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Abstract

We study, in the semiclassical limit, the singularly perturbed nonlinear
Schrodinger equations

Lhvu=f(lu*)u inRY (0.1)

where N > 3, LZ’V is the Schrodinger operator with a magnetic field
having source in a C'* vector potential A and a scalar continuous (electric)
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potential V' defined by
2h

Lhv=—-hA— 7A~V+|A\2 - %divA—FV(m). (0.2)
Here f is a nonlinear term which satisfies the so-called Berestycki-Lions
conditions. We assume that there exists a bounded domain ¢ RY such
that

mo = Jph V() < B, V()

and we set K = {z € Q | V(z) = mo}. For h > 0 small we prove the
existence of at least cupl(K) + 1 geometrically distinct, complex-valued
solutions to (0.1) whose modula concentrate around K as i — 0.

1 Introduction

In the present work we study, in a semiclassical regime, a nonlinear magnetic
Schrédinger equation, which arises in many fields of physics, in particular con-
densed matter physics and nonlinear optics. More precisely, we are looking for
stationary states to the evolution equation

Y = L b= [P in RY < RY, (1)
where 2 = —1 and LZ,W is the Schrodinger operator with a magnetic field

B having source in a C! vector potential A and a continuous scalar (electric)
potential W defined by

h 2 2h h
L v = (,V - A) +W(x) = —h*A—"A-V+|AP? -~ divA+W(z). (1.2)
’ i i i
Mathematically the transition from Quantum mechanics to Classical mechanics
is described letting to zero the Planck constant (A — 0) and the solutions, which
exist for small value of h, are usually referred semiclassical bound states. For
the physical background, we refer to [37].

The ansatz that the solution ¥ (z,t) to (1.1) is a standing wave of the form
bit,2) = e u(a),

with £ € R and u: RY — C, leads us to solve the complex-valued semilinear
elliptic equation
LZ)WU = Eu+ f(Jul*)u in RV, (1.3)

In the work we consider an electric potential W (z) which is bounded from below
on RY and we choose E such that V(z) = W (z) — E is strictly positive. Hence
equation (1.3) becomes

LZ)V’U, = f(lul*)u in RN (1.4)

where V is a strictly positive potential.



Concerning the zero external magnetic case, there is an extensive literature
starting from the paper by Floer and Weinstein [26] (see for instance [2, 3, 18,
19, 23, 24, 31, 32, 33, 34, 10, 11, 12, 17]).

To our knowledge, the first paper, in which equation (1.4) is considered, is
due to Esteban and Lions [25]. The authors proved the existence of standing
wave solutions to (1.4) for # > 0 fixed and N = 3, by a constrained minimization
for a constant electric potential and a cubic nonlinearity. Concentration and
compactness arguments are applied to solve such minimization problems for
special classes of magnetic fields.

Successively, in [29] Kurata proved the existence of least energy solutions to
(1.4) for any fixed i > 0, under some assumptions linking the magnetic field
B and the electric potential V. He also studied the concentration phenomena
of a family of least solutions of (1.4) in the semiclassical limit, showing that
concentration of the modula of such solutions occurs at global minima of the
electric potential V. For periodic scalar and vector potentials, we refer to the
paper by Arioli and Szulkin [4].

A first multiplicity result of semiclassical solutions to (1.4), when f(t) =
[t|P~D/2 1 < p < (N+2)/(N—-2)for N>2and 1 < p < +ooif N = 2,
as I — 0, has been proved by the first author in [15]. Since the nonlinearity
satisfies the Nehari monotonicity condition, the problem can be reduced to the
search of critical points of a functional constrained to a Nehari manifold and
the number of complex-valued solutions to (1.4) can be related to the topology
of (global) sublevel of the functional by standard deformation theorems for
Hilbert manifold without boundary. Finally by means of an entrance map and
a barycenter map, this number is estimated by the topological richness of the
set of global minima of the electric potential V.

The existence of complex-valued solutions of the magnetic Schrodinger equa-
tions in R3, whose modula concentrate at local minima of V', has been derived
in [21] using a penalization argument (see also [20]) for a cubic nonlinearity.
See also [1] for an extention of the results of [20, 21]. Successively, in [16] the
existence of multi-peaks solutions for nonlinear Schrédinger equations with an
external magnetic field is proved for a more general nonlinearity which satis-
fies the Berestycki-Lions conditions, using a variational approach developed in
[10] for the zero external magnetic case. Recently, the existence of semiclassi-
cal cylindrically symmetric solutions, whose moduli concentrate around circles
driven by the magnetic and electric fields, has been established in [9], assuming
that A and V are cylindrically symmetric potentials.

In this paper we are interested to find a multiplicity result to (1.4) for a
large class of magnetic potentials A and under nearly optimal assumptions on
the nonlinearity.

Throughout the paper, we assume that N > 3 and

(A1) A: RY — R¥ is a C' function such that, for some positive constants C,~

|Ja(z)| < Celel Ve e RN



where J4 denotes the Jacobian matrix of A at x;
(V1) V € O(RY,R) and inf ,cgn V(z) =V > 0;
(V2) There is a bounded domain  C RY such that

o= ;résf) Viz) < xlenafsz Viz).

On the nonlinearity we require that

f1) f:]0,400) — R is continuous;

there exists some 1 < p < %, such that lime oo f(£%)/6P71 = 0;

(t1) f
(f2) f
(f3)
(f4) There exists & > 0 such that

13
F(&l?) > mo€2  where F(€) = / f(r)dr.

We remark that, under our assumptions of f, the search of solutions to (1.4)
cannot be reduced to the study of the critical points of a functional restricted to
a Nehari manifold. We obtain multiplicity results of complex-valued solutions to
(1.4) by means of a new variational approach developed in the recent paper [17]
for the scalar nonlinear Schrédinger equation corresponding to A = 0. Precisely,
we seek for critical points of the indefinite Euler functional associated to problem
(1.4) in a suitable neighborhood of expected solutions, suggested by a complex-
valued limiting problem. In order to apply critical point theory, one of the main
problem in this approach is the presence of the boundary. However we recognize
that this neighborhood is positively invariant for a pseudo gradient flow and we
derive a deformation theorem. In this way we relate the number of complex-
valued solutions to the relative category of two sublevels of the functional in
the neighborhood of expected solutions. Finally this relative category will be
estimated by means of the cuplength of the local minima set K of V. To this
aim, we need to construct two maps between topological pairs, which involve a
barycenter map and a Pohozaev type function. We remark that the presence of
the magnetic field produces several additional difficulties, due to the fact that the
space H. v a(RY,C), where the Euler functional associated to (1.4) is naturally
defined, can not be embedded into H*(RY,C) where the limiting problem (as
h — 0) is set up (see [25]). In order to perform our variational arguments, we
crucially use of the diamagnetic inequality which, in particular allows to prove
that the least energy level of the complex-valued limiting problem coincides with
the least energy level of a real-valued problem (see Section 2). This fact enables
to construct a barycenter map and a Pohozaev type map, which act only on the
modula of the complex-valued functions.

Our main result is the following:



Theorem 1.1. Suppose N > 3 and that (A1), (V1)-(V2) and (f1)-(f4) hold.
Assume in addition that sup,cpn V(x) < co. Then letting K = {x € Q; V(z) =
mo}, for sufficiently small e > 0, (1.4) has at least cupl(K) + 1 geometrically
distinct, complez-valued solutions v, i = 1,...,cupl(K) + 1, whose modula
concentrate as € — 0 in K, where cupl(K) denotes the cup-length defined with
Alexander-Spanier cohomology with coefficients in the field F.

We say that two complex-valued solutions to (1.4) are geometrically dis-
tinct if their S'-orbits are different. Our theorem covers the relevant physical
case of constant magnetic fields B which leads to vector potentials A, having
a polynomial growth on RY. For instance, if B is the constant magnetic field
(0,0,b), then a suitable vector field is given by A(z) = %(—z2,21,0). In physical
literature the potential A corresponds to the so-called Lorentz gauge (see [25]).

Remark 1.2. If K = SN, the N — 1 dimensional sphere in RN, then
cupl(K) +1 = cat(K) = 2. If K = TV is the N-dimensional torus, then
cupl(K) 4+ 1 = cat(K) = N + 1. However in general cupl(K) + 1 < cat(K).

Remark 1.3. When we say that the solutions vi, i = 1,...,cupl(K) + 1 of
Theorem 1.1 concentrate when e — 0 in K, we mean that there exists a mazimum
point z¥ of |vi| such that lim._,odist(zi, K) = 0 and that, for any such xi,
|wi| = |vi(e(-+2L))| converges, up to a subsequence, uniformly to a least energy
solution of

—AU +moU = f(U), U>0, UeHRYR).
We also have

vl (z)| < C’ea:p(—?x —2t|)  for somec, C > 0.

Remark 1.4. In addition to condition (V1) the boundedness of V' from above
is assumed in Theorem 1.1. Arguing as in [10, 12, 16] we could prove Theorem
1.1 without this additional assumption. However, for the sake of simplicity, we
assume here the boundedness of V.

2  The variational framework H. y 4
Let h = ¢, v(z) = ulex), Ae(x) = A(ex) and V.(z) = V(exz). Then equation
(1.4) is equivalent to
1 2
(iV—AE(a:)> v+ Ve(x)o — f(juH v =0, zcRVN. (2.1)

Let He v, 4(RY,C) be the Hilbert space defined by the completion of C§°(RY, C)
under the scalar product

(U, V)ev,a = Re/

RN

(1.Vu - Ag(a?)U) (M) + Ve(z)uv de. (2.2)

2



We denote by || - ||c,v,4 the associated norm and in the special case V = 1, we
set ||+ |le :== | - lle.1.a. Also let H. denote the space H. 1 a(RY,C).
In what follows we use the notations:

1/2
lullgr = (/ |Vul? + u? d:c) ,
RN
1/r
(/ |urdx> for r € [1, 00).
RN

It is well known that, in general, there is no relationship between the spaces
H. and H'(RYN,C), namely H. ¢ H'(RY,C) nor H'(RY,C) ¢ H. (see [25]).
We now recall the following diamagnetic inequality: for every u € H,

(5-4)-

See [25] for a proof. As a consequence of (2.3), |u| € H (RN, R) for any u € H..
We also have for any r € [2, %] there exists C; > 0 independent of ¢ such
that

]l

> |Vlul|, a.e.in RV, (2.3)

lully < Cyllulle for all u € H.. (2.4)

We also note that for any compact set K C RY there exists a C > 0 indepen-
dent of € € (0, 1] such that

”uHHl(K) < OKHUHE for all u € Hg. (25)
See [16, Corollary 2.2]. Thus convergence in H, implies convergence in H IIOC(RN ,C).
We can also derive the following lemma.

Lemma 2.1. For each e > 0,
H. — H*RY,R); u > |u]
18 a continuous map.

Proof. Tt suffices to show for any strongly convergent sequence u,, — u in H,
that |u,| — |u| strongly in H!(RY,R). Suppose that (u,) C H. converges
to u € H. strongly in H.. We infer, by (2.4) that (u,) strongly converges to
u in L2(RY,C) and in particular |u,| — |u| in L2(RY,R). Now from (2.3) we
deduce that (|u,|) is bounded in H'(RY R) and weakly converges in H!(RY R),
up to subsequences. Moreover since strong convergence in H. implies strong
convergence in H (RY), (|V|u,|(z)|) converges to |V|u|(z)|, a.e in RY. Using
again (2.3), we derive, by Lebesgue’s Theorem, that |||u|[| g1~y gy converges
to ||[ull| 1~ gy and the conclusion of lemma holds. O

Another continuity property of u ~— |ul; H. — H*(RY) will be given in
Lemma 2.3 below.



Finally we consider the functional I. defined on H. by

L(u) = %/RN (1V—A€(:v)> " d:c—i—%/RN Vg(x)|u\2dx—%/ﬂw Flul?) da,

where F(s) = fos f(t)dt. Without loss of generality, we may assume that f(£) =
0 for all £ < 0. It is standard that the functional is C! and its critical points
are solutions of (2.1).

2

We notice that the group S! of unit complex numbers acts on H. by scalar
multiplication (v, u) — ~yu. This action is unitary, that is,

(V) va =(Ww,v).ya  VYE St u,v € H..
Since the functional I. is S'-invariant, that is,
I.(yu) = I.(u) Yue€ H., yeSt

then, if w € H, is a critical point of I., every point yu in the S'-orbit of u is
a critical point of I.. We say that two critical points of I. are geometrically
distinct if their S'-orbits are different. We shall apply S!-equivariant Lusternik-
Schnirelmann theory to obtain a lower bound for the number of critical S!-orbits
of I,.

2.1 Scalar and Complex-valued Limit problems
Let us consider for a > 0 the scalar limiting equation of (2.1)

—Au+au = f(lul®)u, ue H'(RY,R). (2.6)
(2.6) can be obtained as follows: let x = y + p/e in (2.1) and take a (formal)
limit as ¢ — 0, then we have

(5 =A@+ V@ = f(P)e i RN,

Setting u(z) = e *“A®¥y(z) and considering real-valued solutions, we obtain
(2.6) with a = V(p). Solutions to (2.6) correspond to critical points of the
functional L,: H*(RY,R) — R defined by

L) =5 [ (VP +aluP)ay =5 [ FuPay. (2)

We denote by E(a) the least energy level for (2.6). That is,
E(a) = inf{L,(u); u € H'(RY,R)\ {0}, L/ (u) = 0}.

In [7] it is proved that there exists a least energy solution of (2.6), for any a > 0,
if (f1)—(f4) are satisfied (here we consider (f4) with my = a). Also it is showed
that each solution u of (2.6) satisfies the Pohozaev’s identity

N -2

2
1
7/ Vul?dz + N/ o _ L pupyaz = o. (2.8)
2 RN RN 2 2



From this we immediately deduce that, for any solution w of (2.6),

1
7/ |Vw|?dy = L (w). (2.9)
N Jg~
We also consider the complex-valued equation, for a > 0,
—Au+au = f(lul®)u, ue H'(RY,C). (2.10)

In turn solutions of (2.10) correspond to critical points of the functional LS :
HY(RY,C) — R, defined by

LE(v) = %/]RN (Vo] + alv|?) dy — %/RN F(lv[*)dy. (2.11)

We denote by E€(a) the least energy level for (2.10), that is
E®(a) = inf{LE (u); u # 0, LSI(U) = 0}.

In [36] the Pohozaev’s identity (2.8) is established for complex-valued solutions
of (2.10) and thus the equivalent of (2.9) holds for such solutions.

In [16, Lemma 2.3], it has been proved that the least energy levels of (2.6)
and (2.10) coincide and that any least energy solution U of (2.10) has the form
e'"w where w is a positive least energy solution of (2.6) and 7 € R.

Now we introduce the notation
Q) ={y € % V(y) —mo € I}
for an interval I C [0,infyecoqn V(x) —mp). We choose a small vy > 0 such that
(i) 0 < g < infrepn V(x) — mo;
(ii) F(I&l?) > 5(mo + 10)€3;

(iii) Q([0,vp]) C K4, where K = {x € Q| V(x) = mp} and d > 0 is a constant
for which Lemma 5.4 (Section 5) holds.

From [7] we note that, under our choice of vy > 0, E(a) is attained for
a € [mg,mo + vy]. Clearly a — E(a); [mo,mo + v9] — R is continuous and
strictly increasing. Choosing vy > 0 smaller if necessary, we may assume

E(mo + 1/0) < 2E(mo)
We choose £y € (E(mg + 1p),2E(mg)) and we set
Sty = {U € H'(RY,C)\{0}; (L5)'(U) = 0, Lg(U) < Lo, [U(0)] = max |U ()]}
z€RN

We also define R
SVo,fo = U SSEO'

a€[mo,mo+vo]



Following the proof of [10, Proposition 1], we can show that the set §VU,40 is
compact in H!'(RY,C) and that its elements have a uniform exponential decay.
Namely that there exist C, ¢ > 0 such that

\U(2)| + |VU(z)| < Cexp(—clz|) forall U €S, .,,. (2.12)

By [16, Lemma 2.3], each element of SC is of the form e”w where 7 € R

mo,E(mo)
and w is a real least energy solution of (2.6). Thus

Po((JJ) = ].,

where Py is defined as

Pofw) = (NIRN §P(Juf?) - ?ulem) (213)

A2V Iull3
We note that Py(w(%)) = s and
Lemma 2.2. Suppose that u € H'(RY,C) satisifes Po(u) € (0, /). Then

Ly ([ul) = g(Po(w)) E(mo),

where

1 _
g(t) = 5(J\htN 2 (N =2)tY). (2.14)
Proof. By the scaling property
T sN—2 mo 1
Lo () = 5 I01ull3 + ¥ (0l = 5 [ Pl d )
S RN

and the characterization of E(mg)
E(myg) = inf{ Ly, (u); u € H'(RY R)\ {0}, Py(u) = 1},
we can deduce the conclusion of Lemma 2.2. See [30] and [17, Lemma 2.1]. O

We claim that, as £ — E(mg) and v — 0, §,,,g shrinks to S’g

0. E(mo) in
H(RY,C). More precisely we have
lim sup  inf  [[U=Tllm =0. (2.15)

v—0,0—E(mg) 1763,,,@ UESmg,E(mo)

In fact, suppose v, > 0, £, > E(mg) and U,, € §Vm[n satisfy v, — 0 and
£, — E(myg), then by the compactness of S, for each v > 0, £ > E(my), U,
converges to some U € SC ,) in HY(RY,C). Thus (2.15) holds.

mo,E(mo)
As a consequence of (2.15) for ¢y close to E(mg) and vy > 0 small, we have

1 N ~
Po(U) S (5, ﬁ) forall U € SVO;ZO' (216)



We fix such ¢y and vy and we write = §V0’go.

In what follows, we try to find our critical points in the following bounded
subsets of H.:

S.(r) = {AEPEPU(z —p) + p(a);epeQ, UES, |lo|| <r}
for ar > 0.

2.2 A Pohozaev map in S.(r)

First we give an equi-continuity result of u — |u|; H. — H'(RY R).

Lemma 2.3. For any r > 0 there exists .. > 0 such that for small € > 0
lu(@)] = U@ = p)llla <7 (2.17)

Jor any u(z) = eAEEDU(x — p) + p(z) € So(rw) withep € Q, U € §
[@lle < 7x.

Proof. 1t suffices to show

)

[un ()] = [Un(z = pa)lll2 = 0, (2.18)
IV |un(2)| = V|Un(x = pn)lll2 = 0 (2.19)

for u, = eAEnP)@=PIU (2 — p,) + pn(z) € Se, (1n) with &, — 0, 7, — 0,
Enpn € Q, U, € S and
llonlle, <rn—0. (2.20)

Since S is compact in H'(RY, C), we may assume that U, — Uy € S and
EnPn — Do € 2 as n — co. We proceed in several steps.

Step 1: (2.18) holds.

By (2.4) and (2.20),

[ () = e AEPIEPIY, (2 = py)ll2 = lleall2 < ll@nlle, — O
Since u +— |u|; L2(RY,C) — L?(RY,R) is continuous, we have
lun(@)] = |Un(z = pa)lll2 = l[fun ()] = e EEDEIT, (2 — py)|[l2 — 0.
Step 2: ||e!AEnPn)@=Pa) (U, (x — p,,) — Up(x — pp)) + @n()]|e, — 0.
Observe that

” <1v _ A(€n$)> (eiA(En,Pn)(x—Pn)(Un(;)g — pn) - UO(fE - pn)))||2

|| (1v — Aenz + enpn>> (e 422 (Un () = Uo(w))) 2

= ||A(enpn)eAEmPI2(U, — Uy) + ge“‘“wﬂ)m(vzfn — V)
—Alenx + £npp)eAEPIT (U — Up)]l2

1
1(A(enpn) — Alenz + €npn))(Un = Uo) + =(VUn = VUo)llz = 0 as n — co.

10



Here we have use the fact that U, — Uy in H*(R™,C) and that the elements
in S have a uniform exponential decay. Clearly also

e 4Enpm =) (U (2 = pi) = Uo (@ = pa))l2 = |Un = Uollz — 0.

By (2.20), we have the conclusion of Step 2.

Step 3: |t AEP)@ U, (2) + @, (x + pn)| — |Uo(z)| in H}

L (RN R).
In particular, after taking a subsequence

Vet AEnP)@U (1) + on(z + pp)| = V|Uo(z)| a.e. in RN,

Using notation

1
112, 1 A¢+enpn) = 15V = Alenz + enpn))v]13 + [l0]l3,
we have by Step 2

le¥ 422 (U (2) = Uo(2)) + @n (@ + Pn)llen,1,4¢+enpn)
= e AP E@PI (U (& — pp) — Un(@ = pa)) + eu(@)ll,
- 0 as n — oo. (2.21)

As in (2.4), we get
e A (U, (2) = Un(2)) + (@ + pn) = 0 in Hjoo(RY, C),

from which the conclusion of Step 3 follows.
Step 4: (2.19) holds.
By (2.21),

(57 - Alews -+ umn) ) (4Cm W) = Uy (a) + ol + )z 0
Thus (3V — A(enz + £npn)) (e4EP)2U, (2) 4 ¢ (z + p,)) converges to

(1V — A(po)) (e'4®)2Uy(z)) in L*(R,C). Therefore, there exists a h(z) €
L?(RY) such that

1 ,
‘ <Z_V — Aepx + Enpn)) (eMAEPIT (1) + o (z + pn))’ < h(z).
By the diamagnetic inequality, we have

V1420, (@) + ou( + pu))] — VIUo()

IN

1 )
(39 = Ao+ 2umn) ) (AEP0,0) + e+ )| + V0 (0)

h(z) + |VUy(x)| € L*(RYN).

A

11



Therefore, by Lebesgue theorem, it follows from Step 3 that

IV ]un(z +pn)| = VIUs(@)|l2 = V|40, (2) + on(a + pa))| = VIUo()]]|2
— 0.

which is nothing but (2.19). O
For a later use we have the following

Corollary 2.4. There exists rg > 0 such that for e > 0 small, Py : S:(rg) = R
s continuous and

Polu) € (0, \/%) for all u € S.(ry). (2.22)

Proof. Since |||u|—|U]||| g2 — 0implies [pn F(|ul?) dz — [pn F(U?) dx, [|u]|3 —
|U||3 and ||V|u|||3 — || V|U]||3, by Lemma 2.3 there exists 79 > 0 such that (2.16)
holds for € > 0 small. The continuity of Py : Sc(rg) — R follows from Lemma
2.1. O

Remark 2.5. We remark that there does not exist a constant C > 0 with the
following property:

[VIu+ ol = Viulla < C(IVIelllz2 + llell2)  for all u, ¢ € He.

Thus Lemma 2.3 is not a direct consequence from the diamagenetic inequality.
To see such an inequality does not hold, for n € N we set u, p, € H(R,C) by

1 if x| <1, e2rinegf x| <1,
u(x)=<2—|z| if|zl€(1,2], en(r)=<2— 2| ifl|z| € (1,2],
0 otherwise, 0 otherwise.

Then, we have

IVl + @nl = Vlulllzze) = 00, sup(([Vignlllzz@ + llnllze) < oo

We can easily extend this example to general dimension N.

2.3 A barycenter map in S.(r)
Following [12, 13] we introduce a center of mass in S.(r).

Lemma 2.6. There exist ro, Ry, €9 > 0, such that for any € € (0,eq) there
exists a function Y. : S-(ro) — RN such that

Te(u) —p| < 2R
for all u(z) = eAEPE=P U (2 —p)+ () € S.(ro) withp e RN, ep e Q, U € 8,

llelle < 1o. Moreover, Y. has the following properties

12



(i) Y. is shift equivariant, that is,

Y. (u(x —y)) = Ye(u(x)) +y for allu € S.(ro) and y € RY.
(ii) Y. is St-invariant, that is,

Y.(eTu) =Y (u) for allu € S-(ro) and ™ € S*.

(iii) Y. : Se(ro) € H. — RN is a continuous function. Moreover, Y. is
a locally Lipschitz continuous function of |u| in the following sense: Y.
satisfies Te(u) = Ye(Ju|) for all uw € Sc(ro) and there exist constants Cy,
Cy > 0 such that

|Tc(u)="Y:(v)] < Cill|lul—|v|||gr  for allu,v € Sc(ro) with |||u]—|v|||g: < Cs.
(2.23)

Proof. We set 7. = min;, g [[|U]|| g+ > 0 and choose Ry > 1 such that for U € S

3 1
U 1 (je)< Ro) > 7+ and U a1 (22 80) < ST

This is possible by the uniform exponential decay (2.12). For u € H*(RY,C)
and ¢ € RY, we define

dmﬂnzw(;gMumﬂ—tnm—@mHmmq<%07

where ¢ € C§°(R,R) is such that

w(r) = {1 r € [0, 374,

0 re [%r*,oo)7

P(r) € [0,1] for all r € [0, 00).

Now by Lemma 2.3, there exists 7., € (0, %r*] such that for € > 0 small

Iuta)| = 10 =)l 1 < g7 (224

for u(z) = eAEP)EPIU(z — p) + p(z) € So(74s). We set

/R , adlg,u)dg
/R dlg,u)dg

We shall show that Y. has the desired property.

Te(u) = for u € Sc(rus).
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Let u € S.(r4.) and write u(z) = eAEPEPU(x — p) + ¢(z) (p € RY,
peQ UES, [ofle <rus).

Taking into account that |||¢|||lz: < ||¢lle, we have that for |¢ — p| > 2Rg
and U € §, we have

(@) = 10 (2 = )lll 1 (o—qg1< o)

> Uz = @)lllg (e—al<ro) — l[w(@) 11 (jo—q|< o)
> U@ = )llar(e—qi<ro) = U@ = D)1 (je—q1<ro) — llu(@)] = [U(z — p)|[| 1
. 1
> U@ =@z (e—qg<ro) — U@ = D)1 (lz—p|>Ro) — g
> §r flr f}r *lr
47 8% 8" 2

Thus d(q,u) = 0 for |g — p| > 2Ry. We can also see that, for small r > 0
d(g,u) =1 for|qg—p| <.

Thus B(p,r) C suppd(-,u) C B(p,2Rp). Therefore Y. (u) is well-defined and
we have
YT.(u) € B(p,2Rg) for w € Sc(T4s).

It is clear from the definition that Y.(u) = Y.(Ju|) for all u € Sc(rwx). Its
shift equivariance, S'-invariance and locally Lipschitz continuity (2.23) can be
checked easily. Thus continuity of Y. : S.(7..) — R, where the topology of
Sc(r4x) is induced from H,, follows from Lemma 2.1. O

Using this lemma we have

Lemma 2.7. There exist 61 > 0, r1 € (0,79) and v1 € (0,vy) such that for
e > 0 small
IE(U) Z E(mo) + 61
for allw € S:(r1) with e¥(u) € Q([v1, o).
Proof. We set M = infy, 5 ||U||3, M = sup,,_5 |U||3. It follows from the com-

pactness of S that 0 < M < M < co. For later use in (2.28) below, we choose
v1 € (0,19) such that

1 _
E(mo + l/l) — §(V0 — Vl)M > E(mo) (225)
First we claim that for some d; > 0
,ﬁ%LgoM (U) > E(mg) + 38;. (2.26)

Indeed, on one hand, if U € Sg,eo with a € [mg, mg + 1], we have

Ligin,(U) = Lg(U) + 5(mo +v1 = a)|U|3

> E(a)+

+
1
3 mo+1v1 —a)M

14



and thus
inf LS 10, (U) > E(mg). (2.27)

U€Uaeimgy,mo+v1] Sa.to

On the other hand, if U € S, with a € [mq + v1,mo + 1),

L(C

mo+v1

U) = LZ(U)
> E(a) -
1 _
> E(mo+u1)— §(V0 —v)M
and using (2.25), it follows that

inf LS 10, (U) > E(my). (2.28)

UGUEE[mO+V1=m0+VO] Salo

Choosing 6; > 0 small enough, (2.26) follows from (2.27) and (2.28).

Now observe that, since elements in S have uniform exponential decays,
I (e AP P (2 — p)) — LT,y (U) =0 ase—0
uniformly in U € S, ep € Q. Thus, by (2.26), for U € S, ep € Q([v1, 1))

LEAPE DT (@ —p) = L, (0) +o(1) > LS, 4., (U) +o(1)

mo+vi

> E(mg) + 26 for € > 0 small. (2.29)

If we suppose that u(z) = e"AEP)@=P) U (x —p)+p(z) € S.(ro) satisfies e Y (u) €
Q([v1, 1)), then by Lemma 2.6, ep belongs to a 2 Ry-neighborhood of Q([v1, v)).
Thus by (2.29) it follows that

I (eMAEP @D (5 — p)) > E(mg) + ;51 for ¢ > 0 small.
Finally we observe that I’ is bounded on bounded sets uniformly in e € (0, 1] and
that by the compactness of S, {e!AEP)@=P)J (2 —p); U € S, ep € Q} is bounded
in H,. Thus choosing r; € (0,7¢) small, if u(z) = e*AEP)E=PIU (x — p) + p(x) €
S:(r1), we have

(MDY (2 —p)) + () 2 L (P EPU (2 —p)) %51 > E(mo) + 1.

Thus, the conclusion of lemma holds. O
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3 A penalization on the modulus

For technical reasons, we introduce a penalized functional J. following [10].
Without restriction we can assume that 02 is smooth and for h > 0 we set

Qp = {z € RNV \ Q; dist (z,00) < h} UQ.
We choose a small hg > 0 such that
V(z) >mg for all z € Qap, \ Q.

Let

p+1

2

— -2 2
Q:(u) = (6 ||U||L2(RN\(Q2hO/€)) o 1>+

and
Je(u) = I (u) + Qc(u).

Observe that J, is S'-invariant and we say that two critical points of J. are
geometrically distinct if their S'-orbits are different. In Proposition 3.2 we prove
that a S! critical orbit of J, is also a S! critical orbit of I. for e small enough.
Note that the penalization term (). forces the concentration of the modula to
occur on €). A motivation to introduce J; is that it satisfies a useful estimate
from below given in Lemma 3.4.

Now we define
pe(u) = inf{|lu— AP @Y (2 —p)||l.; p e RV ,ep € Q, U € S} : S.(rg) - R.

In the following proposition we derive a crucial uniform estimate of ||.J|| ()
in an annular neighborhood of a set of expected solutions.

Proposition 3.1. There exists ro € (0,71) with the following property: for any
0 < p1 < po < 1o, there exists 6o = 02(po, p1) > 0 such that for e > 0 small

12 ()l 1.y > 62
for all uw € S.(rg) with J.(u) < E(mg + v1) and (p=(u),eXc(u)) € ([0, po] X
Q([0,20])) \ ([0, p1] x ([0, 21])).
Proof. By (f1)—(£3), for any a > 0 there exists C, > 0 such that
IF(E3)] <a+ C,lefP~t forall € € R. (3.1)

We fix a ag € (0,4V) and compute

1
L(uyu = / 5V — Aex))ul? de + / V(ex) ul? di — / F(uf?)[ul? dx
RN 1 RN RN
1
> / NGV — Aler)ul da + VIl — ao 3 — Coo 1}

1 1
> / (=Y — Aez))ul* dz + SV |ul3 = Caop lulpi7-
RN {2 2

16



Now choosing 72 > 0 small enough there exists ¢ > 0 such that

1 1
/N I(fV—A(aT))U\Zdz+§ZIIUH§—2pCaOIIU\Iﬁﬁ > cllull? forall |lufl. < 2r,.
R

; >

(3.2)
(For a technical reason, especially to get (3.23) later, we add “2P” in front of
Cla,-) In particular, we have

I'(w)u > cllul|?> forall |ullc < 2r,. (3.3)
Now we set,
]
ne=|—|—1
€
and for each i =1,2,--- ,n. we fix a function ¢, ; € C§°(?) such that

( ) 1 ifze Qe)i’
i\r) =
7 0 ifz Qi

eei(x) €[0,1], |@L;(z)| <2 forallz e Q.
Here we denote for € > 0 and h € (0, 2ho/¢]

Qe = (Qen)/e
= {ze€ RY \ (Q/e); dist (z, (002)/e) < h} U (Q/e).

Now suppose that a sequence (u.) C S-(r2) satisfies for 0 < p; < pg < 72

Je(ue) < E(mg + 11),
pe(ue) € [0, pol,

el (ue) € Q[0, 1)),
12 (ue)ll g,y — 0

N N N TN
ISR NN
222

We shall prove, in several steps, that for € > 0 small

pe(ue) €0,p1] and &Y (ue) € ([0, 11)), (3.8)
from which the conclusion of Proposition 3.1 follows.
Step 1: There exists a i, € {1,2,--- ,n.} such that

2
4rs

||u6||%15(95~,-5+1\957,i5) < Pt (3.9)
€

Here we use notation:

1
lulfro = [ | (39~ 4.) u

foruw e H, and K C RV,

2
+ |ul? d

17



Indeed we can write u. = e*AEP)@=PIU_(2 — p.) + @ () with ||¢.|l. < 72 and
by (3.6) and the uniform exponential decay of S, we have
el 7. @ (2/e)) < €A EPEPIU (2—p.) || . w0/ el o @3\ (0/0)) < 272

for € > 0 small. Thus

Z ||us||%15(95,i+1\95,i) < Hua||?15(957h0,5\(9/5)) < drg
=1

and there exists i. € {1,2,--- ,n.} satisfying (3.9).
Step 2: For the i. obtained in Step 1, we set
ul (@) = pei(@)uc(z) and ul(z) = uc(z) — ul ().

Then we have, as € — 0,

L (M) = Jo(u) + o(1), (3.10)
12 (i) | a2y = 0, (3.11)
[uf|. = 0, (3.12)
Q-(ul) = 0. (3.13)
Observe that
L(uc) = L(ul") + L. (u®) + o(1). (3.14)

Indeed, by (3.9)
IS(UE) - (IE(US)) + IE(Ugg)))
1 1
- re A~ Aen))(@esue) (.v - A(ez)) (1= o))

i1\, L ?

+V(5x)50€,i5(1 - 905,@‘5)|U5|2 dx

1
= F(uel?) = F(uD ) = () de
2 Qeic+1\ Qe i

— 0 as € — 0.

Thus
Je(ue) = I (ul) + I (u®) + Q- (ul?)) + o(1). (3.15)

We can also see that
(12 (ue) — IL(ulM) = I (u®) || gy — 0 as e — 0. (3.16)
In a similar way, it follows from (3.7) that, since ||ué2) |lc is bounded, that

I(u®)yu® + QLuP)ul = Jl(u)ul® + o(1) = o(1). (3.17)
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We note that ||u£:2)||6 < 2rg and (p+1)Q:(u) < QL(u)u for all w € H,. Thus by
(3.3)
C||U§2)||g (p+1)Qs( ) —0 ase—0,

which implies (3.12) and (3.13). Now (3.12) implies that Ig(ué )) — 0 and thus
(3.10) follows from (3.15).

Finally we show (3.11). We choose a function ¢ € C§°(R”) such that

5(z) 1 for z € Qy,,
xTr) =
4 0 forz € RV \ Qgp,.

Then we have, for all w € H.,

LMw = IL(uM)(@(ez)w)
= Il(ue)(@(
= JL(ue)(@lex)w) — (IL(ue) — IL(ulM)) (B(ex)w)

and it follows that

2 ()l < T2 (ue)llar.y- 1o (ex)wlls + 12 (ue) = T2 (ul) |,y [P (ex)w]e.

We note that by (3.12) and (3.16), ||IL(u.) — I;(ugl))H(HE)* — 0. Therefore, by
(3.7), |l ¢m.)» — 0, that is (3.11) holds true.

Step 3: After extracting a subsequence — still we denoted by € —, there exist
a sequence (p.) C RY and U € S such that

epe — Po  for some po € Q([0,11]), (3.18)
[ult) — P AEPIETPIT (z — ) = 0, (3.19)
L(uM) = Lyy(U) ase— 0. (3.20)

Let g- = Tc(ue). We may assume that
emiAla)(@tas)y (D (3 4 g.) = U(x)  weakly in H'(RY) (3.21)

for some U € H'(RYM)\ {0} and also that eq. — ¢o € Q. In fact, noting
Ac(x) is uniformly bounded on supp u Qe .41 C /e, boundedness of
[ul||. implies boundedness of |[ul"||z:. Thus, e~#4Ew) @+, M (1 4 ¢.) is
also bounded in H!(RY). Taking a subsequence if necessary, we have (3.21).
From the definition of Y. and (3.11), it follows that (L(‘C/(qo))'(U) = 0 and

U # 0. In particular, U(x) decays exponentially as |z| — co. Setting
we(z) = ul (z + q.) — ' ACEE 7Y (),
we have w; is bounded in H'(R™) and e~#A(e)(@+a)qy 0 weakly in H'(RN)

and thus w. — 0 weakly in H'(RY). We shall prove that ||w.(z — ¢.)||c — 0.
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We have from the exponential decay of U(x) that

Ié(ugl))ws(x - QE)
= Ié(eiA(sqg)(zfqg)U(x —qe) + we(r — qe))we(x — ¢e)

1 ; 1
= Re/ (,V — Alex + 5q€)) (e AE) T 4ap,) (Z_V — Alex + qu)) we dx
RN

2

—|—Re/ V(ex 4 eq. ) (eCE) U 4w, )w; da

RN

_Re/ f(|eiA(5qE)mU+w€|2)(eiA(EQE)zU+wE)w7€dz
RN

— Aex + 5q5)> we|? + V(ex + eqe)|we | do

(v
e /RN <1V ~Alez + 8q£)> (eH4E)ey) <1V — A(ex + 6q6)> we dz
+R6/R V(ex + eq.)e AUy de
_Re/ F(|EACITT 4w |?) (MU 4w, ywg da

— Aex + €q5)> we|* + V(ex + eq.)|w.|? do

v

<1V — Aleq )> (etAEae)2y) <1V — Aleq )> we dx
3 e ; e e
+Re /RN V(eqe)et AL Uns da 4 o(1)
—Re /RN f(|eiA(eqs)xU + w€|2)(em(gqf)mU + we )Wz dx
= [ (39 e+ 200wl + Ve + zqolue P

(LY (oq,)) (U) (e AP0, ) 4 Re/ FUP)UeialEe)aw, dy
RN

—Re F(|leACTY 4, |2) (A2 4 Vi da + o(1)

RN
= / | <1,V—A(sx+5q5)> we|* + V(ex + eq)w? dx
RN 2
(L (eq.) (U (e A %0.) + (1) = (IT) + o(1). (3.22)

Since (Lg(gqi))’(U) — (L(‘C/( ) (U) = 0, we have

Po)

li

(LY (cq)) (U) (e ACT0.) — 0.
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Now, by (3.1),

DI+ D] < /(ao(lUHIeiA(“‘S)””U+we|)+Cao(|U|p+\eiA(Eqs)zUerslp))lwsldm
RN

IN

/N ao|we|? + 27 Cop|we "™ + (2a0| U + (1 + 27)Cop [UP) e | dx
R

IN

/ aolwe|* 4 2P Cyy lwe P da 4 o(1).
RN

Here we used the fact that w. — 0 weakly in H'(RY). Thus, by (3.22) and
(3.11), we have

1
L1 (57 = Aler 200 ) e Pruel} < aolfon(o— a2 Cog 1002

from which we deduce, using (3.2), that
Jwe(x — ge)|[e — 0. (3.23)

At this point we have obtained (3.19), (3.20) where p., pp and U are replaced
with ¢, go and U. Since

L(u) = L(uM) + 0(1) = Jo(ue) + o(1) < E(mo + v1) + o(1) (3.24)

implies

E(V(q0) < Lv(g)(U) < E(mo +11),
we have po = qo € Q([0,21]) and U belongs to Sy (5,) C S after a suitable shift,
that is, U(z) := ﬁ(x +yo) € S for some yo € RN. Setting p. = qe + yo, we get
(3.18)—(3.20).
Step 4: Conclusion
In Steps 1-3, we have shown that a sequence (u,) C S:(r2) with (3.4)—(3.7)

satisfies, up to a subsequence, and for some U € S (3.19)-(3.20) with p. =
Y (ue) + yo. This implies that

eYc(ue) = po € [0, 11]),
l|ue () — etA(epe) (wfﬁs)U(z —p:)|le = 0.

In particular since p.(u.) — 0 as ¢ — 0, we have p.(u.) € [0, p1] and (3.8) holds.
This ends the proof of the Proposition. O

Proposition 3.2. There exists €9 > 0 such that for € € (0,e¢] if ue € S:(r2)
satisfies

Jl(u:) =0, (3.25)
Je(ue) < E(mg + 11), (3.26)
el (ue) € Q[0, 1)), (3.27)
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then
Q:(ue) =0 and I.(uz)=0. (3.28)

That is, ue is a solution of (2.1).

Proof. Suppose that u. satisfies (3.25)—(3.27). Since u. satisfies (3.25) we have

p—1

1 g _
(37 = 40) et (Ve (0o D el son — D
X RN (@ 0 () e = S (), (3.29)

where Xgn\(Q,,, /¢))(¢) is the characteristic function of the set RN\ (Qap, /).
Clearly u. satisfies (3.4)—(3.7) and thus, by the proof of Proposition 3.1, we
have
[ well . @™\, 70)) < [uP. =0 ase—0.

From Moser’s iteration scheme, it follows that

”UsHLoo(]RN\(Q%hO/E)) —0 ase—0

and using a comparison principle, we deduce that for some ¢, ¢’ > 0
|us(2)| < ¢ exp(—cdist (z, gy, /€)).
In particular then
||Ue||L2(1RN\(thO/E)) <e for &> 0small

and we have (3.28). O
To find critical points of J., we need the following.

Proposition 3.3. For any fized € > 0, the Palais-Smale condition holds for J.
in {u € S:(r2); €Ye(u) € Q[0,10])}. That is, if a sequence (uj) C H. satisfies
for some ¢ >0

u; € SE(TQ),

€T€(Uj) € Q([O,I/()D,

172 (uj) | (rry- = 0,

Je(uj) = ¢ asj— oo,

then (u;) has a strongly convergent subsequence in H..
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Proof. Since S.(r2) is bounded in H., after extracting a subsequence if neces-
sary, we may assume u; — ug weakly in H, for some ug € H.. We will show
that u; — g strongly in H.. Denoting B = {z € RY; |z| < R}, it suffices to
show that

o , B
Al [lu; |, @v 5 = 0- (3.30)

To show (3.30) we first we note that, since ¢ > 0 is fixed, ||u;|| g ®y\5,) < 272
for a large L > 1. In particular, for any n € N

n
Z ”Uj”%{E(Di) < 4r3,
=1

where Di = BL—H‘ \ BL+1Z—1~
Thus, for any j € N, there exists ¢; € {1,2,--- ,n} such that

4r32
”uj”%{E(Dij) <2

Now we choose (; € C*(R,R) such that (;(r) =1forr < L+i—1, (i(r) =0
for r > L 44 and {/(r) € [-2,0] for all r > 0. We set

uj(x) = (1 =G, (lz]))u; ().
We have, for a constant C' > 0 independent of n, j
JL(ug)i; = IL(us)u; + Qe (uy)y,

12(0); = 1)+ Re [ (59 A0 ) G0 (7 - Alea) ) (- Gy do

D .
J

+ ) Ve, (- Gi [+ T = G)ug ) (L = Gy) = (g )L = G|y |? dae
> I.(t;)u; — % (3.31)

2

+
xs’Q/ (1—¢,)|uy]? dz > 0. (3.32)
RN\ (Qan/€)) '

Quy); = (p+1) (£ v (1 1) — 1)

Since J.(u;)u; — 0, it follows from (3.31)—(3.32) that
vy < © :
I (uj)u,; < o +o(1) asj— oc.
Now recording that ||u;||. < 2ry we have by (3.3) for some C' > 0

~ C
1112 < = +o(1).

23



Thus, from the definition of u;, we deduce that

C
s 3. @y < =+ 0(1).

That is, (3.30) holds and (u;) strongly converges. O

The following lemma will be useful to compute the relative category.

Lemma 3.4. There exists Cy > 0 independent of € > 0 such that
Jo(u) > Ly, (Ju]) — Coe?  for all u € S-(r1). (3.33)

Proof.

2

1
2 Ly (lul) - i(mo — V) lullF2@ny (/e + Qe (w).

Tw) = Lyl +3 [ (Vien) = mo)luf do+ Q.

We distinguish the two cases: (a) ||u||2L2(RN\(Q/E)) < 2¢2, (b) HUHQL?(RN\(Q/E)) >
2e2.

If case (a) occurs, we have
Je(u) > Lmo(|u|) - (mO - K)€2
and (3.33) holds. If case (b) takes place, we have

p+1

1 _ 2 1 _
Qe(u) > (25 2|u||2L2(]RN\(Q/a))> 2 55 2||UH%Q(RN\(Q/E))

and thus
1, _
Je(u) 2 Lo (|ul) + 5(e = (mo = V)l|ullZ2 @ )e))
> Lpy(Ju]) for e > 0 small.
Therefore (3.33) also holds. O

4 A Sl-invariant neighborhood of expected so-
lutions
In order to find critical points of the penalized functional J., we need to find a S'-

invariant neighborhood N; 5 of expected solutions, which is positively invariant
under a S'-equivariant pseudo-gradient flow.
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We fix 0 < p1 < po < r2 and we then choose 41, § > 0 according to Lemma
2.7 and Proposition 3.1. We set for ¢ € (0, min{22(po — p1),01}),

Nes = {u € Se(po); eXe(u) € Q[0,10]), Je(u) < E(Tﬂo)”*%(ﬁs(w =P+t

We notice that A. 5 is S!-invariant, namely if u € N; s then yu € N s for any
v € S'. We shall try to find S'-orbits of critical points of J. in M s. In this
aim first note that

(a) u € S:(po) and Y. (u) € Q([v1, vp]) imply, by Lemma 2.7, that
Je(u) > I.(u) > E(mg) + 01 > E(myg) + 6. (4.1)
In particular,
eTc(u) € Q([0,11)) for u € N 5.
(b) For u € N5, if p-(u) = po, i.e., u € dS:(po), then by the choice of &
02
2

Je(u) < E(mo) +6 — = (po — p1) < E(mg) — 0. (4.2)

4.1 A S'-equivariant deformation theorem

Now we consider a deformation flow defined by
dn _ ()Y
ar =~ Gl (4.3)
n(0,u) = u,

where V(u) : {u € H.; J.(u) # 0} — H. is a locally Lipschitz continuous

S'-equivariant, pseudo-gradient vector field satisfying

1
V@)le < 172l TA@V() 2 SIT @),
and ¢(u) : H. — [0,1] is a locally Lipschitz continuous function. We require
that ¢(u) satisfies ¢p(u) = 0 if J.(u) & [E(mo) — 6, E(mg) + 4].

Arguing as in [17, Proposition 4.1] (see also [8, Theorem 1.8]), we can derive
the following deformation theorem in a neighborhood of expected solutions N, s.

Proposition 4.1. For any c € (E(mg)—6, E(mg)+46) and for any S*-invariant
neighborhood O of K. = {u € N 5; JL(u) =0, Jo(u) =c} (O=0if K. =10),
there exist d > 0 and a S*-equivariant deformation n(t,u) : [0,1] x (N 5\ 0) —
./\/675 such that

(i) n(0,u) = u for all u.
(i) n(r,u) =u for all 7 € [0,1] if Jo(u) & [E(mo) — 9, E(mg) + ).
(i1i) Je(n(T,u)) is a non-increasing function of T for all u.

() J-(n(1,u)) < c—d for allu € N; 5\ O satisfying J.(u) < c+d.
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4.2 Two maps between topological pairs

Now for ¢ € R, we set
NEs={u e N.s; Jo(u) < c}.
For § > 0 small, using relative S'- -equivariant category, we shall estimate the

change of topology between N5 B(mo)+6 14 N5 E(mo)=

We recall that K = {z € ; V(x) = mo}. For sg € (0,1) small we introduce
two maps:

O, : ([1—s0,1+50] x K,{1£s0} x K)— (NEE mo)+4 NE mo)— 5)7

(NE(mo )46 NE'(mo ) R
([1 = s0, 1+ s0] x ([0, 1]), ([1 = s0, 1+ s0] \ {1}) x 2([0,11])).

Here we use notation from algebraic topology: f : (A4,B) — (A’, B’) means
BCA B cA,f: A— Ais continuous and f(B) C B'.

Definition of ®.: R
Fix a least energy solution Uy € S of —Au + mou = f(u) and set

B.(s,p) = APy (EPLEY,
S

Let us show that &, is well-defined for a suitable choice of sy and 6 and assuming
€ > 0 small enough.

By the exponential decay of Uy, we can find sg € (0,1) small such that

. z— p/E xr — 13 . _
AP (TM) AR (5 — pfe) < 1

forall p € K, s € [1 — 89,1+ sg] and small € > 0. Therefore, using the first
property of Lemma 2.6, that is

|T€(u) _p| < 2]%O

for u(x) = e AEP)E=PIU (1 — p) + p(z) € S-(po), we get
|T5(eiA(p)(z;-f/E)Uo(I_Tp/€)) _p/5| < 2Rp.

Tt follows that, for p € K, s € [1 — 50,1 + o]

srs(em<p>(%¥“/5)UO($_§p/€)) =p+o(l) (4.4)

and so eY.®.(s,p) € ([0, 1]) for € > 0 small enough.

26



Since Uy is a least energy solution, we note that |Uy| satisfies the Pohozaev
identity (2.7) and thus Py(|Uo|) = 1 and Py(|Uo(%)|) = s. Also we have, by
Lemma 2.2, for p € K and s € [1 — sg, 1 + s¢]

TAPCEIU(ELE) = L (0 + o)

= B0 (")) Bma) + o)
— g(s)E(mo) + o(1),

where ¢ : [0,00) — R is defined in (2.14). Note that g satisfies g(¢) < 1 for all
t > 0 and that g(¢) = 1 holds if and only if ¢ = 1. Thus choosing § > 0 small so

that g(1 =+ s0)E(mg) < E(mg) — 0, we have &, ({1 £ s} x K) C NE m0)=8 4nd
thus @, is well-defined.

Definition of W.: }

We introduce the continuous function Py : S.(rg) — R by

1+ s9 ifPo(’u,)Zl-i-So,
H)(u): 1—80 ifP()(’u,)Sl—So,
Py(u) otherwise,

where Py is given in (2.13) and we define our operator ¥, by
U, (u) = (Po(u),eYe(u)) forue ./\/'fé(mOHS.

Let us show that ¥, is well-defined for & > 0 small enough. By definition
\i/E(NEé(mO)M) C [1— 80,14 so] x Q([0,11]). Now if u € ./\/E(m‘)) 5 we have by

€
Lemma 3.4,

Lo (Ju]) < Jo(u) + Coe® < E(myg) — 6 + Coe?.
Thus, for € > 0 small enough,
Ling(Jul) < E(mo). (4.5)
At this point we recall, see [30] for a proof, that E(mg) can be characterized as
E(mg) = inf{ L, (u); u#0, Py(u) = 1}. (4.6)

Thus (4.5) implies that Py(u) # 1 and U, is well-defined.

Now setting ®.(s,p) := S'®.(s,p) for each (s,p) € [1 — 59,1+ s0] x K, it
results that ®. is well-defined as a map

Dt ([L— 50,1450 x K,{l£s0} x K) — (/\/E(W’)+‘5/S1 NELmo)= 5/shy.

g,
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Similarly setting®.(S'u) := W (u) for any u € NE mo)”, we see that U, is
well-defined as a map

(NE(’ITLQ +5/Sl E ’m,()) 5/81)

([1 = s0, 1+ s0] x Q([O7 1)), ([ = 50,14 s0] \ {1}) x ([0, 1])).

Finally we derive the following topological lemma.

Proposition 4.2.

Uoo®.: ([1—s9,14+s0] x K,{l+sp} x K)
= ([1 = 50,14 s0] x Q([0,11]), ([1 = s0, 1 + s0] \ {1}) x ([0, 24]))
is homotopic to the embedding j(s,p) = (s,p). That is, there exists a continuous

map
n: [0,1] X [1 —sg,14 sg] x K = [1— 50,1+ s0] x 2([0,21])

such that
(0, s,p) = (Ve 0 @.)(s,p),
(1 Sp) ( ap) for all (8 p) [1_8071+80]XK3
n(t,s,p) € ([1 = s0,1+ s0] \ {1}) x ([0, 11])
for allt €10,1] and (s,p) € {1£s0} x K.

Proof. By the definitions of ®. and V., we have

(Peo®.)(s,p) = (Po(fim(p)(%p/s)Uo(m _Sp/g))7ETE(GiA(p)(I%/E)UO(Lp/E)))

= (ser (M ‘“”>Uo<x%p/5>>>-

We set

nlt,5,p) = (s, (1 = e (AP (2 _sp/a)) +1p).

Recalling (4.4), we see that for £ > 0 small (¢, s, p) has the desired properties
and ¥, o @, is homotopic to the embedding j. O

5 Proof of Theorem 1.1

In order to prove our theorem, we shall need some topological tools that we now
present for the reader convenience. Following [6], see also [27, 28], we define
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Definition 5.1. Let B C A and B’ C A’ be topological spaces and f : (A, B) —
(A, B’) be a continuous map, that is f : A — A’ is continuous and f(B) C B’.
The category cat(f) of f is the least integer k > 0 such that there exist open
sets Ag, A1, -+, A with the following properties:

(a) A=AgUA U---UAg.
(b) B C Ag and there exists a map ho : [0,1] x Ag — A’ such that

ho(0,2) = f(x) for all xz € Ay,
ho(1,2) € B’ for all x € Ay,
ho(t,z) = f(x) for allx € B and t € [0,1].

(c) Fori=1,2,---,k, fla,: A; = A" is homotopic to a constant map.

We also introduce the cup-length of f : (A, B) — (A, B’). Let H* denote
Alexander-Spanier cohomology with coefficients in the field F. We recall that
the cup product — turns H*(A) into a ring with unit 14, and it turns H*(A, B)
into a module over H*(A). A continuous map f : (A, B) — (A’, B’) induces
a homomorphism f* : H*(A") — H*(A) of rings as well as a homomorphism
f*: H*(A', B") = H*(A, B) of abelian groups. We also use notation:

0 forn =0,

H"(4) = {H”(A’) for n > 0.

For more details on algebraic topology we refer to [35].

Definition 5.2. For f : (A, B) — (A, B’) the cup-length, cupl(f) is defined
as follows; when f* : H*(A', B') — H*(A, B) is not a trivial map, cupl(f) is
defined as the mazimal integer k > 0 such that there exist elements ay, - -
ar € H*(A') and g € H*(A', B') with

frlaw— o —ar—p) = faa) == (o) — f(B)
£ 0in H*(A,B).

)

When f*=0: H*(A',B") - H*(A, B), we define cupl(f) = —1.

We note that cupl(f) = 0if f* #0: H*(A', B’) — H*(A, B) and H*(A') =
0.
Finally we recall

Definition 5.3. For a set (A, B), we define the relative category cat(A, B) and
the relative cup-length cupl(4, B) by

cat(A, B) = cat(ida ) : (4, B) — (4, B)),
cupl(A, B) = cupl(ida,p) : (A, B) — (A, B)).

We also set

cat(A) = cat(A,0), cupl(A) = cupl(A4,0).
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The following lemma which is due to Bartsch [5] (see [17] for a proof) is
one of the keys of our proof and we make use of the continuity property of
Alexander-Spanier cohomology.

Lemma 5.4. Let K C RY be a compact set. For a d-neighborhood K4 = {x €
RY; dist (x, K) < d} and I = [0,1], I = {0,1}, we consider the inclusion
J: (IxK,0I x K) = (I x Kq,0I x Kg)
defined by j(s,x) = (s,x). Then for d > 0 small,
cupl(j) > cupl(K).

Now we have all the ingredients to give the

Proof of Theorem 1.1. Using Proposition 4.1, we can apply S'-invariant L.S.
theory and derive that for € > 0 small the number of critical St-orbits of J, in

NE mo)+8 \/\/'E(m0 is at least S'- caut(/\/'E(m0 )+ /\/'E(m0 %) (see [27, Theorem
4. 2] and [14, Theorem 1.1]).

Since S! acts freely on H. \ {0}, that is yu # u for all u € H. \ {0}, v € S,
v # 1, we have

sl Cat(Nfé(mo)—O—é J\/—E(mo) 5) Cat(N£§m0)+S/817 E(mo /Sl)

Finally, using Lemma 5.4, we can argue as in the proof of Theorem 1.1 in [17]
and we deduce that

cat(NE m°)+5/81 E(mo /Sl) > cupl(K) + 1.

6

Thus we conclude that J. has at least cupl(K)+1 critical S! orbits in /\/’fé(mo)H\

/\/ B(mo) =5 . Recalling Proposition 3.2, this completes the proof. O

Proof of Remark 1.3. From the proof of Proposition 3.1 we know that for any
vp > 0 small enough the critical points uZ, j = 1,..., cupl(K) + 1 satisfy

Ju () — AEE=EDUI (@ — ad)|]. = 0
where exd = Y. (ul) 4+ o(1) — ) € Q([O w)) and U' € §. Thus wi(z) =
ul(x + x!) converges to eA@)@)YI € 5. Now observing that these results
holds for any vy > 0 and any ¢y > FE(mg+ o) we deduce, considering sequences
vy — 0, £ — E(mg) and making a diagonal process, that it is possible to
assume that each w! converges to a least energy solution of

—AU +moU = f(U), U>0, UecHYR"Y,C).
Clearly also
|ul (x)| < Cexp(—c|x — xI|), for some ¢,C' > 0
and this ends the proof. O
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