C B,,.
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In this setting, B. Bossard proved the following.

Theorem 6.6. The set C = {X € G(F), X* is separable} is coanalytic non
Borel in G(E) and the applications Sz and Dz are coanalytic ranks for C.

For an overview of the applications of the descriptive set theory in Banach
space geometry, we refer the reader to the survey paper by S.A. Argyros, G.
Godefroy and H.P. Rosenthal [3] and references therein (including in particular
the work of B. Bossard).

7. LOCALLY UNIFORMLY ROTUND NORMS, UNIFORMLY ROTUND NORMS
AND SLICING INDICES

7.1. The Szlenk index and locally uniformly rotund norms. First, we
recall that a norm || || of a Banach space X is locally uniformly rotund (in
short LUR) if lim ||z — x,|| = 0, whenever ||z| = ||z,|| = 1 for all n > 1 and
lim,, . ||z + 2,|| = 2. Our first proposition, whose proof can be found in [17],
describes the well known duality between local uniform rotundity and Fréchet
smoothness:

Proposition 7.1. Let (X, || ||) be a Banach space such that the dual norm of
|| | is LUR. Then || || is Fréchet differentiable on X \ {0} (in short F-smooth).

It is known that if a Banach space has an equivalent F-smooth norm then it
is an Asplund space (see [17]) but R. Haydon proved that the converse is false
[32]. However, it follows from the work of Asplund, Kadets and Klee that this
equivalence is true in the separable case. More precisely, we have:

Theorem 7.2. Let X be a separable Banach space. The following assertions
are equivalent:

(i) X is an Asplund space.

(i) X admits an equivalent norm whose dual norm is LUR.

(11i) X admits an equivalent F-smooth norm.

Our next result ([48]) can be seen as a non separable extension of this
theorem.

Theorem 7.3. Let X be a Banach space. If Sz(X) < wi, then X admits an
equivalent norm whose dual norm is LUR.

Proof. By Theorem 6.1, we have that Dz(X) < wy. Forn > 1 and a <Dz(X,27"),
we choose a,, o > 0 such that

f: Z afw = 1.

n=1 a<Dz(X,2—")
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Then, we set

Vot e X7 f(a") = ||=* ||2+Z Yoo ),

n=1 a<Dz(X,2—")
where f, o(2*) = an,o dist(z*, d5_,, Bx+).

Lemma 7.4. Let o* in X* and (27)2, be a sequence in X* such that

k21 G0 = f) =1 and Jim () —
Then
Tim 2" — ]| = 0
Proof. The first step is to show that
(7.5) Vn > 1Va < Dz(X,27"), kh_}rgo Jro(23) = foa(z®).

By convexity of f, we get that

(Hx H+kau> YT (fn,au*)—gfma(xz))LL

n=1 a<Dz(X,2—")

Then, (7.5) follows easily from the uniform convexity of ¢5(N).

Let us now fix ¢ > 0 and pick n so that 27" < £/2. Then, there exists
o < Dz(X,27") such that 2* € d5_, By~ \ d3%, Bx-. Using (7.5) and a simple
approximation argument, we may as well assume that (z}) C dy_, Bx-. Thus
(z* + 23)/2 is also in d5_, Bx-. If we assume that ||z* — 2}|| > €, then any
weak*-slice of d5_,Bx~ containing (z* + x)/2 has diameter at least /2 and
therefore (z* 4 x3)/2 belongs to d3f Bx-. This implies that

fn,a+1( 9 k) =0and 5 (fnoHrl( )+ fn,oHrl(xk)) > éfn,a+1<x ) > 0.
Since limy_ o f (x;rw’“) =1 and all f,, g’s are convex, this is impossible for k
large enough. Therefore limy_. ||2* — ;|| = 0. O

Clearly, f(z*) > ||z*||*>. On the other hand, for any n € N and any o <
Dz(X,27"), 0 € d§ .(Bx-) and therefore dist(z*,d3_,Bx~) < [|z*|. Thus
f(z*) < 2||lz*||*. Moreover, since the sets d5-, Bx~ are weak*-closed, convex
and symmetric, f is weak* lower semicontinuous and the Minkowski functional
N of {z* € X*, f(z*) < 1} is the dual norm of an equivalent norm on X.
Finally, the local uniform rotundity of N follows easily from Lemma 7.4. [

We will now explain how this theorem applies to the C(K)-spaces. If K is a
compact space, we denote by K’ the set of all accumulation points of K. Then,
we define inductively K**! = (K®)’ for any ordinal o and K = N, K? if
« is a limit ordinal. A compact space K is said to be scattered if K* =



A SURVEY ON THE SZLENK INDEX AND SOME OF ITS APPLICATIONS 17

for some ordinal «. it is known (see [53]) that C'(K) is an Asplund space if
and only if K is scattered. R. Haydon [32] showed the existence of a compact
space K such that K“' is a singleton, but so that C'(K) does not admit any
equivalent Gateaux-smooth norm. However, we can deduce from Theorem 7.3
the following result of R. Deville [15], which can now be seen as an optimal
result about F-smooth renormings of C'(K)-spaces:

Theorem 7.5. Let K be a compact space such that K“* = (). Then C(K) has
an equivalent norm whose dual norm is LUR.

In view of Theorem 7.3, we have to show that Sz(C(K)) < w;. More
precisely, we will prove:

Proposition 7.6. Let K be a compact space such that K" # 0 and K**" =
0, with o < w;. Then Sz(C(K)) = w*t.

Proof. A straightforward transfinite induction shows that if t € K”, then the
Dirac mass d; belongs to S?Bc(K)*. Thus Sz(C(K)) > w® and therefore, by
Proposition 3.3, Sz(C'(K)) > w>*.

We now turn to the converse inequality. Let X be a separable subspace of
C(K). For t € K, we denote by ¢(t) the restriction of ¢, to X. Clearly, ¢ is
a continuous map from K into By« equipped with its weak*-topology. Then
L = ¢(K) is metrizable and compact and X embeds isometrically into C'(L) in
a canonical way. By a simple transfinite induction, we get that for any ordinal
B, LP C ¢(KP) (see Lemma VI.8.1 in [17] for details). So L**"" = . Therefore
L is countable and it follows from Theorem 5.2 that Sz(C(L)) < w®*!. Thus
Sz(X) < w*"!. Finally, Theorem 3.11 about separable determination yields
the conclusion. O

7.2. The dentability index, uniformly rotund renormings and super-
eflexivity. We recall that, if (X, || ||) is a Banach space, the modulus of con-
vezity of the norm || || is defined by

Ve € (0,2] 5” ||(€) = inf{l — M

el =1, flyll <1 [z —yll = e}
The norm || || is uniformly rotund (in short UR) if 9 (g) > 0, for all € > 0.
The norm || || is said to have a power type modulus of convexity if

3C > 0 3p > 2 such that Ve € (0,2] §) () > CeP.

Without any use of supereflexivity, we shall prove the following (this is taken

from [47]).

Theorem 7.7. Let X be a Banach space. The following assertions are equiv-
alent:
(1) X admits an equivalent UR norm.
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(i1) D(X) < w.
(i1i) X admits an equivalent UR norm with power type modulus of convexity.

Proof. (iii) = (i) is trivial.

(i) = (ii). Let | | be an equivalent UR norm on X, B its unit ball, ¢ > 0
and x € B\ (1 — 9 (¢))B. By Hahn-Banach Theorem there is a slice 7" of
B containing x and whose intersection with (1 — §(¢))B is empty. Then it is
clear from the definition of 9 |, that the diameter of T"is at most €. So we
have shown that D.(B) C (1 — ¢ |(¢))B. The conclusion now follows from
Proposition 3.4.

(11) = (iii). Let || || be the original norm on X and By its unit ball. For k €
N, D(X,27%) is by assumption an integer and we denote N, =D(X,27%) — 1.
Then we define on X the following convex function:

o0 Nk

—k
@) = ol + 303 - dist(a, Do (Bx),

k=1 n=1

Finally, we define on X an equivalent norm | | as the Minkowski functional of
the set {z € X, f(z) <1}. The crucial step of the proof is to show

Lemma 7.8. Let z,y € X so that f(x) = f(y) =1 and ||z — y|| > . Then

x+y)<1_ 19
5 =

(7.6) i

Proof. Let k € N so that £ <27% < =
Set v = 15~ and n = max{m > 0, = € D", (Bx) and y € D" (Bx)}.
Notice that ||z — y|| > e implies that n < Ny.

Assume that

Tz +y 2k
>1-— .
Then, all functions involved in the definition of f being convex, we get that
forall 1 <1< N, —n,
Tty
2

(7.7) %(d(:v, DYl (Bx)) + d(y, D3%(Bx)) — d( , Dit{(Bx)) < 7.

Then we show by induction that
1
(7.8) V1 <1< Ny —n, 5(d(:c, Dy*H(Bx)) + d(y, D} (Bx)) < ly.

Indeed, since z,y € DI (Byx) and ||z — y|| > ¢, %% € D" (By). Then (7.7)
implies that (7.8) is true for [ = 1.

Assume now that (7.8) is true for I. Then, there exist 2/, y’ € D}*/(Bx) such
that 1(||z — 2’|+ |ly — ¥'||) < lv. This implies that ||/ —y'|| > § and therefore
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that “2¥ € DI+ (By). Thus
T4y r+y T +y
2 2 2

This, together with (7.7) finishes our inductive proof of (7.8).
But, if we apply (7.8) for [ = Ny — n, we obtain that

d(——, D35 (Bx)) < | <l

1 €
§(d($, Dy%(Bx)) + d(y, Dy*(Bx)) < 1

This yields again the existence of 2,y € Dév_’“k (Bx) with ||z" —¢/|| > § and
therefore that Dévf,j "(Bx) # 0, which is a contradiction.
Thus i
9-
i B N A ©

Ha)st-—3-s 32 (D(X, 2))2

O

End of proof of Theorem 7.7. Now an elementary computation leads us to
(7.9) Ja>0 Ve >0, & (c)>ac*(D(X,ac))>

Let us finally explain why | | has a power type modulus of convexity. Since X
is reflexive, by Lemma 3.7 we get
D(X,¢) = Dz(X*,¢) < Sz((L*(X))", §>-

Since X has an equivalent UR norm, so does L?(X). In particular, Sz((L*(X))*) <
Dz((L*(X))*) = D(L*(X)) < w. So Proposition 3.5 yields:

3AC > 0dp e [l,+00) Ve >0D(X,e) < CeP.
Then the conclusion follows immediately from (7.9). O

We can now combine Theorem 7.7 with Enflo’s renorming Theorem ([24]),
which asserts that every supereflexive Banach space admits an equivalent uni-
formly rotund norm.

Theorem 7.9. Let X be a Banach space. The following assertions are equiv-
alent:
(i) X is supereflexive.
(i) D(X) < w.
(iii) There exist C > 0 and p € [1,4+00) such that: Ve >0 D(X,e) < CeP.
(1v) X admits an equivalent UR norm with power type modulus of convezxity.

Proof. We already know, from the previous proof, that (ii) implies (%ii) and
(111) implies (iv).

The definition of uniform rotundity is a property of finite sets (pairs) of vectors.
Thus it is clear that, if the norm of X is uniformly rotund, so is the norm of
any space Y which is finitely representable in X. Therefore (iv) implies (7).
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We obtain that (7) implies (7i), by combining Enflo’s renorming Theorem and
the easy implication in Theorem 7.7. 0

Comment. One can see this as a new proof of Pisier’s improvement ([56]) of
Enflo’s Theorem, knowing Enflo’s result. Let us also mention that a direct
proof of the fact that (i) implies (i), using an earlier work of R.C. James
([35]), can be found in [27].

However, the main interest of the above construction is probably not to
reprove Pisier’s Theorem, but rather to give a simple geometric formula for
constructing an equivalent UR norm with power type modulus.

8. THE SZLENK INDEX AND UNIFORMLY KADEC-KLEE RENORMINGS

The purpose of this section is to give a renorming result similar to Theorem
7.7 for the condition “Sz(X) < w”.
If (X,] ||) is a Banach space, we define ¢ |(¢) for ¢ > 0 to be such that
1 — 6 (e) is the supremum of ||z*| over all z* € Bx+ so that every weak*-
neighbourhood of z* in By« has a || ||-diameter greater than e.
The norm of X* is weak® uniformly Kadets-Klee (in short w*-UKK) if for any
e >0, 6\\ H(&) > 0.
Let us also recall the definition of the modulus of asymptotic smoothness of a
Banach space X:

V7 >0, p(r) mseub% dim()l(l/lif/)<oo yseusg(||:1:+7'y|| 1).

This modulus was first introduced by V.D. Milman in [51]. Then a Banach
space X is said to be uniformly asymptotically smooth if lim, o p(7)/7 = 0.

The following proposition, which can be found in [22] (Proposition 3.6),
relates these two notions.

Proposition 8.1. Let X be a separable Banach space. Then, the norm of
X* is weak® uniformly Kadets-Klee if and only if the norm of X s uniformly
asymptotically smooth.

It is clear that s.(Bx-) C (1 — 6 |(¢))Bx- and therefore that c.(Bx-) C
(1 =0y (e))Bx+. It follows now from Proposition 3.4, that Cz(X) < w and
Sz(X) < w, whenever X admits an equivalent norm whose dual norm is w*-
UKK. It is then natural to ask whether the converse is true. This question
has been answered positively by H. Knaust, E. Odell and T. Schlumprecht
([44]) in the separable case. In fact they obtain the following theorem, which
contains much more information on the structure of these spaces.

Theorem 8.2. Let X be a separable Banach space such that S2(X) < w. Then
there exist a Banach space Z = Y™* with a boundedly complete finite dimen-
sional decomposition (H;) and p € [1,+00) so that X* embeds isomorphically
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(norm and weak® ) into Z and
(8.10) 1Y %07 = " llz|P for all block bases (z;) of (H;).

Remark 8.3. We already mentioned in Remark 6.3 that Dz(X) < w?, when-
ever Sz(X) < w. Let us just mention that the proof of this result ([33]) is
based on the above structural theorem.

We shall concentrate here on our renorming problem. It follows easily from
the upper estimate (8.10) that for every € > 0, 6 () > €. Then one can
deduce.

Corollary 8.4. Let X be a separable Banach space. The following assertions
are equivalent.

(i) X admits an equivalent norm, whose dual norm is w*-UKK.

(ii) Cx(X) < w.

(117) Sz(X) < w.

(iv) X admits an equivalent norm, whose dual norm is w*-UKK with a power
type modulus.

(v) There exist C > 0 and p € [1,+00) such that: Ve >0 Cz(X,e) < CeP.

(vi) There exist C > 0 and p € [1,+00) such that: Ve > 0 Sz(X,e) < CeP.

In [30], the relationship between the different exponents involved in the
above statement are precisely described. The two main results are the follow-
ing:

Theorem 8.5. Let X be a separable Banach space with Sz(X) < w and sup-
pose p > 1 is such that

supe?lSz( X, e) < oo.
e>0

Then

supe? Cz( X, e) < oo.

e>0
Theorem 8.6. Let X be a separable Banach space with Sz(X) < w. Then
there exists an absolute constant C' > 0 such that for any € > 0 there is a
2-equivalent norm | | on X so that

Ve >0 0 () > (Ca(X, g))fl.

The main applications of this result will be explained in section 9. But as a
first consequence we obtain:

Corollary 8.7. Let X be a separable Banach space with Sz(X) < w and define
the Szlenk power type of X to be

px = inf{qg > 1, supe?Sz(X, e) < oo}.
e>0
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Then
px = inf{q > 1, there is an equ. norm || on X, Jc>0Ve >0, ) |(¢) > ce?}.

Proof. Tt follows rather easily from the proof of Proposition 3.4, that px < g,
whenever X admits an equivalent norm | | such that ) |(¢) > ce?, for some
c>0andall e > 0.

So, we need to show that, conversely, for any ¢ > px, there is an equivalent
norm | | on X satisfying

(8.11) de>0 Ve >0 0)(e) > ce.

Fix px < r < ¢q. By Theorems 8.5 and 8.6, there exists C' > 0, such that for

each k € N there is a norm | |, on X which is 2-equivalent to the original norm
and so that 6| |, (27%) > C27"%. Now define the norm | | on X* by

|lz*| = ZQ(T_Q)'“I:E*IJC-
k=1

This defines an equivalent dual norm on X* and an easy computation shows
that it satisfies (8.11).
O

We refer the reader to [30] for the detailed proofs of Theorems 8.5 and 8.6.
However, we will try to give the general scheme of the argument. Even for
that limited purpose, we need to introduce quite a lot of notation.

Let (FN, <) be the set of finite sequences of positive integers equipped
with its natural partial order. For a = (ay,..,a,) € FN, we denote |a| = n,
a— = (ay,..,an—1) the predecessor of a and a+ = {(a,..,an, k), k € N} the
set of successors of a. A subset S of FN is said to be a full tree of height N if
the following conditions hold

Des.

Va € S\ {0}, a— € S.

If a € S and |a] = N then a + NS = 0.

If a € S and |a|] < N then a 4+ NS is infinite.

If S is a full tree of height N, a branch of S is a set of the form B = {b, b < a},
with @ € S and |a| = N.

Let now V be a vector space. A tree map of height N in V' is any map (2,)aes
from a tree of height N into V. If 7 is a topology on V', we say that a tree
map (z4)qes of height N is 7-null if for any a € S with |a| < N, {zp}peat is a
7-null sequence.

It is easy to show, in the spirit of (vii) in Proposition 3.1, that Sz(X,e¢) is
equivalent to the maximal height of a weak*-null tree map (z}),es in X* such
that for all a € S, ||z}|| > € and for any branch B of S, || cpza| < 1.
However, we shall use a more efficient dual approach. If ¢ > 0, define N =
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N (o) to be the least integer so that there exists a weakly-null tree map (z,)acs
in X of height N + 1 such that for all @ € S, ||z,|| < ¢ and for any branch B
of S, || > .c5 ®all > 1. The crucial step is to prove the following

Theorem 8.8. Let X be a separable Banach space and o > 0.
(i) If N(0) < oo there is a norm | | on X satisfying 3|z|| < |z| < ||z| and

1
I <1e—
1211_>S£p|x+x | <1+ N (o)
whenever |z| = 1, lim, .o |2,] = § and z,, — 0.
(i1) If N(o) = oo, then, for any € > 0, there is a norm | | on X satisfying
szl <z < [lz]| and
limsup |z 4+ z,| < 1 +¢,

n—oo

whenever |z| = 1, lim, o |2,,| = ¢ and z, — 0.

Sketch of proof. We mention first how the norm is constructed in (7). Define
fo(z) = ||z|| and then for k£ > 0 define fi(x) to be the infimum of all A > 0 so
that, whenever (z,).es is a weakly null tree-map of height k with ||z,|| < o for
all a € S, there is a full subtree T" of height k of S so that ||z 4+ ), 5zl < A
for every branch B of T. Then we check that (fi) is an increasing sequence of
convex symmetric functions. The key property of these functions is that

limsup fi.(x + 2,) < fre1(z), whenever ||z,|| < o and 2, — 0.
Then we conclude the proof by considering
N(o)—-1

1
fr(xz) and || to be the gauge of {x € X, g(x) < 2}.
0

g(r) = N(o)

k=
The proof is almost identical for (i), except that one considers g,,(r) =

L 22:01 fr(z) for arbitrarily large choices of m.
[

Comment. For a Banach space X, having an equivalent norm, whose dual
norm is weak*-UKK, can be roughly interpreted as: X* has an “/;-like” be-
havior, as far as the weak® converging sequences are concerned. The above
theorem (especially (7i)) describes a “co-like” behavior of a Banach space X.
The end of our argument is to show that these statements are equivalent.
Thus, very naturally, it will rely on the Young’s duality between the function
N1 and the “best” modulus of an equivalent w*-UKK norm.

At this point we need to introduce more terminology and notation. Let f, g
be continuous monotone increasing functions on [0, 1] which satisfy f(0) =
g(0) = 0. We say that f C-dominates g if f(1) > g(7/C) for every 0 < 7 <1
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and that f,g are C-equivalent if f C-dominates g and g C-dominates f. For
any such monotone increasing function f we denote by f* its dual Young’s
function.

For the sequel, let X be a Banach space with a separable dual. We define
for 0 <o <1, p(0) = px(c) to be the least constant so that

lim sup 1z + zal] < 1+ px(0),
whenever |z|| = 1, 7, — 0 and limsup,,_ . |7,] < 0.
We define 7(7) = nx(7) for 0 < 7 <1 to be the greatest constant so that

liminf 2% + 2 || > 14+ nx(7)

whenever z*, 2 € X*, ||z*|| =1, 70 and liminf, o ||z%| > 7.
Note that nx is equivalent to fx introduced earlier in this section.
We finally set

(o) = inf{py(0) : d(X,Y) <2} and (1) = sup{ny(7) : d(X,Y) <2}

We now consider H(g) = (Cz(X,e) —1)~'. By applying Proposition 3.4, we
easily get that H dominates ).
An other important step is to show that H* dominates N~!. The idea is to
show that when N (o) is “small”, then there exists a “large” weak*-null tree
in Bx~ (we skip the rather technical argument). On the other hand, it follows
from Theorem 8.8, that N~! dominates ¢. It follows from a duality argument
similar to the forthcoming Lemma 9.13 that ¢* is equivalent to ¢). Therefore
1 dominates H**. Then, it is easily seen that H is equivalent to a convex
function and thus to H**. Finally, we obtain that H is equivalent to v, which
is the statement of Theorem 8.6.

For the proof of Theorem 8.5, we show the more precise estimate:

3C >0, Ve (0,1] Cz(X,¢e) < Ej 28S7(X, 28/ 0).
k>0
2ke/C<1

For that purpose, we prove that K* dominates N~', where

K@) =( Y 2[Sux,2%/0) 1))
k>0
2ke/C<1
This again is done by constructing special weak*-null trees in Bx«, depending
on the value of N(¢). Then, arguing as with H, we show that K is equivalent
to K**.
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9. APPLICATIONS TO LIPSCHITZ OR UNIFORM CLASSIFICATION OF
BANACH SPACES

It follows from the work of S. Heinrich and P. Mankiewicz [34] that, for
super-reflexive spaces, the best modulus of an equivalent uniformly rotund
norm or of an equivalent uniformly smooth norm is invariant under uniform
homeomorphisms. The results presented in this section, which are taken from
[29] and [30], show in a rather quantitatively precise way, that the functions
Sz(X,¢e), Cz(X,¢e) and Ox(e) are invariant under Lipschitz or uniform home-
omorphisms. Then we explain some important consequences of these results
such as: the class of subspaces of ¢j is invariant under Lipschitz homeomor-
phisms, a Banach space Lipschitz homeomorphic to ¢y is linearly isomorphic
to ¢o, the class of quotients of ¢, (for 1 < p < 00) is invariant under uniform
homeomorphisms.

9.1. Statements of the main results.

Theorem 9.1. Suppose X and Y are separable Banach spaces which are uni-
formly homeomorphic. Then there is a constant C' > 1 such that for anyn > 0
there exists a C-equivalent norm | |, on'Y satisfying

V0<e<1 9| ‘n(e) > 9)((8/0) —n.

If || [[x+ is w*-UKK and Y is uniformly homeomorphic to X, the above
result does not provide us with an equivalent norm | | on Y such that 6, | is
equivalent to 6. However, by considering for instance

* * * - 1 *
vyt e Y™ |y Zzﬁly |2+,
k=1
one can easily deduce
Corollary 9.2. Suppose X and Y are separable Banach spaces which are

uniformly homeomorphic and || ||x+ is w*-UKK. ThenY admits an equivalent
norm | | such that

9)((8/0)
3O >1 Vo<e<1, 6 > = L
- esl ()2 |In(e/C)|?
In particular, px = py, where px is the Szlenk power type of X.

The most interesting consequence is that the convex Szlenk index turns out
to be (up to equivalence) a perfect invariant under uniform homeomorphisms.
More precisely, we have

Corollary 9.3. Suppose X and Y are uniformly homeomorphic. Then
(i) There exists a constant C' so that

VO <e <1, CxX,Ce)< CxY,e)< CX,e/C).
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(11) S2(X) < wy if and only if S2(Y) < wp.

Proof. 1t follows from Theorem 3.11 and a standard back and forth separable
saturation argument, that we may assume X and Y to be separable. Then
one can easily obtain (i) by combining Theorem 9.1 and Theorem 8.6, and (i)
is a consequence of (i) and Corollary 8.4. O

Remark 9.4. It is important at this point, to mention a fundamental coun-
terexample due to M. Ribe (see [57] or its exposition in [7]). Suppose (p,)
is a sequence in (1,400) that is strictly decreasing to 1. Then let X denote
the ly-sum of the spaces ¢,, and Y = X @ {;. M. Ribe showed that X and
Y are uniformly homeomorphic. It follows that uniform homeomorphisms do
not preserve reflexivity or the separability of the dual. Moreover, it is not
difficult to show that Sz(X) = w?. So, only the values of the Szlenk index not
exceeding w are preserved under uniform homeomorphisms.

We now turn to the case of Lipschitz homeomorphisms, where we obtain a
quantitatively better estimate.

Theorem 9.5. Suppose X andY are separable Banach spaces which are Lip-
schitz homeomorphic. Then there is an equivalent norm | | on'Y such that

IC>1 YVo<e<1, 6 () >0x(c/C).

Remark 9.6. It is proved in [5] that the separability of the dual is preserved
under Lipschitz homeomorphisms. Using the tools from descriptive set theory
described in section 6, Y. Dutrieux showed in [21] that there is a universal
function A : w; — wy such that Sz(Y) < A(Sz(X)), whenever X and Y are two
separable Asplund spaces which are Lipschitz homeomorphic.

We do not know if the function A is the identity.

9.2. Applications. We start with our applications to the non linear classifi-
cation of the subspaces of ¢.

Theorem 9.7. (i) The class of all Banach spaces linearly isomorphic to a
subspace of cq is stable under Lipschitz homeomorphisms.

(i1) If a Banach space is Lipschitz homeomorphic to cy, then it is linearly
1somorphic to cy.

(111) If a Banach space X is uniformly homeomorphic to co, then X* is
linearly isomorphic to ;.

Proof. The arguments will consist in combining our result with various deep
theorems on the linear structure of these Banach spaces.

(1) It follows from Theorem 9.5 and the following result: a Banach space X
is isomorphic to a subspace of ¢, if and only if it admits an equivalent norm
| | such that

IC>1 Vo<e<1, 6 ) >¢/C.
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This last result follows from the techniques developed by N.J. Kalton and D.
Werner in [41]. A proof written in this spirit can be found in [30]. A simpler
argument, but yielding a larger isomorphism constant, is given in [37].

(71) 1t is known (see [34] by Heinrich and Mankiewicz) that the class of all
L>-spaces is stable under uniform homeomorphisms. On the other hand, it
has been proved by W.B. Johnson and M. Zippin in [40] that any £>°-subspace
of ¢g is linearly isomorphic to c¢g.

(74i) Assume that X is uniformly homeomorphic to ¢y. Corollary 9.2 insures
that X* is separable. Then we apply a result of D.R. Lewis and C. Stegall ([49])
asserting that if X is a £°°-space with separable dual, then X* is isomorphic
to 61- OJ

Remarks 9.8. It is not known if a Banach space uniformly homeomorphic to
¢o 1s linearly isomorphic to cy.

The question of the non linear classification of the C(K') spaces, with K
countable and compact, is still widely open.

Y. Dutrieux ([20]) proved that if a Banach space X is Lipschitz homeomor-
phic to a quotient of ¢y and X* has the approximation property, then X is
isomorphic to a quotient of ¢g.

In the non separable case, we still have the following characterization:

Theorem 9.9. Let K be a compact space. The following assertions are equiv-
alent:

(1) S2(C(K)) < w.

(i) K@ = .

(111) C(K) is Lipschitz homeomorphic to co(I"), where I' is the density char-
acter of C(K).

() C(K) is uniformly homeomorphic to co(I).

(v) C(K) admits an equivalent norm | | such that:

3021 V>0, 6() 2 5
Proof. (i) = (ii) follows from the fact that for any ordinal o and any z in K,
the Dirac mass &, belongs to s¢(Be(x)+), whenever z is in K. (ii) = (iii)
is due to Deville, Godefroy and Zizler ([16]), (#i) = (iv) is trivial and the
argument for (iv) = (ii) is in [38]. A simple and direct proof of (i1) = (v) is
given in [47], but it can now be deduced from (i) = (iii) and Theorem 9.5
where the separability is not an issue. Finally, (v) = (i) is clear.
0

Remarks 9.10. 1) Ciesielski and Pol have constructed in [13] a (non metriz-
able) compact space K such that K® is empty but there is no weak-to-weak
continuous injective map, in particular no bounded linear injective map, from
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C(K) into any co(I'); while the previous theorem insures that C'(K) is Lip-
schitz homeomorphic to some co(I).

Then, W. Marciszewski provides in [50] a simple characterization of compact
spaces K such that C'(K) is linearly isomorphic to some ¢o(I'). This implies
in particular that such a compact space is Eberlein. The converse is not true
as a counterexample of M. Bell and W. Marciszewski shows ([6]).

2) Y. Dutrieux and N. Kalton have obtained in [23] many important results
on the non linear classification of C'(K) spaces. Let K and L be two Hausdorff
compact spaces. They show that K and L are homeomorphic whenever the
Gromov-Hausdorff distance between C(K) and C(L) is less than 1/10 (in
particular when the uniform distance is less than 11/10). They also prove
that C(K) and C(L) have the same Szlenk index (and are therefore linearly
isomorphic in the separable case), when their Kadets distance is less than 1.
We refer the reader to the original paper for the definitions of these non linear
distances between Banach spaces.

Next,we turn to the non linear classification of quotients of ¢,,.

Theorem 9.11. Let p in (2,+00) and let X and Y be two Banach spaces
which are uniformly homeomorphic. If X is a quotient (resp. subspace) of €y,
then Y is linearly isomorphic to a quotient (resp. subspace) of C,.

In the quotient case, the proof, which appeared in [30], uses Corollary 9.2
and the work of W.B. Johnson ([36]) on quotients of L? that are quotients of
¢,. Similarly, the subspace version combines Corollary 9.2 and the results of
Johnson and Odell ([39]) on subspaces of L? which embed in ¢,. However, this
later case can also simply be deduced from the methods of [38].

Let us mention, that the question, whether the class of quotients, or the
class of subspaces, of £, is closed under uniform homeomorphisms is open for
1<p<2

9.3. Proofs of the main results. In this section, we will give the proofs
of Theorems 9.1 and 9.5. They are taken from [29] and [30]. The argument
is partly based on a renorming technique (see Lemma 9.14) that we find in-
teresting to explain here. Therefore, we have chosen to include these proofs,
despite some technical difficulties. It will also require the use of an important
tool from non linear analysis, known as the “Gorelik principle”. This principle
first appeared in [38] and was inspired to the authors by the earlier work of E.
Gorelik [31]. We will use a slightly different version, whose proof (very similar
to the original one) can be found in [29].

Theorem 9.12. (The Gorelik principle) Let X and Y be two Banach
spaces and U be a homeomorphism from X ontoY with uniformly continuous
wmverse. Let b and d two positive constants and let Xy be a subspace of finite
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codimension of X. If d > w(U™1,b) (w(U™L,.) is the modulus of uniform
continuity of U~L), then there exists a compact subset K of Y such that

bBy C K + U(2dBx,).
We will also need the following duality lemma.

Lemma 9.13. Let X be a separable Banach space and 0 < o,e < 1. Suppose
X satisfies the following property:

liminf ||z* + .|| > 1+ 0e, whenever * € Sx«, x, 50 and |lzr]| > e.
Then

limsup ||z + z,|| < 1+ 0e, whenever v € Sx, T, — 0 and ||z, < o.

Proof. Assume ||z| =1, ||2,|| < 0, 2, — 0 and lim ||z + z,,|| > 1+ oc. Then,
pick ¥ in By« such that imyf(x+z,) > 1+ o0e. Passing to a subsequence, we
may assume that y* %, #* € By and llyX — «*|| — . Then limy’(z + z,,) <
1+ lo and therefore [ > €. But the assumption in the statement of the lemma
yields

[
> —+lo.

£

lim inf Hg‘l‘% AT

I
So liminf [|y%]| > ||z*|| + lo. Hence ||z*|| <1 —lo and
limy' (x4 z,) =lim(z" +y: —2")(z+x,) <1—-lo+1lo=1,

which is a contradiction.
OJ

Proof of Theorem 9.1. Let U be a uniform homeomorphism from X onto Y.
Note that U and U~! are Lipschitz for large distances. So, there is a constant
C > 0 such that:

Uz — Uxs|| < M max(||z; — 23], 1) z1,r2 € X and

U™ = U gell < Mmax(flyn — 92l 1) yp2 €Y.
We now define a decreasing sequence of dual norms {| [¢}72, on Y* by

|y (Uzy — Uxy)|

Hxl - I2||

|y*\k:sup{ ;2,02 € X, ||z — x| > Qk}.

It is clear that for all k € N, we have M| || < | |[» < M| ||.
We will need the following lemma.



30 G. LANCIEN

Lemma 9.14. There exist C' > 0 and ky € N such that for any k > ko,
any € € (0,1) and any y*,y’ in Y* satisfying ||y*|| < M, ||y:|| > /M and

w*
yr — 0, we have:

. - * * * * €
(9.12) tinf g™ + g5 > 20yl — 157l + Ox(5).
Let us first conclude the proof of Theorem 9.1. We set
1 k‘=k20+N
VNeN Yy eY" [y~ = N Z |y* [k,
k=ko+1

which is a dual norm on Y* with M| || < || |xv < M| ||.

If |ly*lv =1, |y lly > € and ¥ ", 0, we can apply the above lemma and by
summing over k we get:

s * * * 2 * 2 * €
liminf [[y* + y,llv > |y*]|v — N’y ko1 + N'y kot N1 + ex(g)-

We fix now n > 0 and get for N big enough:
. . * * * €
liminf {ly” +ynlly = ly*lly =0 +0x(5)-
O

Proof of Lemma 9.14. Let k € N. For a small § > 0, to be chosen later, we can
pick 2,2’ € X so that |[|x—2'|| > 2 and y*(Uz—Uzx') > (1-9)||z—2'|||y* |r+1-
We may assume that 2/ = —x and Uz’ = —Uxz. So ||z|| > 2% and y*(Uz) >
(1 = )|y ]r+1-

Let C' > 0. We apply Lemma 9.13 to deduce the existence of a finite codimen-
sional subspace X, of X so that

(9.13) lz+ 2| > ||z|]| > 2 Vze X,
and
g £
(9.14) lz+ 2l < A+ 20x (Dl ¥z € Ce7'0x(5) ]| Bxi-

Now, w(U~1,b) < 2Mb for all b > 1. Then we apply the Gorelik principle
(Theorem 9.12) for b = % and d = %, where 0 = Ce™'0x(§). Note that
for k large enough (say k > ko), we have b > 1. Hence there is a compact
subset K of Y so that:

ol
AM

Since y¥ — 0 uniformly on K, (9.15) yields the existence of (z,) C ol|z||Bx,
so that

(9.15) By € K +U(o||z||Bx,)-

hﬁglf yr(=Uzyp) > 4?\;2

][
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Now || + z,|| = ||z — 2'|| s0, by (9.13) and (9.14), we have
YUz +Uz) =y (Uze — Ur') < (1+20x( oD lkllz]

But ]
y'(Uz) = 5y" Uz = Uz') 2 (1 = 0)y" |k [l]]
So
Y (Uza) < ((1+260x(5 DYl — (1= )|y k1) 2]

Combining these estimates and lettlng 0 tend to 0 gives

el —20x (= 2yl

lim inf (y*+y;) (U —Uszy) > 9 e 2l =7 e 2]+ =

ISV
but ]
oF < 1Tz — < (142 x
< U =l < 1+ 25(E)el < T
So
E
lim inf [y* + gy | > (1 —29x(0))(2|y 1 — [y + 4M2 —29x(5)M2)

Therefore, for C' big enough, chosen before ky:

lim inf |y* + yule = 20y" s — Y7 — 9X(5)‘

Proof of Theorem 9.5. If U is a Lipschitz homeomorphism from X onto Y, we
define at once

|21 — o]

This will give us the desired norm. The computations are similar and simpler
than for the previous case. O]

Remark 9.15. As we already mentionned, the question whether a Banach
space uniformly homeomorphic to ¢g is linearly isomorphic to ¢y is still open.
The main obstacle is that, unlike the Lipschitz case, we cannot build a single
norm that does the job of Lemma 9.14. A natural suggestion would be to
consider the limit of the decreasing sequence (|| ||)nx. Unfortunately, we are
then confronted to the problem of exchanging the weak*-limit and limy || ||x.
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