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ABSTRACT. We develop a general framework for finding error estimates for
convection-diffusion equations with nonlocal, nonlinear, and possibly degener-
ate diffusion terms. The equations are nonlocal because they involve fractional
diffusion operators that are generators of pure jump Lévy processes (e.g. the
fractional Laplacian). As an application, we derive continuous dependence es-
timates on the nonlinearities and on the Lévy measure of the diffusion term.
Estimates of the rates of convergence for general nonlinear nonlocal vanishing
viscosity approximations of scalar conservation laws then follow as a corollary.
Our results both cover, and extend to new equations, a large part of the known
error estimates in the literature.

1. INTRODUCTION
This paper is concerned with the following Cauchy problem:
Opu(w,t) +div (f(u)) (z,t) = LX[A(u(-,1)](x) in Qr :=R?x (0,7),
u(xz,0) = up(x), in R

(1.1)

where wu is the scalar unknown function, div denotes the divergence with respect to
(w.r.t.) z, and the operator £ is defined for all ¢ € C>°(R%) by

2 o= [ ()~ o) 2 Do) duta),

where D¢ denotes the gradient of ¢ w.r.t. x and 1,<; = 1 for [z < 1 and = 0
otherwise. Throughout the paper, the data (f, A, uo, ) is assumed to satisfy the
following assumptions:

(1.3)  f e WhH°(R,R?) with £(0) =0,
(1.4) A€ WH(R) is nondecreasing with A(0) = 0,
(1.5) g € L®(RY) N LY (RY) N BV (RY),

and

(1.6)  p is a nonnegative Radon measure on R\ {0} satisfying

[ (P A due) < +o0,
R\ {0}
where we use the notation a A b = min{a,b}. The measure p is a Lévy measure.

Remark 1.1.
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(1) Subtracting constants to f and A if necessary, there is no loss of generality
in assuming that f(0) = 0 and A(0) = 0.

(2) Our results also hold for locally Lipschitz-continuous nonlinearities f and A
since solutions will be bounded; see Remark 2.3 for more details.

(3) Assumption (1.6) and a Taylor expansion reveal that £#[¢] is well-defined
for e.g. bounded C? functions ¢:

1
)@ < max| Do+ 2)| [ GlePdute) 2~ [ duta)
|2]<1 0<|z|<1 2 l2[>1
where D?¢ is the Hessian of ¢. If in addition D?¢ is bounded on R%, then
so is LH[¢].

Under (1.6), £ is the generator of a pure jump Lévy process, and reversely,
any pure jump Lévy process has a generator of like £# (see e.g. [6, 58]). This
class of diffusion processes contains e.g. the a-stable process whose generator is the
fractional Laplacian — (—A)2 with o € (0,2). It can be defined for all ¢ € C°(R%)
via the Fourier transform as

() p=F (- |"F9),
or in the form (1.2) with the following Lévy measure (see e.g. [6, 34, 36]):

d
(1.7) dup(z) = . (up to a positive multiplicative constant).

|Z|d+a
Many other Lévy processes/operators of practical interest can be found in e.g.
[6, 26]. Under assumption (1.4), LM[A(-)] is an example of a nonlinear nonlocal
diffusion operator. For recent studies of this and similar type of operators, we refer
the reader to [8, 9, 14, 19, 29] and the references therein.

Equation (1.1) appears in many different contexts such as overdriven gas detona-
tions [23], mathematical finance [26], flow in porous media [29], radiation hydrody-
namics [55, 56], and anomalous diffusion in semiconductor growth [61]. Equations
of the form (1.1) constitute a large class of nonlinear degenerate parabolic integro-
differential equations (integro-PDEs). Let us give some representative examples.

When A =0 or g =0, (1.1) is the well-known scalar conservation law (see e.g.
[27] and references therein):

(1.8) Byu + divf(u) = 0.

When A(u) = uw and L* is the fractional Laplacian, (1.1) is the so-called frac-
tal/fractional conservation law:

(1.9) du+divf(u) = — (—A)? u.

Equation (1.9) has been extensively studied since the nineties [1, 2, 4, 5, 7, 10, 11,
12, 16, 17, 21, 22, 30, 31, 32, 33, 34, 37, 40, 41, 42, 43, 48, 53, 54]. The case of more
general Lévy diffusions, combined with nonlinear local diffusions,

(1.10) Opu + divf(u) = div(a(u)Vu) + LH]u],

can be found in [45].
When A is nonlinear, (1.1) can be seen as a generalization of the following
classical convection-diffusion equation (possibly degenerate):

(1.11) Opu + divf(u) = AA(u);

see e.g. [13, 15, 18, 24, 44] for precise references on (1.11). Nonlinear nonlocal
diffusions have been invetigated in [29] in the setting of nonlocal porous media
equations and L' semi-group methods, and in [19] where an L> N L! entropy
solution theory is developed for more general degenerate equations of the form
(1.1) along with connections to Hamilton-Jacobi-Bellman equations of stochastic
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control theory. Other interesting examples concern the class of nonsingular Lévy
measures satisfying fRd\{o} du(z) < +oo. In that case, (1.1) can also be seen as a
generalization of Rosenau’s models [46, 47, 51, 52, 59, 60] and nonlinear radiation
hydrodynamics models [55] of the form

(1.12) O+ divf(u) = g* A(u) — A(u),

where # denotes the convolution product w.r.t. 2 and g € L'(R?) is nonnegative
with o, 9(2)dz = 1.

Most of the results on these nonlocal equations concern Equation (1.9) with
the a-stable linear diffusions, and convolution models (1.12) with nonlinear but
nonsingular Lévy diffusions. It is known that shocks can occur in finite time [4,
30, 46, 47, 48, 52, 59], that weak solutions can be nonunique [2], and that the
Cauchy problem is well-posed with the notion of entropy solutions in the sense
of Kruzhkov [1, 51, 55]; see also the works [25, 39] for the related topic of time
fractional derivatives. The entropy solution theory has been generalized in [45]
to singular but linear Lévy diffusions along with nonlinear local diffusions. Very
recently, it has been extended in [19] to cover the full problem (1.1) for general
singular Lévy measures and nonlinear A.

The purpose of the present paper is to develop an abstract framework for find-
ing error estimates for entropy solutions of (1.1). As applications, we focus in this
paper on continuous dependence estimates and convergence rates for vanishing vis-
cosity approximations. We refer the reader to [13, 18, 24, 44, 50] and the references
therein for similar analysis on (1.11) and related local equations. As far as non-
local equations are concerned, continuous dependence estimates for fully nonlinear
integro-PDEs have already been derived in [38] in the context of viscosity solutions
of Bellman-Isaacs equations; see also [34, 36, 38] for error estimates on nonlocal
vanishing viscosity approximations.

To the best of our knowledge, the first and up to now only continuous depen-
dence estimate for nonlocal conservation laws can be found in [45]; see also [,
25, 31, 34, 51, 59] for convergence rates for vanishing viscosity approximations of
Equations (1.9) and (1.12). The general estimate in [45] is established for Equa-
tion (1.10) for linear symmetric Lévy diffusions. Inspired by an early version of
the present paper, a formal discussion on possible extensions to nonlinear nonlocal
diffusions is also given. On the technical side, [45] employs so-called entropy defect
measures while we do not.

To finish with the bibliography, let us also refer the reader to [20, 21, 22, 28, 32,
55] for the related topic of error estimates for numerical approximations.

Our main result is stated in Lemma 3.1, and it compares the entropy solution u
of (1.1) with a general function v. Our main application consists in comparing u
with the entropy solution v of
{@v +divg(v) = L[B(v)],

(1.13) o(2,0) = vo,

where the data set (g, B, vg, v) is assumed to satisfy (1.3)—(1.6). We obtain explicit
continuous dependence estimates on the data stated in Theorems 3.3-3.4. Let
us recall that when B = 0 or v = 0, (1.13) is the pure scalar conservation law
in (1.8). Equation (1.1) can thus be seen as a nonlinear nonlocal vanishing viscosity
approximation of (1.8) if A or p vanishes. The rate of convergence is then obtained
as a consequence of Theorems 3.3-3.4, see Theorem 3.9.

It is natural to compare Theorems 3.3-3.4 and Theorem 3.9 with the known error
estimates for the different equations above. One can see that a quite important part
of them are particular cases of our general results. We discuss this point in Section 3
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by giving precise examples. Let us mention that we also give an example of a simple
Hamilton-Jacobi equation where we show that Theorems 3.3-3.4 are in some sense
the “conservation law version” of the results in [38]; see Example 3.2.

To finish, let us mention that in the case of fractional Laplacians of order o > 1,
Theorems 3.3-3.4 can be improved by taking advantage of the homogeneity of the
measures in (1.7). In order not to make this paper too long, this special case
(including o < 1) is investigated in a second paper [3].

The rest of this paper is organized as follows. In Section 2 we recall the notion
of entropy solution to (1.1). In Section 3, we state and discuss our main results.
Sections 4-5 are devoted to the proofs of our main results; Section 4 states some
preliminary results on the nonlocal operator.

Notation. Hereafter, a V b := max{a, b}, while - and | - | denote the Euclidean
inner product and norm. For A € R¥? |A| := max{Aw : w € R, |w| < 1}. The
symbols || - || and | - | are used for norms and semi-norms of functions respectively.

The symbol supp is used for the support. The superscripts * are used for the
positive and negative parts. The total variation of a Radon measure p is denoted
by |u|. Its tensor product with the Lebesgue measure dw is denoted by du(z) dw.

2. ENTROPY FORMULATION AND WELL-POSEDNESS

Let us recall the formal computations leading to the entropy formulation of (1.1).
First we split £ into 3 parts:

(2.1) £16)(x) = LE[6)(x) + div (b 6) () + L7 [6] ()

for ¢ € C°(R?), r > 0, and = € R?, where

(2.2) 1)) = / o (B2 0w~ Do) L) ),
2.3 bt = — 21, 1<1 du(z),

(2.3) /|| <1 du(2)

(24) L)) = / (6 + 2) — () du(2).

|z|>r
Consider then the Kruzhkov [49] entropies |- —k|, k € R, and entropy fluxes
(2.5) qr(u, k) = sgn (u— k) (f(u) - f(k)) € R,

where we always use the following everywhere representative of the sign function:

+1 if +u >0,
(2.6) sgn (u) := {O Y
By (1.4) it is readily seen that for all u, k € R,
(2.7) sgn (u — k) (A(u) — A(k)) = |A(u) — A(K)],
and we formally deduce from (2.1), (2.7), and the nonnegativity of p that

sgn (u — k) L*[A(u)]

< LE[[A(u) — A(k)]) + div (6 | A(u) — A(R)]) + sgn (u— k) £27 [A(u)]

Let u be a solution of (1.1), and multiply (1.1) by sgn (u — k). Formal compu-
tations then reveal that
Ofu — k[ + div (gy(u, k) — by |A(u) — A(K)])
< LY A(u) — A(R)[] 4 sgn (u — k) L7 [A(u)].

The entropy formulation in Definition 2.1 below consists in asking that u satisfies
this inequality for all entropy-flux pairs (i.e. for all k € R) and all » > 0. Roughly
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speaking one can give a sense to sgn (u— k) L"[A(u)] for bounded discontinuous u
thanks to (1.6). But since p may be singular at z = 0, see Remark 1.1 (3), the
other terms have to be interpreted in the sense of distributions: Multiply by test
functions ¢ and integrate by parts to move singular operators onto test functions.
For the nonlocal terms this can be done by change of variables: First take (z,x,t) —
(—z,x,t) to see (formally) that

/ odiv (b |A(u) — A(k)|) dedt = D¢ - b |A(u) — A(k)| dzdt,

T Qr

where p* is the Lévy measure (i.e. it satisfies (1.6)) defined for all ¢ € C2°(R%4\ {0})
by

(28) / RCCLACE / ey A

In view of (2.2), we can take (z,x,t) = (—z,2 + 2,t) to find that

¢ Ly[[A(uw) — A(K)|] dzdt =/ |A(u) — A(k)| £ [¢] dadt.
QT T

This leads to the following definition introduced in [19].

Definition 2.1. (Entropy solutions) Assume (1.3)—(1.6). We say that a func-
tion u € L*(Qr)NC ([O,T];Ll) is an entropy solution of (1.1) provided that for
allk € R, all r > 0, and all nonnegative ¢ € C°(RITL),

(2.9) / {lw=kl06 + (ap(u, k) + 0 |A(w) = A(K)]) - Do} dadt
+ /Q (14Gw) = (k) 24" [6] + sgn (u — k) £27[A(w)] ¢) dw

- / |u(z, T) — k| ¢(x,T) dx +/ |uo(x) — k| ¢(z,0)dz > 0.
R4 Rd

Remark 2.1.

(1) Under assumptions (1.3)—(1.6), the entropy inequality (2.9) is well-defined
independently of the a.e. representative of u. To see this, note that since
p* satisfies (1.6), it easily follows that £ [¢] € C°(R¥ ). Since sgn (u —
k), qr(u, k), and A(u) belong to L by (2.6) and (1.3)—(1.4), it is then
clear that all terms in (2.9) are well-defined except possibly the £*"-term.
Here it may look like we are integrating Lebesgue measurable functions
w.r.t. a Radon measure pu. However, the integrand does have the right
measurability by a classical approximation procedure, see Remark 5.1 in
[19]. We therefore find that since A(u) belongs to C([0,T]; L), so does
also L#"[A(u)] and we are done.

(2) Another way to understand the measurability issue in (1), is simply to con-
sider only Borel measurable a.e. representatives of the solutions. The read-
ing of the paper would remain exactly the same, since our L'-continuous
dependence estimate do not depend on the representatives.

(3) In the definition of entropy solutions, it is possible to consider functions u
only defined for a.e. t € [0,T] by taking test functions with compact support
in Q7 and adding an explicit initial condition, see e.g. [19].

(4) One can check that classical solutions are entropy solutions, thus justifying
the formal computations leading to Definition 2.1. Moreover entropy so-
lution are weak solutions and hence smooth entropy solutions are classical
solutions. We refer the reader to [19] for the proofs.
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Here is a well-posedness result from [19].

Theorem 2.2. (Well-posedness) Assume (1.3)-(1.6). There exists a unique en-
tropy solution u of (1.1). This entropy solution belongs to L>(Qr)NC ([0,T]; L*)N
L>(0,T;BV) and

llull Lo @1y < [luoll Loe (ra),
(2.10) lulleqo,ry;zry < lluollpr ey,

[u| oo (0,7;:8v) < U0l By (RA)-
Moreover, if v is the entropy solution of (1.1) with v(0) = vg for another initial
data vo satisfying (1.5), then
(2.11) lu = vlleqo,m;ey < lluo = voll L1 re).-

Remark 2.3. By the L>-estimate in (2.10), all the results of this paper also holds
for locally Lipschitz-continuous nonlinearities (f, A). Simply replace the data (f, A)
by (f,A)vn, where ¢y € C(R) is such that ¢y, = 1 in [-M, M] for M =
”uOHLOO(]Rd)-

3. MAIN RESULTS

Our first main result is a Kuznetsov type of lemma that measures the distance
between the entropy solution u of (1.1) and an arbitrary function v.
Let €,6 > 0 and ¢*% € C*°(Q?2.) be the test function

(31) ¢6’6(‘rat7yas) = aé(ti 8) ée(xfy)a
where 65(t) == % 0, (L) and 6.(z) = e%éd(f) are, respectively, time and space
approximate units with kernel 6,, with n = 1 and n = d satisfying

(3.2) 6, € CX(R"™), 6,>0, suppb, C{|lz| <1}, and O, (z)dz =1.
Rﬂ,

We also let w,(8) be the modulus of continuity of u € C ([0, T]; L').

Lemma 3.1 (Kuznetsov type Lemma). Assume (1.3)—(1.6). Let u be the entropy
solution of (1.1) andv € L>(Qr)NC ([0, T]; L') with v(0) = vo. Then for allr > 0,
€e>0,and 0<d < T,

(3.3)
[w(T) = v(T)| L1 (re)
< luo — voll 1 (rey + € Cy |uol v (ray + 2(wu(6) V wy(9))

= [, et =t 109 )

- //ZT (a7 (v(w,0),uly, ) + 02 |Aw(@,0) = Aluly, )]} - Dod(a,t,y, ) dw
v Aot ) = Ay, )] 267205, 9]0

B //Q sen (v(, £) — u(y, 5)) L [A(u( 9))(y) 6°° (2, 1,9, 5) dw

e )ty o )y

_ﬂ |’U0((E) _u(ya8)|¢676(‘r307y78) dedde
RIXQr

where dw := dz dtdyds, and Cj := 2 [g. 2|04 () da.
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Remark 3.2.

(1) The error in time only depends on the moduli of continuity of u and v
at t = 0 and t = T. Here we simply take the global-in-time moduli of
continuity wy, (8) and w, (), since this is sufficient in our settings.

(2) When A = 0 or 4 = 0 this lemma reduces to the well-known Kuznetsov
lemma [50] for multidimensional scalar conservation laws.

(3) Notice that the £/ -term vanishes when r — 0, see Lemma 4.5.

(4) Lemma 3.1 has many applications. In this paper and in [3] we focus on
continuous dependence results and error estimates for the vanishing viscos-
ity method. Then in [20], we will use the lemma to obtain error estimates
for numerical approximations of (1.1).

In this paper we apply Lemma 3.1 to compare the entropy solution u of (1.1)
with the entropy solution v of (1.13). This is our second main result, and we
present it in the two theorems below. The first focuses on the dependence on the
nonlinearities (with y = v) and the second one on the Lévy measure (with A = B).

Theorem 3.3. (Continuous dependence on the nonlinearities) Let v and v be the
entropy solutions of (1.1) and (1.13) respectively with data sets (f, A, uo,p) and
(g, B,vo,v = ) satisfying (1.3)—(1.6). Then for all T,r > 0,

llu — UHC([O,T};Ll) < luo — U0||L1(Rd) =+ |U0|Bv(Rd) T ||f’ - Q/HLOC(R,W)

+ [uol By (ra) \/CdT/ |22 du(z2) |[A” — B'|| L (m)
0<|z|<r

(3.4)
+ [uolpy ey T / zdu(2)| [[A" = B'|| Lo m)
rAl<|z|<rVv1
1 [ ol 2) ol ) 14— Bl
z|>r
where cqg = %.

Theorem 3.4. (Continuous dependence on the Lévy measure) Let u and v be
the entropy solutions of (1.1) and (1.13) respectively with data sets (f, A, ug, 1)
and (g, B = A,vo,v) satisfying (1.3)=(1.6). Then for all T,r > 0,

|u —vlleqo,r;ct) < lluo = vollLrray + |uol pv ey T 1f" = 9l Lo (r R4

+ |UO|BV(Rd) \/ch HA/”LOO(R) / |22 d|u —v|(2)
0<|z|<r

(3.5)
4 Juol 5y gy T 1A | o ay / 2d(i - v)(2)
rAl<|z|<rV1
T A e / ot 2) ol =412,
z|>r
where ¢qg = (%21.

Remark 3.5. In the error estimates of Theorems 3.3 and 3.4, there are 3 terms
accounting for the dependence on the fractional diffusion term in (1.1): One term
accounts for the behavior near the singularity of u at z = 0 (the integral over
0 < |z] <), another term accounts for the behavior near infinity (the integral over
|z| > r), and the last term (the integral over r A1 < |z| < rV 1) is a drift term
that is only present for nonsymmetric measures p. The square root estimate for
the singular term is similar to estimates for 2nd derivative terms in the local case
and for non-local equations with different structure, cf. e.g. [18, 38, 45].
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Remark 3.6. Since the initial data is L' N BV, an application of Fubini’s theorem
shows that for any 7 > r > 0,

/ ||7.L0(+Z) *’UJ()”Ll(Rd) dﬂ(z)
z|>r

ghmmwwkflKTMdM@+2Wﬂum@/“hdmw.
r|z|<7 z|>T

From Theorems 3.3 and 3.4 we can easily find a general continuous dependence
estimate when both A and p are different from B and v, respectively. E.g. we can
take an intermediate solution w of w; + div f(w) = £#[B(w)] and w(0) = ug, and
use the triangle inequality. Using this idea we can show that the following estimates
always have to hold:

Corollary 3.7. Letu and v be the entropy solutions of (1.1) and (1.13) respectively
with data sets (f, A, ug, 1) and (g, B,vo,v) satisfying (1.3)~(1.6). Then for all T >
0

lw —vlleqo,r;nty < lluo — vollLrway + |uol pv ey T If" — ¢l Lo (& R2)

3.6 1
(30 +CGMMUQ/ARmﬂm+¢éwmw2mwmww)

where C' only depends on d and the data. Moreover, if in addition

/ (|z| A1) dp(2) —|—/ (2| A1) dr(z) < +oo,
R4\ {0} R4\ {0}

then we have the better estimate

|u —vlleqo,r;0t) < lluo — vollLrray + |uol pv ey T 1f" = 9l Lo r R

+0TQMh4¥Lﬂm+/’ ;uAndm—wwo,

R\ {0

(3.7)

where C' only depends on the data.

Outline of proof. To prove (3.6), we use Theorems 3.3 and 3.4 with » = 1 and
the triangle inequality. We also use estimates like |a — b] < +/|a| + |b]/]a — b],
| —v| < |p| + |v] ete. To prove (3.7), we also use Remark 3.6 and set » = 0 and
7=1. O

Remark 3.8.

(1) All these estimates hold for arbitrary Lévy measures p,v and even for
strongly degenerate diffusions where A, B may vanish on large sets. They
are consistent (at least for the | —v| term) with general results for nonlocal
Hamilton-Jacobi-Bellman equations in [38]. When g, v have the special
form (1.7) (with possibly different a’s), then it is possible to use the extra
symmetry and homogeneity properties to obtain better estimates, see [3].

(2) The optimal choice of the r,7# in Remark 3.6 depends on the behavior of
the Lévy measures at zero and infinity, see the discussion above and at the
end of this section for more details.

Let us now consider the nonlocal vanishing viscosity problem

Oput + divf(u®) = e LHA(u)],

(3.8)
u®(0) = up,

i.e. problem (1.8) with a perturbation term e £#[A(u€)]. When € > 0 tend to zero, u€

is expected to converge toward the solution u of (1.8). As an immediate application

of Theorem 3.3 or 3.4, we have the following result:
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Theorem 3.9 (Vanishing viscosity). Assume (1.3)<(1.6). Let u and u® be the
entropy solutions of (1.8) and (3.8) respectively. Then for every T,e > 0 and

all 7 >r >0,
¢ | rdue)
0<|z|<r

e |:/7:<z§f el du(z) + ‘ /r/\l<|z§'rvl Zdu(z)‘ " /|z|>f dM(Z)} } ’

where C only depends on ||uol| L1 (raynpv (re) and [|A’|| Lo g)-

Nl
Nl

||u—u€||C([O’T];L1) SC min {déT €

F>r>0

(3.9)

Outline of proof. Note that u can be seen as the entropy solution of (1.1) with A =0
and p as Lévy measure. Hence we can estimate ||u—u||¢(jo,7);z1) from Theorem 3.3.
The error coming from the difference of the derivatives of the nonlinearities is equal
to € [|A’[| oo (). Inequality (3.9) then follows from (3.4) and Remark 3.6. O

Corollary 3.10. Assume (1.3)—(1.6). Let u and u be the entropy solutions of
(1.8) and (3.8) respectively. Then for all T)e >0

lu = ul e oz < C (T2 VT)ek,

where C' only depends on d and the data. Moreover, if in addition
(3.10) / (2] A1) du(z) < 400,
R4\ {0}

then we have the better estimate
lu = ulleqo,ryr) < CTe,
where C' depends on the data.
This corollary follows immediately from Theorem 3.9 or Corollary 3.7.

Remark 3.11.

(1) Our estimates are just as good or better than the standard O(e?) estimate
for the classical vanishing viscosity method ((1.11) with A(u) = eu).

(2) Our estimates hold for arbitrary Lévy measures pu and even for strongly
degenerate diffusions where A may vanish on a large set! This is consistent
with general results for nonlocal Hamilton-Jacobi-Bellman equations [38].

(3) As for the classical (local) vanishing viscosity method, better rates could
be obtained if the solutions are more regular. E.g. if A(u€) is uniformly (in
€) bounded in W?!, then the error estimate should be O(¢) even without
assumption (3.10). Such a result can not be derived from (3.9), but should
be proved directly.

(4) Corollary 3.10 contains less information than Theorem 3.9; indeed, if u
is as in (1.7), the additional symmetry and homogeneity can be used to
obtain better estimates which can be proved to be optimal. See Example
3.3 below.

(5) The error estimates above trivially also holds for the more general vanishing
viscosity equation

Oput + divf(u®) = LY[B(u)] + e LHA(u)],
u¢(0) = ug.
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Further discussion. We now make a more precise comparison of the results above
with known estimates from the literature. We begin with continuous dependence
estimates and finish with convergence rates for vanishing viscosity approximations.

Let w and v denote the entropy solutions of (1.1) and (1.13), respectively. To
simplify, we take the same data sets (f, A,up) = (g, B,vp) and we only allow the
Lévy measures p and v to be different. We also let C' denote a constant only
depending on T, d and the data.

Example 3.1. Let us consider Equation (1.10) with a = 0. Let us also consider
the class of Lévy operators satisfying

fRd\{o}(|Z|2 Alz|) dp(z) < +oo,
o= pr.

For such kind of equations, the following continuous dependence estimate on the

Lévy measure has been established in [45]:

||uv||c<[o,T];L1>sc\// R din = vl +C [ el o)
0<]z|<1 |z|>1

This estimate follows from Theorem 3.4 and Remark 3.6 by taking » = 1 and
7 =400 in (3.5).

Example 3.2. Consider the following one-dimensional Hamilton-Jacobi equation
Ut + f(Us) = £*[U]
with initial data Up(z f_ y)dy. This particular equation is related to the

nonlocal conservation law (1.8), since its solution is U(z,t) = [*_ u(y,t)dy where
u solves (1.8), see [19]. It is also an example of an integro-PDE for which the
general theory of [38] applies, and this theory allows us to establish the following
continuous dependence estimate on the Lévy measure:

sup [U V| zc\// (122 A 1) dlp — v|(2),
Rx[0,T] R\{0}

where V(z,t) == [*_ dy. (This result is a version of Theorem 4.1 in [38]

which follows from Theorem 3.1 by setting po,...,ps,ps = 0 and p = |z A1l in
(A0)). Since

sup U — V| < |lu—vlloo,1y;L1)s
Rx[0,T]

this estimate also follows from (3.6) in Corollary 3.7 when (A, f,ug) = (B, g, vo).

Let us now compare Theorem 3.9 with known convergence rates. We keep the
same notation for v and u€ as in Theorem 3.9.

wlR

Example 3.3. Let us consider the case where A(uf) = u® and £+ = —(=A)z,
€ (0,2). Then the following optimal rates have been derived in [1, 31]:
@) (eé> ifa>1,
(3.11) lu—ulcqorry = O(e|lne|) ifa=1,
O (¢) if o <1
Let us explain how these results can be deduced from (3.9). First we use (1.7) to
explicitly compute the integrals in (3.9) and obtain
o)
— +er .
. T

22—«
lv = wlleqo.riLny = O <f§1§§o { Ve 2r— a
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We then deduce (3.11) by taking r = e= and # = 400 if @ > 1, 7 = e and # = 1
ifa=1l,andr=0and 7 =1if a < 1.

Example 3.4. Let us finally consider the vanishing approximation (3.8) with the
viscous term

1
Ous + divf(u) = - (ge xu® —uc),

where ge(z) := % g (2) with an even and nonnegative kernel g € L*(R?) such that

/ |22 g(2) dz < +o0.
R4

This is the Rosenau’s regularization of the Chapman-Enskog expansion for hydrody-
namics [56]; see also Equations (1.1) and (2.3) of [59]. Its convergence toward (1.8)
has been established in [51, 59]. In Corollary 5.2 of [59] the following rate of con-
vergence has been derived:

1
lu = wlleoqo.men = O ().

This result can be recovered from Theorems 3.3 or 3.4. Indeed, we can choose e.g.
A(u®) = uf, du(z) = QST(Z) dz and v = 0, to get the desired equations. Next, we
apply (3.5) with r = 400 and rescale the z-variable to show that the error term is
bounded above by

4. AUXILIARY RESULTS

Before proving our main results in the next section, we state several technical
lemmas.

Lemma 4.1. Assume (1.6) and r > 0. Then for all ¢ € C°(R?),

1L o1 gy < / 1212 i) 1]l o -
0<|z|<r

The proof easily follows from a Taylor expansion and Fubini’s theorem.

Remark 4.2. Similarly £ is (linear and) bounded from L' into itself, thanks to
Remark 3.6 with 7 = r.

In the next result, we establish a Kato type inequality for £ [A(u)].

Lemma 4.3. Assume (1.4) and (1.6). Then for allu € L*(R?), k € R, r > 0, and
all 0 < ¢ € OX(RY),

/ sgn (u— k) LT [A(u)] pdx < / |A(u) — A(k)] E“*”'[(b] dz.
R4 Rd
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Proof. Note first that A(u) is L! by (1.4), and hence £*"[A(u)] is well-defined in L*
by Remark 4.2. Easy computations then reveal that

gn (u— k) L [A(u)] ¢ da,

\

I
%\%\:

)., sen (@) =) (Au(@ +2)) - A(u(@))) 6(x) du() dz,
sgn (u

YL

{(A(u(x +2)) = A(k)) — (A(u(x)) = A(R) } 6() dpu(2) da,
(4t + ) - AR - [Au(e)) - A)]) o) dutz) do by (2:7),

|z|>r

d/|> u(z + z)) — A(k)| ¢(x) dp(z) dz

=:I
N /R / - |A(u(x)) — A(k)| ¢(x) dpu(2) da.

=:J

IN

I
T T

™

Note that all these integrals are well-defined, thanks to (1.6) (}).
By the respective changes of variable (z,2) — (—z,x + 2) and (z,2) — (-2, z),

we find that
= /Rd / - d(x + 2) |A(u(x)) — A(k)| du*(2) da,

-/, /| 9@ @) ~ AR 4 ()

Here the measure p* in (2.8) appears because of the relabelling of z. This measure
has the same properties as u. Hence we can conclude that

/ sgn (u— k) L [A(u)] pda < T — J = / A(w) — Ak)| £ [6] da,
Rd Rd
and the proposition follows. O

The next lemma is a consequence of the Kato inequality, and it plays a key role
in the doubling of variables arguments throughout this paper and in the uniqueness
proof of [1, 19].

Lemma 4.4. Assume (1.4) and (1.6), and let u,v € L®(Qr) N C([0,T]; L"),
0<v¢ e LY(R?x (0,7)%), and r > 0. Then

J 580 ()~ v(2.1)

(LA $)]() — LA 0)](@)) o = .t ) dw < 0
(where dw = dx dtdy ds).

LThe measurability is immediate if the reader only consider Borel measurable representatives
of u as suggested in Remark 2.1 (2).
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Proof. Note that
sgn (u(y, v(z,t)) (A u(y + z, s) A(u(y,s)))
— sgn (u(y, ) — v(e.1)) (Alv(z + 2,1) = A(v(a, 1))
= sgn (u(y, s) — v(z, 1))
{( (u(y + 2,5)) = Alw(a +2,1))) — (A(uly, 5) - Aw(, 1) }
< Aluly + 2,5)) — Alvo(z + 2,8)| — |A(u(y, s)) — Av(z,1))|

where these functions are both defined. By an integration w.r.t. 1.s,du(z), we
find that for all (¢,s) € (0,7)? and a.e. (z,y) € R%,

sam (u(y, s) — v(a, 1)) (L7 [Au(-, 9)](w) — L7 [A@(,1)](x))
< / N (IA(u(y + 2, 8)) = A(v(z + 2,1))| = [A(uly, s)) — A(v(z, 1)) du(z).
After another integration, this time w.r.t. ¥(z — y,t, s) dw, we then get that

// sgn (u(y,s) — v(z,t)) (L’“ﬂ”[A(u(.’s))](y) —£“”°[A(v(-,t))](x)) W dw
//Q2 /||>T uly+z,8)) — A(v(z + z,t)| v(x —y,t,s) du(z) dw

B //Q 2 /| | VAG(3) — A )] ) dz)

=1+ J.

Note that these integrals are finite since || A(u)||c(o, 1501y < Al Lo [ulle o,y
(A is Lipschitz-continuous and 0 at 0) and by Fubini (note the convolution integrals
in z and y),

I,J < (HA(U)HC([O,T];Ll) + HA(U)HC([O,T];U))H¢||L1(Rdx(o,T)2)/ du(z).

|z|>r

We then change variables (z,z,t,y,8) — (2,2 + z,t,y + 2,8) in I,

I= // /| | |A(u(y, s)) — A(v(z, 1) Y(x — 2z — (y — 2),t,5) du(z) dw,
T J|z|>Tr
to find that I + J = 0 and the proof is complete. 0

Lemma 4.5. Under the assumptions of Lemma 8.1,

- , [4(0(2:0) = Aluty: DI £ [ (ot 9]0) dw < €. R

0<|z|<r

where Ce > 0 does not depend on v > 0.

Proof. Easy computations show that
‘Cg* [¢e,5 (LB, i, s)](y)

=0s5(t —s) /<| . (Oc(z —y—2) = 0c(x —y) + 2 DOc(x — y) L12<1) dp*(2)

— 0y(t— 5) / o @y ) A=) = D ) ) )

=0s5(t —s) El;[ée}(x - ),
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and by Fubini (there are again convolution integrals in I!),

1< [ 1Atuly.5) — Al )] 05(t = )| £2B)( ~ )] o

< (1@ (@r + 14®)lIz3@r) ) 165 L£BL] 11 sy

< T||A|| (||U||C([0,T];L1) + ”UHC’([O,T];LI)) 105 L4 [0 L1 (a1

By classical properties of approximate units and Lemma 4.1,

185 £218e) L2 ey = 181t gy €218 e
———
=1

<1y [ 1o dutz),

0<|z|<r

The proof is complete.

5. PROOFS OF THE MAIN RESULTS

The proofs of this section use the so-called doubling of variables technique of
Kruzhkov [49] along with ideas from [38, 50]; for other relevant references, see also
e.g. [1, 19, 45] for nonlocal equations. It consists in considering u as a function of the
new variables (y, s) and using the approximate units ¢ in (3.1) as test functions.
For brevity, we do not specify anymore the variables of v = u(y,s), v = v(x,t)
and ¢9° = ¢ (x,t,y,s) when the context is clear; recall also that dx dtdyds is
denoted by dw.

5.1. Proof of Lemma 3.1. Let (z,t) € Qr be fixed and u = u(y, s), k = v(z, 1),
and ¢(y, s) := ¢*°(z,t,y, s). The entropy inequality for u (see (2.9)) then takes the
form

[ {01267+ (arto,0) 140 — A@)B) - Do fdyds
#1460 - AE) £ 60w () dyds

+f s (0= 0) 27 TAGu( 9)](0) 6 dy ds

- [ T) = oG] 6t T)

+ [ luolw) = ol )] (1,3, 0)dy >
R

We integrate this inequality w.r.t. (z,t) € Qr, noting that gs in (2.5) is symmetric,
and that 05¢° = —0,¢%° and D,¢%° = —D,¢%° by (3.1). Consequently we find
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that .
// { w— 0] 9" + <qf(v,u) +|A(w) —A(v)|b¢f*> 'Da:(be’é}dw
//2 A(o)| £ 6 (2,1, 5))(y) dw

(5.1)

+ [ s tu= o) 27 AGC9))(0) 6 du
- // lu(y, T) — v(z, t)| ¢=° (z,t,y, T) de dt dy
Qr xR4

+ // o) — vz, £)] 6 (. £,,0) de dt dy > 0.
Qr xR

Note that the terms in the inequality above are well-defined since they are all
essentially of the form of convolution integrals of L!'-functions. See Lemma 4.1,
Remark 4.2, and the discussions in the proofs of Lemmas 4.4 and 4.5 for more
details.

A classical computation from [50] reveals that

-[4 + 15 - ﬂ ‘u(ya 8) - U(iC,T)| ¢676(xaTa Y, 8) dz dy ds
RIXQr

+ // fu(y, 5) — vo(@)| 67 (2,0, y, ) de dy ds
Rd XQT

< —[[u(T) = (D)l L2 ey + llwo = voll L1 (re)
+ € Cj [uo| gy ey + 2(wu(8) V wy(6)),

where Cj is as in Lemma 3.1. Lemma 3.1 now follows from (5.1) and the above
estimates on Iy and Is.

5.2. Proof of Theorem 3.3. The proof uses the Kuznetsov lemma, and morally
speaking it amounts to subtracting the u(y, s) and v(x,t) equations, multiplying
by sgn (u — v), and then applying both new and classical tricks to arrive at an
L'-estimate of |u — v|. We expect to see terms involving

sgn (u—v) (L4 [A(w)] - L7 [B()])
and naively we can write this as
sgn (u — v)L*"[(A — B)(u)] + sgn (u — v)L*"[B(u) — B(v)].

These terms are estimated by Kato type inequalities (see Lemmas 4.3 and 4.4),
the first term should give the dependence on A — B while the second term is a
nonpositive term that also appears in the uniqueness proof. The problem with this
approach is that we can not apply Kato for the first term because A — B then have
to be monotone!

There are different ways to overcome this monotonicity problem, and we have
chosen to adapt ideas from [38] — a paper on continuous dependence estimates for
fully nonlinear Bellman-Isaacs type of equations via viscosity solution techniques.
We consider the region where A’ > B’ and its complementary. Let E4 be sets
satisfying:

EL C R are Borel sets;
(5.2) UsE* =R and Ny Ex =0;
R\ supp(A’ — B")F C E.
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For all u € R, we define

These functions satisfy the following properties:

Lemma 5.1. Under the assumptions of Theorem 3.3,

) A:A++A7 andB:BJr—i-B,;
(ii) Ay, By, Cy satisfy (1.4), in particular, they are monotone;
(iil) >4 1Ce(W)|rr0,1:8v) < NJA" = B'|[Loo(ry [u|Lr0,7:8v) 5
(iv) for all z € R\ {0},

D NC(ul-+2,) = Ce(W)lpr@r) < 1A' = Bl ey lul- + 2,-) = L1 (@r)-
+

The proofs of (i) and (ii) are immediate, whereas (iii) and (iv) follow from stan-
dard arguments for Lipschitz-continuous and BV -functions (see e.g. [13, 35, 57]);
the details are left to the reader.

In the proof below, A* — B* will be the monotone functions replacing the
nonmonotone function A — B of the formal argument above.

Proof of Theorem 3.3. Let us divide the proof into several steps.

1. We argue as in the beginning of the proof of Lemma 3.1 changing the roles of u
and v. We fix (y,s) and take k = u(y,s) and ¢° = ¢°(z,t,y,s) in the entropy
inequality for v = v(x,t) to find that
// {|v — u| 0y°° + (qg(v,u) +|B(v) — B(u)| bff*) . Dz¢675} dw
Q7
1B - Bl £ 1670 (o) du
T
+ [ s o =0 £ B 1)) @) 67 du
Q7
[ et~ a6 T ) e dy s
RIXQr

+ // [vo(2) — uly, )| 6% (, 0.y, s) de dyds > 0.
RdXQT
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Then we add this inequality and inequality (3.3) in Lemma 3.1,

[w(T) = v(T)|| L1 ey

< luo — voll 1 (rey + € Cy |uol gy (ray + 2(wu(6) V wy (9))

// s — a5)(v,u) - D™ duw

=:1;
//2 ()| L8 [67° (-, y, £, 9)] () dw
Y // . Wh‘ QW‘% 2,1, 5)](y) dw
7

[ (1B - Bl - 140) - A@)) b Do dw

=:I3

[ s (£ BOC )@ - £ A )] W) ¢ du,

=:14
where r,e > 0,0 < < T, and Cj > 0 only depends on the kernel 6y from (3.2).

2. Tt is standard to estimate Iy (cf. e.g. [27, 50]), and I + I} can be estimated by
Lemma 4.5,

(5.5) 5L <uolpv@eay T f" = 9'll Lo ey
(5.6) Brh<C [ R,
0<|z|<r

where C, does not depend on r > 0. Now we focus on I3 and 1.

3. Cutting w.r.t. E+. We split I3 and I, into four new terms using the sets E,
see (5.2)—(5.3). By Lemma 5.1 (i), Iy can be written as

e Il , S8 (0 =) (27 B2 D)) = £ Ax(ul- )])) 6°° do.

By Lemma 5.1 (ii), we can apply twice Lemma 4.4 with By and A_ instead of A,
followed by the definitions of Cy, see (5.3), to show that

s [ o= 207 Bt 9) A 0| )¢
-, - )£ [Co )6 ds
i // , 5 (0 =W L7 [O- (0 )] (@) 9 dw

(5.7) = If +1I.

Note that it is crucial to have u in the first term and v in the second — otherwise
we will not be able to apply the Kato inequality later on!
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We now consider I3. By (2.7), Lemma 5.1 (i)—(ii), the formula D,¢*% = —D,¢%°,
and the definitions D = D, and D_ = D,, it follows that

(1B@) = B)| = |A(v) = A(u)|) Doo"*
= sgn (u—v) { (A(u) = B(w) = (A(v) = B(v)) } D¢
= s (u—v) { £ (As(v) - B () F (A=(v) — Ba(v)) } D2p™
+
= [Cs(u) = Ci(v)| D2g™.
+
We can then rewrite I3 as

(5.8) I = Ei: //Q 10 () = C ()| B Dag

+
=13

4. Cutting w.r.t. z. We decompose L£*" into two new terms using a new cutting
parameter r; > r. Let =y + H s for

M1 = Mo<\z\§r1’

and note that by (2.4), £*" = L+ 4+ L£#71 Then

I = //Q sgn (u —v) L*7[Cy (u(-, 5))](y) ¢° dw

2
T

(59) —. 7t

5

# [ st ) 27O ) 0) 6
T

Since C satisfies (1.4) by Lemma 5.1 (ii) and p; clearly satisfies (1.6), we can

apply the Kato type inequality in Lemma 4.3 (with & = v(z,t) and A = C) to

show that

=[] sl - o) £97C (ule )] (0) 67 dyds dad

= / / |C'+(u(y,s)) - C+(U(x7t))|‘CM;T[QSaé(x»tv'78)}(y) ddedx dt.
Qr v Qr
Adding I; in the form (5.8) then gives
(5.10)
I+ < // () = C ()] (B - Dy + L5765 (a1, )] (1) ) dw
Q7
Now easy computations show that
D¢ = =05(t—s) DOc(x—y), L'7[0 (w,t,-,9)|(y) = O5(t—s) L7 [0 (v —y).
Hence by adding and subtracting z - DO, (x — y), we get that
O Dyt LT[0 (w8, 8))(y)
—0st-5) | () e ) = DA =) ()
r<|z|<ri

(5.11)
+05(t —s) DOc(x —y) - (—bﬁ*+/||< zdu(2)> :

=sgn (Tlil) f7‘1/\(1\/7*)<\z\§7*1 vi# d“(z)
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where the last equality comes from (2.3) and the change of variable z — —z. We
insert (5.11) into (5.10) and combine the resulting inequality with (5.9),

(5.12)
Iy +1If <

//% . (1) - C4 (v)]

“Os5(t — s) /<| p (0c(z —y+2) = Oc(z —y) — 2 DO (x — y)) du(z) dw

+//2T Cotw) - G (o)

05(t — s) DO (z — y) - sgn (r1 — 1)/ zdp(z) dw

riAN(AVr)<|z|<riV1
+ [ s tu= o) 27 Ol 9))(0) 67 du
T
= J +J5+J5
Similar arguments show that we can bound I + I, (see (5.7)—(5.8)) as follows,

(5.13)
I +1I; <

//ZT C_(v) - C_(u)]

(t—s)/<| p (0c(z—y—2) = bc(z —y) + 2z DO (x — y)) du(z) dw

- J e -cw

05(t — ) DO.(z — y) - sgn (r; — 1)/ zdu(z) dw

riA(LVr)<|z|<riV1

—w) LETHO (u(- z) ¢ dw
4 //%sgn(v ) LETHO(v(-,1)](x) 69 d

Sﬂ@% sgn (v—u) LHT1[C_ (u(+,s))](y) ¢¢° dw by Lemma 4.4
= J +Jy +J5.

5. L' N BV -regularity. It remains to estimate JijE fori=1,...,3in (5.12)—(5.13).
For Jli and J2i7 we integrate by parts to take advantage of the BV -regularity of u.
After some technical computations detailed in Appendix A, we find that

1 .
Gay  EI <o [IDBde [ () O,
2¢ Jpa r<|z|<r
/ 2dp2)
riA(Vr)<|z|<riV1
and hence

1 ~
JE+ JFE S;,L/ [wddx/1 22 du(2) > |Ce(w)| 018V
> UE+T3) 5 Rd\ | T<|Z|§h| | Z| )zio,r:Bv)

+

(5.15) |JE| < |C(uw)lL10.1:Bv)>

+ w)|L1(0,1;BV)-

/ zdp(z
riA(AVr)<|z|<r;V1
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By Lemma 5.1 (iii) and a priori estimates for u, cf. (2.10), we see that

1 3
E (J1i+J2i)§27/ |DO,4|dx |U\L1(0,T;BV)/ |2 du(2) |A" = B'|| Lo (m)
€ Jpa ~—— S|z <

+
<luol gy gay T

zdp(z)| A"~ B/HLOC(]R)~

(5.16) + |ul 10,78V /
N———— |/ 1 A(1Vr)<]|2|<r1V1

Sluolgy gay T

Let us now estimate J;~ in (5.12). Easy computations (see the proofs of Lem-
mas 4.4-4.5) show that

I3 <1105 0l 1 grasry 1L (O (w)]l| 1@ -
Let us recall that [|05 0|21 ga+1) = [|0s] L1 (®) |0l 21 (re) = 1, and then

JJF < C Z,8 C o du2)ds.
/ />r1 1C(ul- +2,8)) = O (ul )l ey dplz)
Since Cy(u) € L®NC([0, T LY), (2,8) = [[Ci(u(-+2,5)) = Oy (u(-, 8)) || 11 (ray Is @

continuous function, hence Borel and du(z) ds-measurable. Thus, we may change
the order of the integration to find

Ji < / O+ 2,9) = Ol )

We get a similar estimates for J; and find by Lemma 5.1 (iii)—(iv) and (2.10) that

d Ui < /|z|>r1 %: 1C«(u(- + 2,-)) = Cx(u)llLr (@r) dp(2),

+

(5.17) < /I o lu(- + 2,-)) = ullLr(@r) dp(2) |IA" = B'||poo (o).
< luo(+2)—uoll 1 ety
The last inequality (under the bracket) comes from (2.11) applied to the solu-
tion u(- + z,-) of (1.1) with initial data ug(- + 2).
6. Conclusion. By (5.7)—(5.8) and (5.12)—(5.13), Is+1, < >, S . J*. Therefore

i=1“1%

we may estimate (5.4) by (5.5)—(5.6) and (5.16)—(5.17). For all r; > r > 0, € > 0,
and T > § > 0, we find that

u(T) - U(T)HLl(]Rd)

< o — voll L2 (ray + luol gy ey T |f" — ¢l oo (r R2)

e Calulvian +2u(®) V@) 40 [ (el an)
0<|z|<r
1 _
G +gc [ DB lwoloven T [P du() 14 - Bl
€ JRrd r<|z|<r

+ |uol gy (may T zdu(z)

/7‘1/\(1\/T‘)<|Z|S'r‘1\/1
T /| Tl +2) ol An(e) 14— Bl e,
z >'I"1

where C, > 0 does not depend on 7 > 0.

To finish, we first pass to the limit as » — 0 in (5.18). By the dominated
convergence theorem, the result is equivalent to setting r = 0 in each term, and in
particular the term C. f0<|z|<r |2|2 du(z) vanishes. Secondly, we pass to the limit
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as  — 0 to get rid of the term 2(wy,(8) Vw,(d)). Finally, we optimize the remaining
terms w.r.t. € > 0 by using the formula min.sq (ea + %) = 2vab (for a,b > 0).
This gives us the following continuous dependence estimate: For all r1 > 0,

lu—vllcqor;ct) < lluo = vollLrray + [uolpvrey Tl — f/ll Lo (v R

1 ~
+2\/2 Cé / |D9d‘dz|u0|2BV(Rd)T/ |Z|2 du(z) HA/_B/“LOQ(R)
R4 0<|z|<ry

/ 2dp(2)
riAl<|z|<ri1V1

LT /| ) ol ) 14— B e,
z|>ry

(5.19)

+ |uol v (rey T A" = B'|| Lo (m)

where 64 is an arbitrary approximate unit (3.2) and Cs = 2 [palz| f4(x)dz by
Lemma 3.1.

Let 0, = 6,, where {0n}nen is a sequence of kernels s.t. 6, satisfies (3.2), 0, —
wd_ll‘_|<1 in L', and fRd |DO,,| dx — (JJd_1|1|.|<1|Bv(Rd). Here wy is the volume of
the unit ball in R%. Note that the BV -semi-norm of the indicator function of the
unit ball is equal to the surface area of the unit sphere, i.e. |1.|<1|py®e) = dwq-
Moreover, we have

1 d
/ |3:H0n(x)|dz%—/ |z| de = ——.
Rd Wa |z|<1 d+1

The proof of (3.4) is then complete after passing to the limit as n — 400 in
(5.19). O

5.3. Proof of Theorem 3.4. We argue step by step as in the proof of Theorem 3.3.
This time, F1 are taken such as

Ey C R4\ {0} are Borel sets;
(5.20) U+ E* =R\ {0} and Ny By = 0;
(R*\ {0}) \ supp(p — v)¥ C Ev.

Let u+ and v4 denote the restrictions of p and v to E. It is clear that

w= Eiﬂi and v = Eiyia
(5.21) F(pe —va) = (p—v)*,
p+, v+, and £ (ug —v4) all satisfy (1.6).

Proof of Theorem 3.4.
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1. We apply Lemma 3.1 with A = B, but different Lévy measures p and v, along
with the entropy inequality for v to show that for all r,e >0, 0<§d < T

[w(T) = o(T)|| L1 (ra)

< luo — voll L1 (ray + € Cq |uol By (ray + 2(wu(6) V wy(9))

// o — 7)) - Dy duw

//2 ()| LY [¢7° (-, y, 1, 8))(x) dw
(5.22) //2 )|£u 6 (2,1, -, 8)](y) dw
* //Q Aw) = AWw)] (b7 - bf;") Dy dw

ey

+ [ smnto =) (£77ACC @) - 7AW 9)))) 6 du,

:ZI4

where C¢ > 0 does not depend on r > 0. Except for Is and Iy, the other terms
were estimated in the proof of Theorem 3.3.

2. Cutting w.r.t. Ex. We use the notation introduced in (5.20). We apply
Lemma 4.4 twice with v and p_ instead of p, along with linearity of £*7 in
1, see (2.2), to see that

= ; // , & (v —u) (ﬁ”“[A(v(»t))Kx) — LPETA(u s))](y)) 6% dw
< [, sen o= (€ TAGE ) - £ A 9)]0)) 677 du
+/]2 sgn (v — u) (/_jv_,r[A(U(.,t))](z) _Eﬂ_,r[A(v(,’t))](x)) 5 du
-/ . 0 ) 25 A D]}
o , 3 (0 =) £70 A )]() 67 dw

::II—&-L:.

Again, it is crucial to have u in I and v in I, in order to use Kato’s inequality
later on.

Let us now consider I3. By (2.3) and (2.8), b and p* are linear w.r.t u. Easy
computations using (5.21) then leads to

(b;f* B bf) ~Dm¢6’6 _ Zbﬂ:(#i ve) Dy¢® 8
+
where D, = D, and D_ = D,, and hence

Iy = Z// A(v)| b1 Dy 60 dw =: I + I .
T
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3. Cutting w.r.t. z. The computations of this step are similar to the ones in the
proof of Theorem 3.3. For the reader’s convenience, we estimate I; +1; , the terms
that was left to the reader in the preceding proof.

For any measure i we let i1 = Ploc)ei<n and write g = i1 + LT for rqy > r.
Then

Iy < // sgn (v —u) L~ Au(, 1)) () ¢ dw

=:I7

+ // sgn (v —u) L (v [A(v(-,1))](z) %0 dw.

Recall that —(u— — v_); is a positive Lévy measure by (5.21), so we can apply
Lemma 4.3 with —(u— — v_); instead of u and k = u(y, s) to find that

I < // L A@) = A@w)| L7070 g, 5)]) (@) dw

and

I, +1; <

I, 1A =A@ (500 D o i ) @) s

Easy computations then leads to

T AR CR AT €5

— 05(t— 5) /<| ey =) ) A )

and we can rewrite the nonlocal operator as follows,

b0 Dy g LT ()] (o)

=05(t — s) /<| - (Oe(z—y—2) = Oc(z—y)+ 2 DO(x —y)) d(v— — p_)(2)

— 05t —5) DA.(x — ) - (—b;“*—”* + / zd(v- u)(2)> .

<|z|<r1

=sgn (Tl_l) frl/\(IVT)<\z|§r1 vi? d(V* _M*)(z)

Compare this expression with (5.11) that appear when I. ;r and 1 4+ are considered.



24 N. ALIBAUD, S. CIFANI, AND E. R. JAKOBSEN

We add the different estimates and find that for all r; > r,
Iy + 1,

< JJ, 140~ 4@l 05~

/ (0920~ 2 D) - )

// |A(u) — A(v)| 05t — 5) DO(z — y)

-sgn (rq — 1)/ zd(v- — p)(z) dw
riA(IVr)<|z|<r;Vv1

+ // sgn (v —u) L7W= "M [A(u (-, 1)](x) ¢7° dw

<llgz sen (v=u) £7 W=7 =) "1 [A(u(-,5)))(y) 6 dw by Lemma 4.4
=J +Jy +J5.
Similar arguments also lead to

I +1f

< JJ, 14w~ a@ioste )

./< _ Oe—y+2) 0o —9) =2 DOl = ) Al = v4)() du

// A(w)|05(t = 5) DB.(x — )

sgn(r — 1) / 2y — vs)(=) duw
riA(IVr)<|z|<riV1
[ s tu= o) £0 0 (Afu( 8))) ) 677 du
2
T
= J + 5+ Jf.

4. L'N BV -regularity. We estimate Jii (i=1,...,3). Almost all the computations
have already been done in the preceding proof. Indeed, Jli are of the same form as

n (5.12)—(5.13), with the new nonlinearity A and the new measures +(u+ — v4).
Arguing as for (5.14) thus gives

ZJfE Sl/ | Dq|dx
I 2¢ Rd

AW 0.25) / 2243 (s —va) (7).
— r<|z|<r +

SluOIBv(Rd)T”AIHLOO(R) by (2']‘0)

=|u—v| by (5.21)

Moreover, >, (p+ — v+) = p — v and hence
St = [ 1400 - 4G 00 - ) DA )

-sgn (r, — 1)/ zd(p — v)(z) dw.
riAN(1Vr)<|z|<riVv1
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This term is of the same form than J5 in (5.12) (or J, in (5.13)) with the new non-
linearity A and the new flux [ zd(p —v)(z). Arguing as for (5.15)

1A(AVr)<|z|[<riV1
and using (2.10) thus give

ZJzi < Juol gy way T [|A"|| oo (w) zd(p —v)(2)|
X

/7“1 A1Vr)<|z|<r1V1
Finally,

S ST e /| ol )~ ol el I
i Z|=2T1

5. Conclusion. The rest of the proof is the same as for Theorem 3.3; i.e. we use
the estimates on J= to estimate I3 + 4 < 2?21 >4 Ji in (5.22) and pass to limit
and/or optimizes w.r.t. the parameters r,¢,d > 0. The proof is complete. O

APPENDIX A. TECHNICAL COMPUTATIONS

Proof of (5.14) and (5.15). We start by proving (5.14) in the + case. Similar ar-
guments give the proof also in the — case. From Taylor’s formula

1
Oc(x—y+2)—0(x—1y)—z-DO.(x—y) :/ (1—=7)D*0(x —y+72)z-2zdr,
0

and hence by Fubini’s theorem, J;" in (5.12) can be written as

(A1) Jj—//(O’T)Q /T<|Z|<n /01 Os(t —s)(1—7)

: /]Rd /Rd 1Oy (v(x,t)) — Cy(uly, s))| D*0(x — y 4+ 72) 2 - zdyda dr du(z) dt ds.

=:J
For any k € R, it is classical that 7, (Cy(u(-,s))) = |k — C+(u(-, s))| € BV with
| D (C-(ul-, 8))| < [DC(ul-, 5))];

since it is the composition of a Lipschitz-continuous function with a BV -function;
see e.g. [13, 35, 57]. Integration by parts w.r.t. y (for fixed z, z,t, s), then leads to

17| = /Rd /Rd DOc(x—y+72) 2z dDnc, (u(w,)(Cs (u(-, 5)))(y) dz| ,

<l [ [ 1D~y 72)| DO (a9 0)
Rd JRd
Note that by the definition of 6. (just below (3.1)), we have

_ 1 _
/|D0€(J;)|dx:f/ | Déy|da.
Rd € Rd

Hence, we change the order of integration (using Fubini) to see that

_ 1 _
1< 2 1O (usDlmveesy [ DA e < [ C () vy [ | 1Dl

and then from (A.1) that

1 ~
PANES / |DO4|dx
€ JRrd

L] [t (= )l I (u() v ey dr dp(e) e .
(0,7)2 Jr<|z|<r1 JO
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Let us recall that the integrand above is drdu(z)dtds-measurable since s —
|u(s)|pv (ray is lower semi-continuous. By Fubini we then integrate first w.r.t. ¢

and use that fOT 05(t — s)dt <1 to see that

7] < / Dd|dx / (1—7)dr / |2[2du(2) / 1O (u(5)) | v ey ds,
€ Jrd 0 r<|z|<ri 0

and the proof of (5.14) is complete.
We prove (5.15) by similar arguments. Define
(A.2) afo.)i= o~ ulsgn (1~ 1) [ 2dp(2),
riA(1Vr)<|z|<r;V1

and note that it is Lipschitz-continuous. Again by Fubini’s theorem, J2+ in (5.12)
can be written as

(A-3)
Jf = //(Oj)2 O5(t — s) /Rd y DO (x —1vy) - q(Cy(v(z,t),Cy(uly,s))) dydx dt ds.

=:J
For fixed (z,t,s), ¢(Cy(v(z,t),-) is Lipschitz-continuous and Cy(u(-,s)) is BV;
hence, the composition ¢(Cy (v(z,t)), Cy(u(,s))) is in BV (R4, R?) with

|divyq(C(v(z, 1)), Cy(ul-, 5)))| < [DCY(ul-, $))| | qull oo 2R,
where ||qy || Lo (r,re) denotes the Lipschitz constant of ¢ w.r.t. its second variable.
We thus may integrate by parts in y to see that

7] < gull = ) / / Be(x — ) DO (u(- 9))|(y) da.
Rd JRA

Changing the order of integration, we find that

J <C (u(s))| By ey 1qull oo (r,R4Y
and hence by (A.3) and integrating first w.r.t. ¢, we get that

T
51 < gull e . / 1O (u(8)) | 3y ey ds.

The proof of (5.15) is now complete since by (A.2),

zdp(2)

lull e gy = /
riA(1Vr)<|z|<r;Vv1
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