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ABSTRACT. We study evolution equations that are fully nonlinear, degenerate parabolic, nonlocal
and nonmonotone. The major difficulty lies in nonmonotonicity, i.e. in the fact that no comparison
principle can be obtained. This implies that the classical method used to prove existence in the
context of fully nonlinear degenerate equations, namely Perron’s one, does not apply. We thus need
to use a fixed point argument and to get suitable a priori estimates, we need a refined version of
classical continuous dependance estimates. This technical result is of independent interest. We also
obtain results such as uniform or Holder continuity of the solution.
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1 Introduction

In recent years there has been an interest in developing viscosity solutions theory for parabolic
integro-PDEs. Particularly equations that occur in the theory of optimal control of jump-
diffusion (Lévy) processes |7, 14, 16, 2, 11, 13]. The use of viscosity solutions is appropriately
chosen because most of these equations are degenerate or fully nonlinear. In general, existence
is proved by Perron’s method with the help of a comparison principle. But in few other many
applications, like signal [4], there is no such a comparison principle. The equations are then
said to be nonmonotone. The notion of viscosity solution can still be used but existence must be
proved by classical fixed point methods. Our purpose is to find a general framework to treat these
difficulties that are degeneracy, nonlinearity, presence of nonlocal terms and nonmonotonicity.
For other recent works on nonmonotone equations, we refer the reader to [1, 3, 12] which study
equations that are involved in the theory of dislocation.

Let us present our mathematical framework. We are interested in existence, uniqueness and
regularity of viscosity solution of fully nonlinear degenerate parabolic integro-PDEs of the form

O+ F(t,x,u, Du, D*u,glu]) = 0in Qr, (1.1)
u(0,.) = wupon RY, (1.2)

where Qr :=]0,T[xRY F : [0,7] x RY x R x RY x SV x RM — R is a given functional
nonincreasing with respect to (w.r.t. for short) the D?u-variable and g[u] is a nonlocal term.
Here SV denotes the space of symmetric N x N real valued matrices. We investigate the case



where no monotonicity assumption w.r.t. the nonlocality is assumed (see Remark 3.1 for more
details); this led us to consider a class of nonlocal term of order 0 satisfying a Lipschitz condition
of the form
sup |glu] — g[v]|(m,2) <C sup |u—v|(r,2), (1.3)
[0,] xRN [0,] xRN
where C' does not depend on ¢, u and v. Examples of nonlocal terms satisfying (1.3) are nonlinear
integral operators of the form

ox M(t,x, z,u(t,x),u(t,z + 2))dp 2 (2), (1.4)

where supg,, |pe|(RY) < 400 and M is Lipschitz wr.t. its two last arguments. Further
examples are given by integral operators in both time and space variables such as

glul(t) = S(tyvo + /0 S(t — 1) f(u(r))dr, (15)

where S(.) is a semigroup generated by a linear operator A, f : R — R is Lipschitz and vy is
a given initial condition. Then, the Cauchy problem (1.1)-(1.2) is equivalent to the following
system:

o+ F(t,z,u, Du, D*u,v) = 0in Qr,
u(0,.) = wupon RY,
d
pTed +Av = f(u)in ]0, T,
v(0) = wvp.

When A is the Laplacian operator, for example, the associated semigroup S(.) is defined by
S(t)v := G(t) * v,

where * designs the convolution product in RY and G(t)(x) is the Green Kernel.

As far as the Hamiltonian F' is concerned, we first study the case where it is Lipschitz w.r.t.
the g[u]-variable and next the case where there is a coupling between g[u] and the derivatives
of u. The last one case can be seen as a generalization of [4] which treats the nonmonotone
equation

Owu — f(DG *u(t,.))tr (A(DU)DQU) =0in Qr,

for f > 0 Lipschitz-continuous, G which is a Gaussian function and A > 0 bounded continuous
on RY — {0}. In fact, our technics combined with these ones used to treat the mean curvature
flow by the level set method could allow to treat discontinuous Hamiltonians at Du = 0 and
such that

F*(t,z,r,0,0,\) = Fy(t,z,7,0,0,\).

But, for the sake of clarity we have chosen to present only the continuous case. An illustrating
example of what kind of coupling can be considered is the following quasilinear Hamiltonian

F(t,m,r,p, Xa )‘) = H(t,ﬂ?,?",p, >‘) —tr (ta—(t7$7p7 )‘) O'(t,.%',p, )‘)X) ) (16)

where H and o are Lipschitz w.r.t. (x, \) respectively locally and globally in p.



Another interest of this paper is a so-called continuous dependence estimate (see Theorem
4.1) for local parabolic equations which allow to obtain lots of needed a priori estimates. This can
be seen as a generalization of results of Souganidis |15, Proposition 1.4| for first-order equations
and of Jakobsen and Karlsen [10, Theorem 3.1| for second-order equations. Let us recall that
some of their applications are a priori Lipschitz and Holder estimates. In our setting, their
results are not sufficient, in particular they do not permit to prove that the function is uniformly
continuous. This improved version seems to us of independent interest.

The rest of this paper is organized as follows: in Section 2, we introduce the definitions and
notations that will be used throughout this paper. In Section 3, we state our results and prove
them in Section 4. The last one section also contains our continuous dependance estimate for
local equations.

2 Preliminaries

Throughout the paper, we will use the notations that follow. For a,b € R, we let a Vb denote
the real max{a,b}. We let a® denote the real a vV 0. Let k be an integer. For z € R¥, we let ||
denote the Euclidean norm of . We let Q7 denote the cylinder |0, T[xRN. We let MV denote
the space of N x N real valued matrices and SV the space of such matrices which are symmetric.
For every X,Y € SV, we say that X <Y when (X¢,¢&) < (YE,€) for all € € RY. The notation
(.,.) is the Euclidean scalar product of RY. Let E be a metric space. The closed ball of F
centered at  and of radius R is denoted by Bg(x, R).

Let us now introduce some functional vector spaces. Consider p €]0,1] and u : Qp — R*.
Define

|ulloo = sup |u(t, @),
te[0,7],zeRN
u(t,z) —u(t,y
l, wp ) —uty)
te[0,7],xz,yeRN z£y ’[E - y’
lully = lulloo + [ul,, -

We let Cy(Qr,R¥) and C’I? H(Qp,R¥) denote the spaces of continuous functions u : Qp — RF
such that ||u|| < +o0 and ||u||, < 400, respectively. We let BUC(Q, R¥) denote the space
of bounded uniformly continuous functions u. When k = 1, we let Cy(Q7), C’g’“ (Q7) and
BUC(Qr) denote the preceding spaces. Consider a function h : O C R¥ — R and a nonnegative
real a. We let w,(h) denote the modulus of continuity of size « of h. That is to say,

wa(h) = sup  [h(z) = h(y)|

z,y€0, |z—y|<a

We call modulus a function m : R™ — R such that m is continuous, nondecreasing, m(0) = 0
and such that m(aq + ag) < m(a1) + m(az) for all nonnegative reals o and «s.

Following [9], we now recall the notion of viscosity solution. This last one notion can be
defined for discontinuous locally bounded functions and Hamiltonians. Here, we only need the
continuous case. Consider the following general equation:

O + G(t,z,u, Du, D*u) = 0 in Qr, (2.1)



where the Hamiltonian G : [0,7] x RY x R x RY x S¥ — R is continuous and nonincreasing
w.r.t. its last argument. For each bounded continuous function u : @7 — R and each subset O

of Qr, we let 73(29’+(_)u(t, x) denote the second-order parabolic superjet (subjet) of u at (t,z) € O
relatively to O. Let us recall that (a,p, X) € 73(29’+(7)u(t, x) if and only if (iff for short)

u(s,9) < (2)u(t,2) +as + oy — ) + (G Xy — ),y = 2) +ofls — f] +]y 2P

as O 3 (s,y) — (t,x). We let simply P> (Su(t, z) denote the semijet Pfj:(_)u(t,x).
Definition 2.1. Let u belong to C(Qr).

1. The function u is a viscosity subsolution of (2.1) iff for every (¢,x) € Qr and (a,p, X) €
PEru(t, x),
a+ G(t,z,u,p, X) <0.

2. The function is a u viscosity supersolution of (2.1) iff for every (¢,z) € Qr and (a,p, X) €
PEu(t, x),
a+ G(t,x,u,p, X) > 0.

3. The function is a u viscosity solution of (2.1) iff it is both a viscosity sub- and supersolution
of (2.1).

Remark 2.1. Define the closure f?g’ﬂf)u(t, ) as the set of (a,p, X) € R x RY x SV such that,
there are (tn,x,) € O and (an,pn, Xp) € P(%J’Jr(_)u(tn,a:n) such that u(t,,z,) — u(t,z) and
(tn, Tn, Gy Py Xn) — (t,2,a,p, X). In fact, penalization technics used in [9] allow to prove that
the definitions above are still true by replacing Q7 by O :=]0,T] x RN and P>t (u(t,z) by
ﬁ?g’+(_)u(t,x).

In a similar way, we can define the notion of continuous viscosity semisolution of the following
differential equation:

f+G(f)=0inlo,T],

where f :[0,7] — R is the unknown function, and G € C([0,T]) is given. Then, the notion of
parabolic semijet is replaced by the notion of first-order Fréchet semidifferential: for ¢ €)0, 7]
recall that a € dLT() f(¢) iff

f(s) <(2)ft) + as + of|s — t]),

as s — t.
Let us now define the notion of viscosity solution of (1.1) which is used in our paper. Consider
a continuous Hamiltonian F and a nonlocal term g[.] : Co(Qr) — C(Qp,RM). Let F® :

[0,7] x RV x R x RNV x S¥ — R denote the functional defined by
FU(t,2,7,p,X) = F(t,,r,p, X, glu]).

Note that F(*) is continuous when v is bounded continuous. Consider the following equation in
w:
ow + F® (t,z,w, Dw, D*w) = 0 in Q7. (2.2)

Definition 2.2. A function u € Cy,(Q7) is a viscosity solution of (1.1) iff it is a viscosity solution
of (2.2).



3 Main results

Let us state our main results. We first consider nonlocal term uncoupled with the derivatives
of u and next we study the case where there is a coupling. All the constants appearing in this
section are noted CF" (resp. C9) when depending on the Hamiltonian F (resp. the nonlocal term
g[.]) and C% when also depending on a real number R.

3.1 Uncoupled nonlocal term

Let us consider a class of nonlocal terms g[.] that satisfy the following conditions:

(H1) The operator g[.] is well-defined from C,(Q7) into Cy(Qp, RM) (in particular, ||g[0]||c <
09 < +00).

(H2) If w is uniformly continuous w.r.t. x independently of ¢, then so is g[u].

(H3) There exists a constant C9 > 0 such that for every u,v € Cy(Qr) and t € [0, T],

sup ||g[u](7,.) — glol(7, )|lec < C7 sup [Ju(r,.) = (7, .)||oo-
T€[0,t] T€[0,¢]

As far as F' is concerned, let us assume the following conditions:

(H4) The Hamiltonian F is continuous and for each R > 0, F is uniformly continuous w.r.t. the
@u, D2u)—va£iable, independently of the others, on [0,7] x RY x [-R, R] x Bgn (0, R) x
Bgsn (0, R) x B (0, R).

(H5) The Hamiltonian F' is nondecreasing w.r.t. the u-variable.

There is a modulus mpg(.), depending on a real number R, such that for every ¢ > 0, ¢t € [0, 7],
r,y€RY re[-R,R], X,Y € SV and A\ € Bru (0, R),
I -1
() o

— — 2
F<tay7r7H7Y7)\> _F<t;$77ﬂaxy7X7)\> S’I?’LR <|33—y|—|—xy>
13 e c

(H7) The Hamiltonian F' is Lipschitz w.r.t. the g[u]-variable, independently of the others, with
a Lipschitz constant that is denoted by CF'.

(H6) if

then

(H8) supg [F(t,2,0,0,0,0)| < C" < +o0.

Remark 3.1. Assumptions (H4)-(H6) and (HS8) are classical when studying local equations (see
[9]). Monotonicity assumptions w.r.t. the nonlocality (see [14, 16, 2, 11] and remarks in Example
3.1 below) are replaced here by (H3) and (H7). Assumption (H2) is necessary to solve (1.1)-(1.2)
after having frozen the nonlocal part. If we strengthen (H4), then we can actually omit (H2) to
solve (1.1)-(1.2) in the space of bounded continuous functions (to see this, one could combine
technics used in [2| with our technics).



Then we have the following result.

Theorem 3.1 (Existence, uniqueness and BUC-regularity). Assume (H1)-(HS). Let ug belong
to BUC(RYN). Then there exists a unique u € BUC(Qy) such that u is a viscosity solution of
(1.1)-(1.2). Moreover, for each t € [0,T]

[lu(t, Moo < (||uolloc + Ct) ", (3.2)
where C = CF + CFC9 and vy = CFO9.

Remark 3.2. This theorem is also a regularity result, since we get the uniform continuity of the
solution. Moreover, the assumptions (in particular (H2) and (H6)) seem to us quite general to
get this.

Example 3.1. Suitable assumptions under which nonlocal terms of the general form (1.4) or (1.5)
satisfy (H1)-(H3) can easily be determinate by the readers. Some simple illustrating examples
of such nonlocal terms are:

e convolution operators K #* u(t,.), where K € L'(RV);

e Lévy operators of the form — [on u(t,z + z) — u(t, x)du(z), where p is a bounded Borel
measure (under suitable assumptions to ensure (H2), p can also depend on (¢, z));

e Volterra operators of the form — f(f B(t — s)u(s,z)ds, where B € L*(0,T).

Note that if the measure and the kernels above are nonnegative and if F' is nondecreasing w.r.t.
the g[u]-variable, then (1.1) is monotone (see [16, 2, 11]); but, in the general case (1.1) can
become nonmonotone.

We are now interested in Holder regularity of u w.r.t. . For u €]0,1], let us consider the
following condition:

(H2)’ There exists a constant C9 > 0 such that for every u € Cg’“(QT) and t € [0,7],

sup [glu](7,.)], < CY(1+ sup [[u(7,.)|].)-
7€[0,t] T7€[0,]

We let also
(H6)’ denote Assumption (H6) for mp (|:17 —yl+ @) =CEk (|a: —yl*+ @) )

where Cg is a nonnegative constant that depends on R. Let us state our regularity result.

Theorem 3.2 (Holder regularity). Assume that (H1), (H2)’, (H3)-(H5), (H6)’, (H7) and (H8)
hold true for any p €]0,1]. Let u be the unique viscosity solution of (1.1)-(1.2). Define R = ||u||oo
and R9 = C9(1 + R). Then for each t € [0,T],

[u(t, ), < (4[u0]ﬂe%%+03)671(t)t, (3.3)

2
where 7 = 2(CE  ny + 1), 71(t) = <4CFC~"€%%> " and Cp = (C'FCQ)_1 (CE pe + CTRY).



3.2 Nonlocal term coupled with the derivatives
Now, we strengthen (H2)’ by:
(H2)” There exists a constant C9 > 0 such that for every u € Cy(Q7) and t € [0,T],

sup [g[u(7,.)]; < C9(1+ sup |Ju(7,.)[|oc)-
T€[0,t] T€[0,t]

Assumptions (H6)" and (H7) on F are relaxed by:

(H9) There exists a constant C*" > 0 such that for each R > 0 there exists a constant C% > 0
such that for every e > 0, t € [0,7T], z,y € RV |r| < R, X, Y € S¥ and |\, || < R, if
(3.1) holds true then

F <tayar7$—y)y7)‘> —F <tal‘)rvm_y’Xnu’> <
93 9

2 2
T—y T —y A—
cf (lo-o+ T2 ) v or (= plan- =04 B,

Remark 3.3. Let us comment assumption (H9). Under (H6)’ (with g = 1) and (HT7), we have
_ _ 2
F<t7y7r7ajy7Y7)‘)_F<taxar7xy7X7/*’L) SC]};: <|‘T—y|+|$y‘>+cF|A_M|
£ € £

The role of the new term CF|\ — ul@ + C’F% that appears in (H9) can be illustrate by
the following simple example of Hamiltonian:

F(t,l’,?",p, X7 )\) = A|p‘ - tI‘ (A()\)X) )
where A = oo and o is Lipschitz.
Let us state our last result.

Theorem 3.3 (Existence, uniqueness and Lipschitz regularity). Let us assume (H1), (H2)”,
(H3)-(H5), (HS) and (H9). Then for each ug € W (RN) there exists a unique u € Cy(Qr)
such that u is a viscosity solution of (1.1) and (1.2). Moreover, defining R = ||u||sc and RI =
C9(1 + R), Estimate (3.2) still holds true and for each t € [0,T]

[u(t, )1 < (2lugls + Crt) €3, (3.4)
where ¥ = 2 (C’ngg +CFCI1+C9+ R+ C’ng)) +1 and Cr = (Cngg + C’FRQ).

Example 3.2. Simple assumptions under which quasilinear Hamiltonians of the form (1.6)
satisfy (H9) are the following: there are nonnegative constants C; (i = 1,2) such that for each
R > 0 there exists Cr > 0 such that:

1. Forevery t € [0,T], z € RN, r e R, pc RN, A € RM|

\&H(t,x,r,p, A)’ < Cl(l + |p‘) and ’8,\0'(75,.%,]9, )‘)‘ < 02-

2. If |r|, |\ < R, then |0, H (t,z,7,p,\)| < Cr(1+ |p|) and |0,0(t,x,p, \)| < Cg.



4 Proofs of the results

In this section, we prove the preceding results. This section is organized as follows: in
Subsection 4.1, we state a technical result (Theorem 4.1). This result is proved in Subsection
4.4. Subsection 4.2 is devoted to the proofs of Theorems 3.1 and 3.2. Theorem 3.3 is proved in
Subsection 4.3.

4.1 Continuous dependence estimate for local parabolic equations

To state our technical result, we have to introduce some notations. Let us consider equations
of the form

atui + Gi(t7$, Uy, Dui7 DQUZ) =0in QT7 (41)

where G; : [0, T] x RN x Rx RN xSV — R is a given functional (i = 1,2). We make the following
assumptions on Gj:

The Hamiltonian G; is continuous and for each R > 0, G; is uniformly
continuous w.r.t. the (Du;, D2ui)—variil)les, independently of the others, on (4.2)
[0,T] x RN x [~R, R] x Bgn (0, R) x Bgn (0, R).

There exists v > 0 such that for every ¢ € [0,T], x € RN, rseR, peRYN and X e SV, if r > s
then
Gi(tax7r7p7X) ZGi(t,.T,S,p,X)+”y(T_S). (43)

For each R > 0, there exists a modulus mg(.) such that for every e > 0, ¢t € [0,T], 2,y € RV,
r € [~R,R] and X,Y € SV if (3.1) holds true then

— _ 2
G; <t,y,r,$y,Y> —G; <t,x,r,xy,X> <mpg <|x —yl+ M) . (4.4)
€ € €

Finally, we assume that for each R > 0,

sup (Ga(t, z,7,0,0) — G1(t,z,7,0,0)) < +oo0. (4.5)
(t,z,r)EQr X[ R,R]

Let u; be a bounded continuous sub- and supersolution of (4.1) for respectively ¢ = 1 and
i = 2, 7 be a nonnegative constant (that will be appropriately chosen when using Theorem 4.1
in Subsection 4.2 and 4.3) and € be a positive real. For ¢ € [0, 7], define

5|7 — y|? "
me(t) = sup ur(t,z) —ua(t,y) —e"—— | ,
(z,y) RN xRN 2e
Jt, At Jt, At 5|7 — yl? i
o:(t) = inf sup | Gy (t,y,r, e’'p, e’ Y) - G (t,x,r, e’'p, e’ X) —melt—— ]

where we let d?(t) denote the set of (z,y,r,p, X,Y) such that,

7] < JJur (s lloo V 2 (t; ) lloo,
e

p=24,
Condition (3.1) holds true,

<




We also define

25 (t) = Sll(p) <G2 (7" Yy, r, 677p7 eWtY) — Gl (T, T, T, eﬁtp, eﬁTX) - 7677|5625y|> ’
De(t

where we let D.(t) denote the set of (7,z,y,7,p, X,Y) such that

T € [0,¢],

7| < [lua(m, oo V [ua(7, )lloo,
— Ty

I3 )

Condition (3.1) holds true.

Then, we have the following result.

Theorem 4.1. Assume that G; satisfies (4.2

)-(4.5) (i = 1,2). Assume that u; € Cyp(Qr) is a
sub- and a supersolution of (4.1) fori=1 and i =

= 2, respectively. Then:

i) For each € > 0 the function o(.) is measurable and for each t € [0,T],
t
me(t) < me(0) + [ ou(ryar
0

ii) If moreover v > 0, then for each t € [0,T], mc(t) < m-(0) + %25(&.
The proof of this result is given in Subsection 4.4.

4.2 Case of an uncoupled nonlocal term

Proof of Theorem 3.1. We use a contracting fixed point theorem. We leave it to the reader to
verify that for u € BUC(Qy) the Hamiltonian F(*) satisfies (4.2)-(4.4). Under these assump-
tions, it is well-known that there is a comparison principle between semicontinuous semisolutions
of (2.2). Moreover, supg |F®)(t,2,0,0,0)| < +oo and for ug € BUC(RY) there exists a unique
bounded continuous solution of (2.2) such that (1.2) is satisfied; we let ©Ou denote this solution.
For a proof of these results we refer the reader to [9].

Let us first prove that © maps BUC(Qy) into itself. We let m.(.), o-(.) and d”(.) denote the
functions introduced in Subsection 4.1 for u; = u, G; = F® (i = 1,2) and 7 = 0. Let mg)(.)
denote the modulus deriving from (4.4). For e > 0, ¢t € [0,7] and (z,y,r,p, X,Y) € d2(t),

(w) gl w (1. le—yl?
FY (t,y,r,p,Y)—F" (t,z,r,p,X) <mp’ ||z —y| + 8 :

where R = ||Ou||~. By the definition of d”(t), we see that % < moe(t) — me(t) + L. Thus

|z — gy

|z —y| + < 2\/5\/m2€(t) —me(t) + % +4 <m25(t) —me(t) + 1) .

9 n

Let a?(t) denote the right hand side of this inequality and define a.(t) := inf,en+ af (t). We get

F@ (ty,r,p,Y) = F@ (t,z,r,p, X) <mi¥ (a(1) |



Taking the supremum w.r.t. (z,y,r,p, X,Y) € dZ(t), we see that for all ¢ > 0 and all ¢ € [0, 7],

o=(t) < inf mi (al(1) < mig” (0=(1)).

By the item i) of Theorem 4.1, we find that for all e > 0 and all ¢ € [0, T7,

T
me(t) < me(0) + /0 m'Y (g (7)) dr. (4.6)

We let I. denote the integral term of this inequality. Let us recall that for each 7 € [0, 7],
me(7) is nonnegative and nondecreasing w.r.t. e. The limit lim_> | me(7) then exists and
lim_>  (moe(7) —me(7)) = 0. Moreover, we know that me(7) < 2[|®u|oc and we infer that

the family of functions (mg) (ag(.))) . is uniformly bounded and converges to 0 pointwise as
e>

e >0. By Lebesgue’s convergence Theorem, we deduce that lim6 B I. = 0. Since (4.6) implies

that )
[z —yl
2
for all t € [0,7], all ,y € RY and all £ > 0, we have proved that Ou is uniformly continuous
w.r.t. x independently of ¢. The uniform continuity in both time and space variable is now a

consequence of the following result.

|Ou(t, z) — Ou(t,y)| < m.(0) + I +

Proposition 4.1. For each v > 0, there exists C, > 0 that only depends on the Hamiltonian F,
l|t]loo, [|OUl|oe and the modulus of continuity w.r.t. the x-variable of Ou and that is such that,
for each a > 0,

sup we(Ou(.,z)) < inf{v + Cya}. (4.7

2€RN v>0
The proof of Proposition 4.1 is well-known for local equations (see [6, Lemma 9.1]) and can easily
be adapted to nonlocal equations; for the reader’s convenience, a sketch of the proof of this result
is given in Appendix A. The proof of the fact that © maps BUC(Qy) into itself is complete.

Define now the space
E:={uc BUC(Qr): u(0,.) =ug}

that we endow with the distance dg(u,v) = ||(u1 — u2)4||oo, Where v := 2CFC9 and
wy(t,x) == e Tw(t,z). (4.8)

We know that ©(E) C E. Let us prove that © : E — E is a contraction. Let u; belong
t

to E (i = 1,2). Define v := Qus + S-dp(u1,us). Let (a,p, X) belong to P>~ v(t,z). Using

successively (H5), (H7) and (H3), we show that

a—i—F(ul)(t,:c,v,p, X) 2 a+F(t7x7@u2?p7ng[ul])7
> a+ F(t,w,@m,p,X,g[uﬂ) - CF‘g[ul](ta $) - g[’L@](t,(IZ”,
> a+ F(t,z,0u,p, X, glus]) — CFCI sup ||ui(r,.) — ua(T,.)||sos
T€[0,¢]
> a+ F(“2)(t,$,@u2,p7X,) — CFC'967tdE(u1,u2).

Since (a — CFCgthdE(ul,uQ),p,X) € P?~Ous(t, x), the viscosity inequalities applied to Qug
(supersolution of (2.2) with u = wg) imply that v is a supersolution of (2.2) with u = u;. By
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the comparison principle, we infer that Qu; < v and (Ou; — Oug), < %dE(U/l,UQ). We can
argue similarly to get the other inequality and we conclude that © is a contraction. Since the
metric space (E,dg) is complete, Banach fixed point Theorem implies that the Cauchy problem
(1.1)-(1.2) admits a unique viscosity solution in BUC(Qr).

What is left to prove is Estimate (3.2). It will be a consequence of the following result.

Proposition 4.2. If u satisfies (3.2), then Ou also satisfies (3.2).

Proof. Let t € [0,T[ and h > 0 be such that t + h < T. A simple computation shows that the
function
s —v(s) = sup [|Ou(r,)]|w + (s —t) sup |F®(r,2,0,0,0)|
T€[0,1] (1,2)€Q¢1n

is a supersolution of (2.2) in the domain Jt,¢ + h[xRY. Since Ou(t,.) < v(t), the comparison
principle implies that

sup Ou < sup [|Ou(r, e +h  sup | F(r,2,0,0,0,glu])|
@t+h TE [Ort] (T,Z)E@t+h

Using successively (H7), (H3) and (H1) and (H8), we deduce that for all (7,z) € Q, 4,

|F(7,2,0,0,0,g[ul)] < |F(7,2,0,0,0,0) + CT|g[u](r, z)],

< |F(7,2,0,0,0,0)| + C* <|9[0]||oo+09 sup HU(T',-)Hoo)a
7'€(0,7]

< P rofo9i+ sup  Ju(,)]leo),
7/€[0,t+h]

= C+v sup |u(™,)]|co,
7'€[0,t+h]

where C' and 7 are defined as in (3.2). We get
sup Ou < sup ||Ou(7, )|lec +h [ C+v sup ||u(T,.)|| | -
Qeyn T€[0,¢] T€[0,t+h]
We can argue similarly to get the other inequality and we deduce that for all 0 <t <t+h < T,
sup [|©u(T,.)|lec < sup [[Ou(T,.)||oc + I <C+70 sup IIU(T,-)Iloo> -
T€[0,t+h] T7€[0,¢] T€[0,t+h]
Since Ou is uniformly continuous, the function

t€[0,7] — f(t) := sup ||Ou(T,.)||o
T€[0,¢]

is continuous. Lemma 4.1 then implies that if u satisfies (3.2), then f is a continuous viscosity
subsolution of the following equation:

f =C + g in ]0,T7],

where g(t) is equal to the right hand side of (3.2). The comparison principle then completes the
proof of Proposition 4.2 |

11



Let us return to the proof of (3.2). Since {u € E : (3.2) holds true} is a nonempty closed
subspace of E which is stable by ©, we see that the unique fixed point of © belongs to this
subspace. This completes the proof of (3.2) and a fortiori the proof of Theorem 3.1. |

Proof of Theorem 3.2. Consider the space
EF:={u € F:(3.2) and (3.3) hold true},

where R is any L* bound on E*. Let us prove that ©(E*) C E*. Proposition 4.2 implies that
for all u € E*, Ou satisfies (3.2) and ||Ou|| < R. To prove the Holder continuity of Ou, we
have to introduce some notations. For v > 0, define

Ey(t,z,r,p, X,\) = e "F(t,z,er e’p, e’ X, N),
F§“)(t,x,r,p,X) = Fy(t,x,r,p, X, glul).

The function (Ou),, defined as in (4.8), is a viscosity solution of the following equation in w:
ow + yw + Fv(“) (t,z,w, Dw, D*w) = 0 in Q7.
Following [15] and [10], we derive an Holder estimate on (©u).,. Theorem 4.1 item ii), applied to
Gi(t,z,r,p, X) =~r+ F§“)(t7x,r,p,X)
and u; = (Ou), (i = 1,2), implies that for all e > 0, all ¢ € [0,T] and all z,y € RV,

z— 2
(©u), (t.9) = (O], (1) < mo(0) + 230+ U0, (1.9)

We have

me(0)

sup <uO<x> —uply) — 22 y‘2)+,

(z,y) ERN xRN 2e

o |ZI§‘ — y|2 *
< sup [UO}M‘I' - y‘ - 92 )
(z,y) ERN xRN €

52— _u
< uglp terr. (4.10)
Let us derive an upper bound on X.(t). For (7,z,y,7,p, X,Y) € D.(t), define
I = F,g“) (T,y,r, e, eVTY) — F,g") (T,x,r, e, eVTX) , (4.11)

= F, (7’, Y, T, e%%,e%iﬁ glu](T, y)) - F, (T,SE,T, e”TfC;y,eWX,g[u](T,x)) .

Condition (H7) implies that

1< 8, (rr LY i) < B (L X ) )

+ e CF|glul (T, y) — glul(r, 7)|.
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By (H1) and (H3), we see that |g[u|(T,z)| < RY where RY is defined as in Theorem 3.2. By the
definition of D, (t), we see that e?7|r| < e77||(Ou),(7,.)||sc < ||Ou||sc < R. Moreover, Condition
(3.1) holds true and (H6)’ then implies that

. 12
I < e*’YTcngg (’x _ y’,u + 6(’Y+'Y)T|:E€y|> + 67770F|g[u](7,y) . g[u](T,x)|,
< F o T ’1' — y’2 F _—~T |
< Chun (e = v+ B2 4 oFemlglul(r, ) e — 1
Using (H2)’, we get
ez =y
I <Cilz —y/t + Coe’ ™ —"—, (4.12)
g

where Cy = CE, py + CF (Rg + C9 supeo [y (s, )]#) and Cy = CE, 5, Taking the supremum
w.rt. (1,z,y,7,p, X,Y) € D.(t), we get

—ul? _ 2Nt
26(t>§ sup <Cl‘x—y‘“+026’77'|xy|_,ye'y7"x2y’> .
T€[0,t], € £
z,yeRN

If we take ¥ = 2 (Cs 4 1), then for all ¢ € [0,T] and all £ > 0,
r>0

2\ T 2
() < sup 1T - < B 52fu. .
by < Cyr# <C12" 4.13
€

Inequalities (4.9) and (4.10) then imply that for all ¢ € [0,7] and all z,y € R,

2

2 o u |z —y|?
_ : 2— 1 = Ft
(Gu)'y (ta .13) (@u)'y (ta y) < ;2% [UO]M H 4 ~ g2—n +e 725 ,
2—p
2 Cﬁ R

< 2| [uolp ™ + =2 e2 7z — y|*,
C -

< 2([uo1u+ — )e%%—yw;

"}/ 2

that is to say,

[(@u(t, '))”L <2 ([uo]u + C_l) Bt
"y 2

(Chvrs +CFRg)> BT 2C7CI sy
’}/ 2

<2 <[u0],u + 2—n
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Recalling that v > 0 is arbitrary, we can take v = 1(¢) > 0 in this inequality, where ~;(t) is

"

such that %65% = % We then have proved that for all w € E* and all ¢ € [0,7],
@) 2

CE  ne + CTRY r—
©u(t. )] < 2 (o + G O Ly e
H %! (t)T 2 T€[0,¢]
1 = 1
< 5 (4uolue7 + Cr) + 5 sup g, (7, Voo (4.14)
2 T€[0,t]
where R is any L® bound on E* and 7 (t) and Cg are defined as in Theorem 3.2. A simple
computation now completes the proof of the stability of E# by ©. Since E* is a nonempty closed
subspace of E, we deduce that the unique fixed point of © belongs to E*. Thus, the unique
viscosity solution u of (1.1)-(1.2) is Holder continuous and satisfies (3.3) (note that we have also

proved (4.14) for R = max{||u||c0, ||Ou||c0 }). The proof of Theorem 3.2 is now complete.
|

4.3 Case of a coupled nonlocal term

Proof of Theorem 5.3. The proof is based on a contracting fixed point theorem. Note that for
each u € Cy(Q7), the Hamiltonian F®) satisfies (4.2)-(4.4) and supg, [F"(t,2,0,0,0)| < +o0;
hence, there still exists a unique bounded continuous viscosity solution ©u of (2.2) which satisfies
(1.2).

First step: a needed gradient estimate. We begin by the proof of the following property: for all
u € Cy(Qr) and all t € [0, 7]

[Ou(t, )1 < (2[uo)s + Crt)e3?, (4.15)

where R = max{]||u||co, ||Ou||sc} and 7 and Cr are defined as in Theorem 3.3. The item i) of
Theorem 4.1 for G; = F( and u; = Ou (i = 1,2) implies that

_ 22
OQu(t,r) — Ou(t,y) < mc(0)+t sup o.(7)+ J’JM’
T€[0,4] 2e
- a2
< ma(0) +£5.(t) 4 T (4.16)

2e

Condition (H9) gives the following estimate on I (I being defined as in (4.11) with v = 0): for
alle >0,t€[0,7] and all (1,z,y,7,p, X,Y) € D.(t),

I < Chypelr—yl <1 + e”””;y’) +
CFglul(r, y) — gl (7, 2) <1 Lol - ol , rloll(ry) ;g[U](T, x>|) |
< Chvrsle =yl <1 + e””:;y’> +
O lgfulls |z — y] <1 vty rlobdhle —y|> |
< (Chur+ C¥lglull) e~ 3l + (Churs + C7lalull + O lgfull) 77—
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where R := max{||u||c0, ||Ou||c} and RY is defined as in Theorem 3.3. By (H2)”, we get (4.12)
for 4 = 1 and C; which is now equal to Ck, 5, + CTRI. Inequalities (4.16), (4.10), (4.13) and
an optimization w.r.t. € as in the precedent proof then complete the proof of (4.15) .

Second step: local-in-time solvability of (1.1)-(1.2). For t* €]0, T}, define the space
By = {u € Cy(Qy) : u satisfies (1.2) and (3.2)}

endowed with the distance of the uniform convergence. We claim that Proposition 4.2 still
holds true under the assumptions of Theorem 3.3. This implies that © maps FEu into itself.
Let us prove that © : Eyx — FEu is a contraction for ¢* sufficiently small. In what follows,
we let R denote a L™ bound on Ej« and we let R’ denote a bound on ©(E«) for the [.];-
seminorm. Such a number R’ exists, thanks to (4.15). Consider u; € Fy (i = 1,2). Define
N = supsejo+1{1Oui(t,.) — Oua(t,.)} and M := sup,c(g s+ [|lu1(?,.) — ua(?,.)|[oo. The item i) of
Theorem 4.1, applied to the functions ©u;, the Hamiltonians F(“) and ¥ = 0, implies that for
all € > 0,

2 72
N < me(0) +t* sup o.(t) < ol 4 sup o.(t) < Bt sup oo (t). (4.17)
t€[0,t*] 2 te[0,t*] te[0,t*]

Let us derive an upper bound on sup;c(g 4+ 0<(t). Consider ¢ € [0,t.] and (z,y,7,p, X,Y) € dZ(?).
Condition (H9) implies that

FU2) (g r,p, V) — F (t,2,7,p, X) <

_ _ N\ —
Chyrolz — ] (1+’x€y’>+CFA—uy <1+ wgy’-i-’ 8“’), (4.18)

where A = g[u1](t,y) and p = glus](t,z). By (H2)” and (H3),

A—pl < lglw](t, )ile =yl + [glu](t, ) — glug](t, )],
< G+ sup Jur(T,)[oo)|lr —y| + CIM,
T€[0,t*]
< RIx—y|+ CIM. (4.19)

Using (4.18) and (4.19),
F(u2) (t7 y’ r? p7 Y) - F(ul) (t7 z’ r’ p? X)

- Yl M
< Cilz — vy <1+|x€y|>+CQM<1+|:EEy|+E

) . (4.20)

where C; only depends on C*', C9, C’g\/Rg and R (i = 1,2). Let us prove that

1 1
— <2R'e+2y/e—. (4.21)
n n

|z —y| < 2\/5\/77125@) —me(t) +
If mo-(t) = 0, then (4.21) is immediate (since z = y). In the other case, that is to say if

mac(t) > 0, we can deduce from (4.36) that the approximate supremum mo.,(t) (defined in
(4.25)) is positive for all n sufficiently small. If mo. ,(t) is achieved at some (Z,7) (by (4.24),
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such a maximal point always exists), then we see that % € 0V (Oua(t,.))(m) and it follows

that |T — | < 2R’e. By a simple computation, we get moc n(t) — mey(t) < WZEP < Rc. The
limit as 7 = 0 in this inequality then gives mo.(t) — m.(t) < Re. Inequality (4.21) is now a
immediate consequence of the definition of d”(¢). By (4.20), it follows that

sup o.(t) < Cse + C4M (1 + M) ,
te[0,t*] €

where C; only depends on CF', €9, Cgv re» R and R’ (i = 3,4). Inequality (4.17) implies that
for all € > 0,

/2 M 2 M?
N < RTE +t* <(3’35+ CyM (1 + a)) =t"CyM + <R2 +t*C’3> €+t*04?-

By taking the infimum w.r.t. €, there exists a universal constant C' > 0 such that

sup {Oui(t,.) — Oua(t,.)} < (t Cs+C (R—i-t Cg>2 \/7?\/54) M

te[0,t%]

By exchanging the role of Ou; and Oug, we conclude that

sup ([0 (t,.) — Ous(t, oo <
te[0,%]

(t*04+C(R+t Cg) \f\/(74> sup ||ui(t,.) — ua(t,)|loo-

te[0,t*]

Since C; only depends on CF, €9, Cngg, R and R’ (i = 3,4), we have proved that © is a
contraction for t* > 0 sufficiently small. This established the local-in-time solvability of the
Cauchy problem (1.1)-(1.2).

Third step: global solvability. Define now

I:=
{t €]0,T] : 3 u* € Cy(Q,) such that u’ satisfies (3.2) and u’ is solution of (1.1)-(1.2) in Q;}

and t,,4, = sup I. By the preceding step, I # (). Let us prove that t,,,, = T. Let us assume the
contrary and let us seek a contradiction. By construction, there exists a unique utme= € Cy(Q4,,....)
such that u!me= satisfies (3.2) and w'me= is solution of (1.1)-(1.2) in Q... By (4.15) and
Proposition 4.1, ufma= satisfies (3.4) and (4.7). We leave it to the reader to verify that Proposition
4.1 still holds true under the assumptions of Theorem 3.3. The family (u'me= (s, .))sc(0,tma.| thus

satisfies the Cauchy property for s S tmaz and it follows that ufmas € C,? ’1(§tmaz). Consider the
following Cauchy problem:

O+ F(t,x,u, Du, D*u,glu]) = 0  in Jtmee, T[XRY, (4.22)

Utmaz,-) = u'™ (tmas,.) on RY (4.23)
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where glu] := g[w] with w which is defined as follows: w := u'm* on @, and w = u on
[tmaz, ] X RV, Arguing as in the second step, we can prove that there exists t €|t;q2, 7] such
that there exists a unique u € Cy([tmaz,t] X RY) which satisfies (3.2) and which is solution
of (4.22)-(4.23) in Jtmaz, t{xRY. For each u € Cy([tmaz,t] x RY) which satisfies (4.23), define
u € Cp(Q,) as follows: & = u'™ on Q, and & = u on [tyaqe,t] X RY. Since

—)a7 2’+ - mazx
P2 Vit @) C Pt ) vt (b, @),
the function u is solution of (4.22) in |tmae, t[x RY iff @ is solution of (1.1) in Q;. We deduce that
t € I. Since t > a2, We get a contradiction and necessarily 4, = T. The proof of Theorem
3.3 is now complete (1). [

4.4 Proof of Theorem 4.1

Before proving our continuous dependence estimate, we have to recall two classical lemmas.
The first lemma establishes a relation between the Fréchet subdifferential and the Clarke gen-
eralized derivative of a function of the real variable and the second lemma is a semicontinuity
result on marginal functions.

Here is the first result.

Lemma 4.1. Let f : [0,T] — R be a locally bounded function. For each s €]0,T],

flt+h) = £

sup V" f(s) < limsup Y

t—s

h20

Proof. Let & belong to 0%F f(s). For each 7 sufficiently small, f(s+ 7) < f(s) + &7+ o(7). If
7 < 0, then

fﬁf(SJrTT)_f(S)*O(:):f(t)__f;EtJrh)*O(:)’

where ¢ + h:= s and t := s+ 7. Since t — s and h = 0 when 7 > 0, the proof of Lemma 4.1 is
complete. |

To state the second lemma, we have to introduce some notations and recall some definitions
on multiapplications. Consider E and F' two metric spaces, k an integer, and f a given function
from E x F into R. For z € E, define g(z) := supycq(y) f(,y) where we let d(z) denote any
subset of I’ depending on =x.

Definition 4.1. The multiapplication d : F == F is said to be nonempty valued and compact
valued if for each x € E, d(z) is a nonempty compact subset of F. Moreover, we say that:

1. The multiapplication d is upper semicontinuous on E (u.s.c. for short) iff for all z € E and
all neighborhood U of d(x), there exists n > 0 such that for all 2’ € Bg(z,n), d(z') CU;

'In fact, the uniqueness of the solution has been proved amongst the bounded continuous functions that satisfy
(3.2). But, we claim that the ideas of the proof of Proposition 4.2 allow to show that a priori solutions satisfies
(3.2); hence, the solution is unique in Cyp(Qr).
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2. The multiapplication d is lower semicontinuous on E (l.s.c. for short) iff for all x € E, all
sequence ,, — x and all y € d(x), there exists a sequence y,,, € d(x,,) such that v, — y;

3. The multiapplication d is continuous on F iff it is both u.s.c. and l.s.c. on E.
Here is the second lemma.

Lemma 4.2. Assume that [ is continuous and that d is nonempty valued, compact valued and
u.s.c. on E. Then, g : E — R is well-defined and upper semicontinuous. If moreover d is l.s.c.
on E, then g is continuous on E.

For a proof of this result we refer the reader to [5, Theorem 7.3.1]. Let us now return to the
proof of our continuous dependence estimate.

Proof of Theorem 4.1. Let us introduce some notations that will be needed. Define

o a2
Uelt2,y) = wr(t,2) — wo(ty) — 2

and

\Il(tvxa Yy,r1,72, D, X’ Y) =
|z —yl?

+
<G2 (ty,72,€7'p, Y = G (t,2,71,€7'p, 7' X)) — ve”tzg> |

Let us perturb the functions m.(.) and o.(.) the following way: let ¢ € C2(R") be nonnegative
and such that ¢(0) =0, C? := ||D¢|| + ||D?*®||00 < +00 and

| ‘lim () = 4o0; (4.24)
x|—+00
for n €]0,1] and ¢ € [0, T, define
Mep(t) = sup  (¢e(t, ,y) —n(o(x) + 6(y) ", (4.25)
(z,y) RN xRN
0'5777(t) = Sup \I’(taxay)ruT)p)X)Y)v

de,n(t)
where we let d.,(t) denote the set of (z,y,r,p, X,Y) such that,

2([Juloc V]|u2]|o0)
|r| < maxj—1 SUP{¢< 2<|\u1\|oov|\u2\|oo)} |ui(t, )],
T—y B !
p=——=
Condition (3.1) holds true,

2
B < gy (1) — mey (8).

\

Let us give some properties on these functions that we admit until the end of the proof of
Theorem 4.1.

Proposition 4.3. The functions me,(.) and 0. ,(.) are well-defined from [0,T] into R* and are
continuous.
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The strategy of the proof of Theorem 4.1 is the following: first, we will prove that there exists
a constant R > 0 such that for each n €]0, 1],

mey(.) is a continuous viscosity subsolution of the following differential equation in f:
f= (0ey — )T+ 2wr(nC?) in 10,77,
(4.26)
where we let wg(.) denote the modulus deriving from (4.2); this will give us some approximate
continuous dependence estimates, thanks to the comparison principle, and we will conclude by

taking the limit as n 20 in these estimates.

First step: proof of (4.26). By Proposition 4.3 and Lemma 4.1, it remains to prove that for each

s €]0,T7,

Mey(t +h) —mey(t)
h

lim sup < (0ep(s) — vman(s))'|r + QwR(nC¢). (4.27)

t—s

h>0
Let us perturb again the functions m. ,(.) and o.,(.) the following way: define
E:={th)eR?:0<t<t+h<T}

and for every (t,h) € E and A € RT define

Mc(t,h,\) = sup (We(m2,y) = n(d(x) + d(y)) — AT — 1),
TE[L,t+h],
(z,y)ERN xRN
E(ta hv )‘) = sup '1’(7756,3/, r, T2, P, Xv Y)a
D(t,h,\)

where we let D(t, h, ) denote the set of (7,z,y,71,72,p, X,Y) such that,

T € [t,t+ hl,
2({[ua [oo V[[u2]l o)
¢(x) S n ’
T — T2 2 Ma(t; h7 )\)7
|ri] < max;j—; SUPY, 1y { s Al ooV ngle) lujl,  (i=1,2)
_ oy !
pP=——=
Condition (3.1) holds true,

L < My (8,7, A) = Me(t, By N),

The new domain, on which the supremum M, (¢, h, A) is computed, is introduced in order to use

Equation (4.1). Note the presence of the penalization terms, n(¢(x) + ¢(y)) and %, which
are classically used when working with viscosity solutions (see [9]). Let us recall that there are
respectively used to treat unbounded domain and to split in two the space variables and use Ishii
Lemma. Here are some properties on the functions above that we admit until the end of the
proof of Theorem 4.1.

Proposition 4.4. The functions M.(.,.,.) and X(.,.,.) are well-defined from E x RT into R*
and are continuous.
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Let us take the parameter A = A(¢, h) large enough in order that
Mc(t,hy A(t, h)) < M(t,0,\(t, h)) = mey(t). (4.28)

Roughly speaking, A(t, h) will be an upper bound on the velocity of m. ,(.) on [¢,t+h] and (4.27)
will be obtained by taking the limit as ¢ 2 s and h = 0. Take

2 (||u V ||u T 6e7T
R:max{||u1||oo\/||u2||oo,2\/ OYES 5” 2llec) +C°?, : +c¢>}. (4.29)

For every (t,h) € E, define
A(t, h) :==supd(t, h), (4.30)

where we let d(t, h) denote the set of A\ € R such that
A= St 7 \) — 2wp (nc¢) <0. (4.31)

We have the following result:
Proposition 4.5. The function \(.,.) is well-defined from E into R and is u.s.c..

Proof. 1t is easy to see that X(t, h, \) is nonnegative and bounded independently of (¢,h,\) €
E x RT. Then, d(.,.) is nonempty valued and compact valued thanks to the continuity of
(., .). Moreover, Ui p)epd(t, h) is relatively compact and the continuity of (., ., .) also ensures
the upper semicontinuity of d(.,.) on E (?). By Lemma 4.2, the proof of Proposition 4.5 is
complete. |

Let us prove that for all (¢,h) € E, (4.28) holds true. When M.(t, h, A(t,h)) = 0, (4.28) is
immediate (since Mc(t, h, A) is nonnegative). Assume that M.(t, h, A(t,h)) > 0. The continuity
of M.(.,.,.) implies that for all A > A(¢, h) sufficiently close to A(¢,h), Mc(t,h,\) > 0. Let X be
such a number. By (4.24), there exists (7,,y) at which M.(t, h, \) is achieved. Necessarily,

=) < 2lur]locV]|uz|loo)
{¢(x)< - n : ’

7 l—31? 32
T EIE < Moc(t, h, N) — M(t, R, N).

Let us prove that 7 = ¢. Assume the contrary and let us seek a contradiction. We let O denote
the cylinder ]¢,¢ + h] x RY. Ishii Lemma (see [8] or [9, Theorem 8.3]) implies that there are

(0,675 +nD(E), 7" X +nD2p(T)) € P ui(F 7).
(b, 7D —nDG(T), 7Y —nD2p(7)) € Pg ua(7,7),

with

ﬁ = mTu )
C =l

a—b= )\—f—’yew%,

Condition (3.1) holds true.

N

2 Indeed, multiapplications of the form d(z) = {y € F : h(z,y) < 0}, where E, F are metric spaces, h :
E x F — R” is continuous and Ugzerd(z) is relatively compact, are u.s.c. on E.
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Using the viscosity inequalities, we get

a—b< Go (7,7 u2, e p—nD(T),eY — nD*(7))
— G (7.7, u1, P+ nDP(T), " X + nD*¢(T)) .

By (4.32) and (3.1), we know that |e77p| < 2\/2<”“1"°°V'€'“2“°°>€”7 and |X|,|Y| < ¢. Recalling
that 7 is nonnegative, the definition of R (see (4.29)) and (4.2) imply that

a—b< Gy (?, 7, U2, €17 p, eTTY) —Gh (?, Z,u1, € p, eTTX) + 2wg <nC¢> .
We then deduce that

A

IN

= _ 7|2
G2 (?7 Y, U2, 677]7)7 e’YiTY) - Gl (?7 T, u1, e’y*‘rﬁa e’y*TX) - ,}/e'y‘l‘|x26y| + 2CUR (770¢> )
S \IJ(?7 f: ?7 T, T27ﬁ7 X7 Y) + 2(*‘JR <n0¢) ) (433)

where r1 = u1(7,T) and r2 = ua(7,y). Recalling that M.(¢,h, X) > 0, we get
(Ve(7,7.9) = n(6(@) + 6(7)) = AT — 1)) > 0.

As a result of this,

Ve (7, 7,Y) — n(6(T) + 6(y)) — AT — 1)
= (7, 7,9) — (T + 6(7)) — N7 — ) = Ma(t, h, \).
The nonnegativity of 677@ + n(o(T) + ¢(y)) + \M(T — t) implies that r1 — ro > M(t, h, \).
According to (4.32) and (3.1), (7,%,y,r1,72,0,X,Y) € D(t,h,\) and (4.33) implies that A <
S(t, h, A) + 2wg (nC?). By (4.30), (4.31) and the fact that A > A(¢, ), we get a contradiction.
Consequently, 7 =t and M.(t,h, \) < M(t,0,\). By the continuity of M.(.,.,.), we can pass to
the limit in A = A(¢, k) to complete the proof of (4.28).
Now, a simple computation shows that for all (¢,h) € E,

mz—:ﬁ](t + h) < ME(t7 ha )‘(t> h)) + )‘(t7 h)h < ME(ta 07 )‘(ta h)) + )‘(t7 h)h = mem(t) + )\(ta h)h

It follows that for all s €]0, T,

Mey(t + h) —mey,(t)

lim sup Y <limsup A(t, h) < A(s,0),
t—s t—s
h>50 h>50

thanks to the upper semicontinuity of A(.,.). Moreover, the continuity of X(.,.,.) and the defi-
nition of A(.,.) imply that

A(s,0) = 2(s,0,A(s,0)) + 2wr(nC?)

(in fact, this holds true not only for (¢,h) = (s,0) but for all (¢t,h) € E ). Since (4.3) implies
that
E(S’ 0, )‘(‘97 0)) < (UE,U(S) - 'VME(S’ 0, A(Sv 0)))+ = (0'5777(5) - ’Ym&T](S))Jrv
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we deduce that A(s,0) < (02,(s) — Ymey(s))T + 2wr(nC?). Inequality (4.27) is now immediate
and this completes the proof of (4.26).

Second step: taking limit as n 0. By the comparison principle, we deduce from (4.26) that for
each t € [0, 7],

t
Men(t) < men(0)+ / Oey(T)dr + 2t wr(nC?) (4.34)
0
and if v > 0, then for each t € [0, T]
1
men(t) < mey(0) + 5 Sl[lp] Oen(T)dT + 2t WR(NC?). (4.35)
T€[0,t

Indeed, the right hand side of (4.34) (resp. (4.35)) is a classical solution (resp. a continuous

supersolution) of (4.26) as function of the t-variable. Let us pass to the limit as 7 = 0 in these
inequalities. One can see that for all ¢ € [0, T,

lim mie () = me(t) (i =1,2) and limsupo.,(t) < oc(t). (4.36)

>0 >0
The first limit is classical and its verification is left to the reader. Let us prove the second limit.
Let n be a nonnegative integer and let ¢ belong to [0,7]. For all positive n sufficiently small,
Moey(t) — Mey(t) < moc(t) — me(t) + % Consequently, d. ,(t) C dZ(t) and o.,(t) < o2(1).
Taking the infimum w.r.t. n € N* implies that lim SUp, > 0cy(t) < 0:(t). This finishes the proof
of (4.36). Note now that the set d.,(t) is bounded independently of ¢t and 7. We deduce, by
(4.4) and (4.5), that the family of functions (0. y),>0 is uniformly bounded on [0,77]. By (4.36)

and Fatou’s Lemma, the limit as n 2 0in (4.34) completes the proof of the item i) of Theorem
4.1 (for a proof of the measurability of o.(.), see Appendix B). Moreover, when vy > 0 it is
immediate that U.¢jo {7} X dey(7) C De(t) for all ¢ € [0,7] and all n > 0. The item ii) of
Theorem 4.1 can thus easily be deduced from (4.35) and this completes the proof of Theorem
4.1. |

Proof of Propositions 4.3 and 4.4. We only show that X(.,.,.) is a well-defined real valued con-
tinuous function since the other points can be proved by the same ideas. Defining r*° as in
(4.38), we see that

(¢,0,0,7°°,—r>,0,0,0) € D(t,h, \)
for all (t,h,\) € E x RT. Tt follows that D(.,.,.) is nonempty valued. Moreover, it is clear
that D(.,.,.) is compact valued and since U, , \)epxr+ D(%, h, A) is relatively compact, D(.,.,.)
is w.s.c. on E x R" (see Footnote 2 on page 20). According to Lemma 4.2, we are then reduce
to proving that D(.,.,.) is Ls.c.. Let (t,h,\) € E X RT, (tp, hin, Am) € E x RT be a sequence
which converges to (¢, h,\) and (7,z,y,71,72,p, X,Y) € D(t,h,A). For m € N* define
[ Jrrzlziu; Sup[tm,tm+hm]x{¢§2<”“1H°°nv”“2”°°)} |ujl,
M, = Ms(tmahma)\m)

and

Tm, = maX{tm, mln{T, tm + hm}}7

max{—r > + M,,, min{ry, > }},

T1,m

rom = max{—r,,,min{re, v, — My,}}.
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For any v € [0, 1], define y, := (1 — v)x + vy. We get % = Vz%. Define

4
e —_— {1, ﬁ (Mo (tms o M) — Me(ts B )\m))}
r—Yy

and Y, = Yo, and p,, = ==, Observe that for all reals a < b and ¢

a < max{a, min{c,b}} < b and
if a < ¢ <b, then max{a, min{c,b}} = c. (4.37)
Since M, < 2r°, —re® + M, < rg°. By (4.37) and the nonnegativity of M,,,
—rpy < =1 4+ My, <11 <1y

Using now that —rg® < ry ., — My, (4.37) implies that

—1py < Tom < Tim — My <1y — My, <1y
We then have proved that |r; | < rgY (i = 1,2) and that rq n, — rom > M;,. We deduce that

(Trms T, Yms T1ms T2,ms Py X, Y) € Dty homy Am),

the detailed verification of the conditions on 7,,, ¥, and p,, being left to the reader. Moreover,
we have the following properties:

o0

(S SR
0 TOC 1= maxsu

IRASUDY e f o MooV bnzloe) ) |ujl, (4.38)
— , < L
M, — M := M.(,h, ).

r

This can be seen by using Lemma 4.2 to prove the continuity of M.(.,.,.) and the continuity of
r> (as function of the (¢, h)-variable). Then,

rim  — max{—r" + M, min{r;,r*}},
rom — Max {—roo, min{rg, limry ,, — M}} .
m

Since |r;| < r® and r —rg > M, —r* + M < ro+ M < r; < r*® and (4.37) implies that
lim,,, 1, = 71 and lim,, r9,, = r2. We easily deduce that

(Tma TyYmsT1,m>T2,m> Pm, Xv Y) - (Ta r,Y,T1,72,P, X7 Y)

and this finishes the proof of the lower semicontinuity of D(.,.,.). The proof of Propositions 4.3
and 4.4 is now complete. |

A Sketch of the proof of Proposition 4.1

Let
su w @U t,. -V
C!, = sup Drelo] 6(2 (o) ’
>0 p
2R
M = 2\/;>
C, := sup|F(t,x,r,p, X, )|,
K

23



where R = ||u||o V ||Ou||so and K denote the set of (¢,z,r,p, X, A) such that,

te[0,T7,

Ir| <R,

Ip| < C,M,

X <C,

IA| < C9(1+ R).

If Ou is uniformly continuous w.r.t.  independently of ¢, then C/, is finite. By (H4), (H7) and
(H8), it follows that C, is finite. Let s and y be fixed. A simple computation shows that the

function
= yl?
v(t,z) = Ou(s,y) + v+ C,—————+ Cy(t — s)

2
is a viscosity supersolution of (2.2) in |s, T'[x B~ (y, M). Moreover, for each x
|z —y|”

@U(S,:C) - @u(s,y) < Wz—y| (@u(57 )) sv+ CI,/ 2 :

It follows that Ou(s,.) < v(s,.). Another simple computation shows that ©®u < v on the domain
|5, T[xOBgn (y, M). Using the comparison principle with a Dirichlet condition (see [9]) and
choosing = y, we deduce that Qu(t,z) < Qu(s,z) + v + Cy(s —t). We can argue similarly to
obtain the other inequality and prove that |Qu(t,x) —Ou(s,z)| < v+C,|s—t| for all t, s, z. The
proof of Proposition 4.1 is complete. |

B Proof of the measurability of o.(.)

For t € [0,T], define o2(t) := supdg(t)\ll(t,x,y, r,r,p,X,Y). Let us prove that o?(.) is
measurable. For a set A of a metric space F, define

{ 0 ifx e A,

—00 if not.

Ia(z) :=

We let A denote the set of (X,Y) € S*¥ such that (3.1) holds true. For ¢ € [0,7], we let B(t)
(resp. C(t)) denote the set of 7 € R (resp. (z,y) € R?Y) such that r < [|ui(t,.)]|oo V [Ju1(t, )]s

(vesp. Iw;y\z < mac(t) — me(t) + ). We see that

£

z—y
U?(t) = SUP(z,4,7,X,Y)ER2N xRx A {\II <t7 LY, T, Ta X, Y) + HB(t) (T‘) + HC’(t) ($, y)} :

o

For each t € [0, 7], <C’(t)> = C(t) and either B(t) = {0} or (Bc()t)> = B(t); this implies that

x_
O-?(t): Sup {\I/ (t,!E,y,T‘,T,y,X,Y> +HB(t) (T)—I_HC(t) (IE,y)}a
Q2N xQxD 3

where D is a countable dense subset of A. Moreover, t — ||u1(t, .)||coc and m;(.) are measurable
as Ls.c. functions (i = 1,2). Consequently, for each (x,y,7, X,Y) € Q" x Q x D, the function
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is measurable. The function ¢7(.) then is measurable as countable supremum of measurable
functions. Since o.(.) = infy+ 07(.), we have established the measurability of o.(.). [
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