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1. Introduction - Notations

Two important questions in Banach space theory are : does a Banach space with
the Radon-Nikodym Property (RNP) have an equivalent locally uniformly convex (LUC)
norm ? Does an Asplund space (or equivalently a Banach space whose dual space has the
RNP) admit an equivalent Fréchet - differentiable norm ? A complete reference on Asplund
spaces and spaces with the RNP is the book of R.D. Bourgin [B].After M. Talagrand
[T] proved that C(]0,w:]), where wy is the first uncountable ordinal, has an equivalent
Fréchet differentiable norm, but does not admit any equivalent norm with a strictly convex
dual norm, R. Haydon answered negatively the second question in [H1] by constructing
a scattered compact space K such that C(K) does not admit a Gateaux-differentiable
renorming, nor a strictly convex renorming. On the other hand R. Deville [D] proved that
if K is a scattered compact space and if its wi® Cantor derived set K (1) is empty, then
C(K) admits a Fréchet - differentiable renorming. Moreover R. Haydon and C.A. Rogers

[H-R)] proved that, under the same assumptions, C'(K) admits an equivalent LUC norm.

In this paper we prove that if the unit ball Bx of a Banach space X is “quickly”
dentable, then X admits a LUC renorming and that if the unit ball of its dual space X*
is “quickly” weak*-dentable, then X™* admits a dual LUC renorming. To be more precise,

we shall introduce two ordinal indices related to these notions.

Dentability index of X,§(X) :

Let C be a closed bounded subset of X, we call a slice of C' a set of the form :
S(y,a) ={x € C: y(x) > a} where y € X* and a € IR. For ¢ > 0, C! = {x € C such that
any slice of C' containing x is of diameter > €}. For a ordinal we construct F* inductively
in the following way :

F? =F = By
Pt = (F2),

FY = ﬂ FFif o is a limit ordinal.
B<a



(F%)q is a decreasing family of closed convex symmetric subsets of Bx.
inf{la <w;: F* =0} if it exists
w1 otherwise.

And 0(X) =supd(X,e).
e>0

We define §(X, €) = {

Weak* - dentability index, §*(X) :
Let C be a closed bounded subset of X*, we call a weak* - slice of C' a set of the form :
S(z,a) ={y € C: y(x) > a} where z € X and a € R. For ¢ > 0 c = {y € C such

that any weak™ slice of C' containing y is of diameter > €}. We denote
K = K = By-

Ke(cv-l-l) _ (Ke(a)) (1)

€

K@ = ﬂ K®) if o is a limit ordinal.
B<a

The Ke(a)’s are weak® compact convex and symmetric.

Then §*(X, ¢) = {inf{a <w s K =0} ifit exists

w1 otherwise
And 0*(X) =supd* (X, e).
e>0
Let us recall that a norm || || on a real vector space is locally uniformly convex
(LUCQ) if, for a sequence (z,) in X and for x € X, the two hypotheses ||z,|| = ||z|| = 1

and |[££22 || — 1 imply ||z — z,|| — 0.

2. Main Results
Theorem 2.1 : Let X be a Banach space. If §(X) < w; then X admits an equivalent

locally uniformly convex norm.
Proof : For n positive integer and o < §(X,27") we choose a,,, > 0 in such a way that :
for any n > 1, Z a? =27"

a<d(X,2-m)
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SOZ Z aivn =1.

n=1a<§(X,2—")
Then we denote Yo (%) = aa,nd(x, F5'.,), where d(x, F5",,) is the distance from  to Fy*,
for the original norm || || of X.

1/2

And we define f(x) = | ||z]]* + f: Z V3 (@)

n=1a<§(X,2—")
Clearly f(z) > ||z||.

On the other hand, since for any n > 1 and any a < §(X,27"),0 € Fy ., . d (:Jc,F;,n) <
|-

So f(z) < Va|z]|.

Let C ={zx e X, f(x) <1}, Cis|| ||-closed, convex, symmetric and \%BX C C C By.
Let us denote by | | the gauge of C. | | is equivalent to || ||.

Lemma 2.2 : Let x be in X and {z}} be a sequence in X. If f(x) = f(xx) = 1, for any
k, and f (¥£2:) — 1, then ||z — zx|| — 0.

Since f is uniformly continuous in norm on By, the conclusion of theorem 2.1 follows
immediately.

Proof of Lemma 2.2 : Let x and {z}} be as in the hypotheses.

For any k£ in IN :

ofT+xE\ T+ Tk > 9 T+ x

n=1 a<§(X,2—")

(HwkHH!fCH) +§: 3 (wa,n<xk>2+wa,n<x>)2
_1
=3

IN

n=1a<§(X,2-")

(f(zr) + f2(2) = 1.



because of the convexity of the functions ¥4, ||.|| and ¢ — 2.

But f2 (T4es) s 1,

» (qu1+1mu) Y (wQWCm»;—¢mn@»)2__$1.

n=1a<§(X,2—")

Since ¢3(IN) is uniformly convex, this implies that

(el == +>° Y. (Wam k) = Pan(@)® — 0.
n=1 a<§(X,2—")

So, in particular, for any n > 1 and any a < §(X,27"),d (mk, Fsr n) —d (m, an_n)

Now let € > 0, we want to show that for k large enough, ||z — zx|| < €. Take ng > 1
such that 217"0 < . Since f(x) = 1,2 € Bx. So there exists oy < J(X,27™) such

that © € F0, \Fo°r'. We know that d (zy, F5°,,) — 0. Thus there is a sequence

2-m0 \T 27n0 27no

{a}} C F2o,, such that ||og — o} || — 0. If 2% € F2orL we call 6 = 392 (x) > 0.

Then
Borinn (52 ) =02 302 1m0+ 50 o) =0
Thus
/
P < g+ 5P - 0
because the 1,,’s and || || are convex. But since f is uniformly continuous in

norm on Bx, we have that f(z}) — 1 and f (%) — 1. So, for k large enough,

(1) cannot hold. Therefore, there is kg € IN such that, for any k > ko, :H;;“ ¢ Foott

2—"0

But ‘H—;’“ € F}°,, because x and zj are in F°, . Then there is a slice T' of F},

. . T+x
containing —; i

and with diameter < 270, This slice must contain either = or zj.
Therefore ||z — 2z} || < 2diamT < 27", for any k > ko. Now, since ||z — z}|| — 0,

there exists k1 > ko such that : for any k > k1, ||l —ai|| <e. []

Remarks : 1) If X is a separable Banach space with the RNP then §(X) < w; (the

converse being false), which in turn implies X has the RNP.
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2) Let us mention the following simple fact : §(X) < wy if and only if X admits an
equivalent uniformly convex norm (or equivalently X super-reflexive). Where wqy denotes

the first infinite ordinal.

Proof : From the existence of an equivalent uniformly convex norm, it follows easily that

for any € > 0, 6(X,€) < wp.

Let us now assume that X is not super-reflexive. Then X has the finite tree property
(see R.C. James [J1]). So there exists € > 0 such that for any n € IN there is a dyadic
tree (7s)seocn C Bx (where 25" denotes the set of sequences of 0 and 1 with length
< n) satisfying : for any s € 257! ||z~ — z5~1]| > 2¢ and z, = L (w5~0 + z5~1). It is
now easy to see that (zs)sco<n—1 C F!. Indeed for s € 2<"~1 any slice containing z, must
contain either xs~¢ or x5~1. Therefore, this slice is of diameter > €. Proceeding inductively
we obtain that F* # (). Thus, for any n, 0 € F", because F" is convex and symmetric.

€

Therefore 0 € F*°. So §(X) > wo. [J

Theorem 2.3 : Let X be a Banach space. If §*(X) < wy, then X* admits an equivalent
dual norm that is locally uniformly convex. Consequently, X admits an equivalent Fréchet-

differentiable norm.

1/2
Proof : We consider the function f(y) = | |ly||*> + i > aivndz(y,KQ(?)n)
defined on X*, where the a, ,’s are chosen as in the p:o:olfao?:f(l)l(e’(z);;r)n 2.1. Then the proof
is identical. We only have to show that the norm defined this way is a dual norm, or
equivalently that {y : f(y) < 1} is weak® closed. This follows from the weak* lower semi
continuity of the functions d(., Kéf)n) and ||.||. []
It is well known that when X is separable, 6*(X) < w; holds if and only if X* is

separable. The next proposition gives an example of a non separable Asplund space, other

than a super-reflexive space and satisfying 6*(X) < ws.
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Proposition 2.4 : For any set I':

5 (£4(T)) < 6* (co(T)) < wy.

Proof : The first inequality is clear.

We will need the following lemma :

Lemma 2.5 : If j is a bijective isometry on a Banach space X, then for any ordinal «

and any ¢ > 0: j* <K6(a)> — K9,
The proof of this lemma is a straightforward transfinite induction.

Let us denote K = By (). I' being infinite, we fix a countable subset D of I'. For
any y € £1(I') there is a bijective isometry j, on co(I') such that the support of j;(y)
is included in D. This, combined with Lemma 2.5, implies that for any ¢ > 0 and any
ordinal o : K = U {(j*)_l (Ke(a) N Bgl(D)) /7 bijective isometry on cO(F)}. But, since
co(T") is an Asplund space, (Ke(a)>a is strictly decreasing (as long as K # (). Therefore
(Ke(a) N Bgl(D)>a is strictly decreasing (as long as K # () and K% = if and only
if KN By, (py = 0. Since £1(D) is separable, there exists an ordinal a < w; such that
K 0 By, (py = 0. S0 6% (co(T)) < wi. []

Remark : Another consequence of Lemma 2.5 is that the renormings of Theorem 2.1 and

Theorem 2.3 preserve the bijective isometries on X.

3. Szlenk indices
Let X be a Banach space. We shall now introduce two ordinal indices related to X

that have been essentially defined by W. Szlenk [S].

Szlenk index of X, Sz(X) :



Let C be a closed bounded subset of X*. For € > 0 we define C/Y = {y € C such that
for any weak*-neighborhood V' of y, diam(V NC) > e}.

We construct
K = K = Bx-

KE[Q_H] _ (Ke[a]> (1]

€

Kl = ﬂ KPlif o is a limit ordinal
B<a

Sz2(X,€) = {inf{a <wiq : Ke[a] =0} iftE: exi.sts
w1 otherwise

Sz(X) =sup Sz(X,e).
>0

Weak - Szlenk index of X, Sz, (X) :

For C closed bounded subset of X and € > 0, C’é1> = {z € C such that for any weak-
neighborhood V' of z,diam(V N C) > €}. Then we define £, Szw(X,€) and Sz, (X)
in the usual way. It is clear that Sz, (X) < 0(X), but Sz,(X) < w; does not imply
d(X) < w;. Indeed the predual B of the James tree space has the Point of Continuity
Property and is separable, so Sz, (X) < w; ; but B does not have the RNP, so 6(X) = w;y
(see R.C. James [J2], J. Lindenstrauss and C. Stegall [L-S], C.A. Edgar and R.F. Wheeler
[E-W]).

In the dual case we also have Sz(X) < 6*(X). On the other hand, if X is separable, the
following are equivalent : i) 0*(X) < wy, ii) Sz(X) < wy, iii) X* is separable. However we
do not know if §*(X) < wy and Sz(X) < w; are still equivalent when X is non-separable.

The question is now : What kind of renormings can we find on X, under the weaker

assumptions Sz(X) < wy and Sz, (X) < wp 7 In this section we present the partial results

allowed by the methods of Section 2. The main obstacle is the non convexity of the derived

sets Kia] or Fe<a>.

Proposition 3.1 : Let X be a Banach space. If Sz(X) < w; there is a weak™ lower semi

continuous function f defined on X* satisfying :
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) llyll < 3= f(y) <land f(y) <1=|ly[[<1.

ii) the weak* topology and the norm topology coincide on the sets S, = {y € X* :

f(y) =a}, forany 0 < a < 1.

o0
Proof : We choose a sequence {ay,,}52; of positive real numbers such that Y a1, = 2.
n=1
Then, for any n > 1 and any 1 < a < Sz(X,27") we choose a,,, > 0 in such
—_n S
a way that : > on = 2T‘ Therefore >’ > Aop = i and

1<a<Sz(X,2—7) n=11<a<Sz(X,27")
00

> > (o n = 1. Now we consider f(y) = ||y|| + > S ¢a,n(y), defined
n=la<Sz(X,27") n=1 a<Sz(X,2—")

on X*, where ¥y ,(y) = aqnd (y, Kéoi}n). Since the Kgf]n’s are weak™® compact, the 14 ,,’s

are weak® lower semi continuous. Thus f is weak® lower semi continuous. The inclusion

{y: f(y) <1} C Bx~ is clear. If ||y|| < 3, for any n,y € KM, (we may assume that X is
oo

infinite dimensional). Thus f(y) = ||y|| + >_ > aamd(y,Kgf]n) < 1. Only the
n=1l1<a<Sz(X,2—")

assertion ii) remains to be shown.

Claim : Let0<a<1landye€S,.

Vv >0, Vn > 1, YVa < Sz(X,27"), 3W weak* neighborhood of y such that :

vy' € W S, ldly', KX) — d(y, Ki)

<7

It is enough to show that for any +' > 0 there is a weak* neighborhood U of y such
that :

Vn > 1, Va < Sz(X,27"), Yy € UN Sa, [Yan(y) — Yan(y)| <

T /
Take (a1,n1),..., (ay,n,) such that [|y||+ > Y, n,(y) > a— . Since || . || and the 9, s
i=1

are weak™® lower semi-continuous, there is a weak™ neighborhood U of y such that :

/ /

and V' 1 <i<r, Yo, n (Y) > a,mn (y) — ﬁ

vy e U : | > -7

Ity € UNSa, |1V 4D Yoy m: (V) > a—".Soif (a,n) ¢ {(a1,n1),..., (ar, 1)}, Yan(y) <
i=1

7" while ¥4 ,(y) < %/ Therefore [0 (Y') — Ya.n(y)| < 7'. On the other hand if y' € U
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and Yo, n; (Y') > Vo, m, (y) +7" then ||Y/|| + D Yo, n: (¥') > a, so y' ¢ S,. This finishes the
i=1

proof of the claim.

Now, let ¢ > 0, 0 < a <1 and y in S,. We need to find a weak* neighborhood V
of y such that, for any v/ € VN S,, ||y — ¢'|| < e. Take n such that 27" < e. Since
y € Bx-, there exists o < Sz(X,27") such that y € K n\K 1] 36 there is a weak*
open neighborhood Wy of y such that diam (K[a] NWy) < 27" Unless K[ = {y} which
is a trivial case (the claim gives directly the weak* neighborhood we need), we may assume
that K[an\WO # (. We denote 8 = d(y, K gi]n \Wpy) > 0. Since the function d(., Kgi]n \Wo)

is weak® lower semicontinuous, there is a weak® neighborhood W3 of y so that :

MIQ

vy/ € Wl d(y n\W )

Moreover, from the claim above, it follows that there is a weak® neighborhood W5 of y
such that :

Vy' € Wan S, d(y’,Kéoﬁ]n) < Min{g,e — 27"

2771

Since d(., K1) = inf{d(.,Kgoﬂn\Wo), d(., K1, n WO)}, we have :
Yy e WinWanS, dy, KX nWy) <e—2"

SoVy e WiNnWan S, lly — %/'|| < €. This concludes the proof of the proposition. []

In the non dual case, although the distance functions to the derived sets F. <f‘7>1 are not

necessarily weakly lower semi-continuous, we obtain a similar result.

Proposition 3.2 : Let X be a Banach space. If Sz, (X) < w; there is a weakly lower
semi-continuous function f defined on X and satisfying

i) [lz]] < 3= f(z) <land f(z) < 1= [lz|| <1

ii) the weak topology and the norm topology coincide on the sets S, = {z € X f(z)=

a}, for any 0 < a < 1.
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Proof : For a function ¢ : X — IR™, we denote by ¢ the weakly lower semi-continuous

regularization of ¢ : @(x) = sup { ini;/ f(z"); V weak neighborhood of m} We choose the
S

coefficients a, p, for n > 1 and o < Sz, (X,27") as in the proof of proposition 3.1. Then

we call : pq () = d(z, F2<C—XZL)

g9(@) = [lz|l + X2 2. GanPan(?)
n=1 a<Sz,(X,27")
and f(x) = g(x) = ||z|]| + > > AonPan(x). It is easy to check that the

n=1a< Sz, (X,2—™)
condition i) holds for g and for f = g.

Let 0 < a <1 and z € 5,. Like in the dual case we have : Vy > 0, Vn > 1, Va <

Szw(X,27™), there is a weak neighborhood W of x such that :
V' e WnS, |Gan (") = Pan(z)] < 7.

Now, let ¢ > 0. We want to find a weak neighborhood V of x such that, for any
' € VN Sy, |lx—2'|| <e Wetaken > 1and o < S, (X,27") such that 27" < § and
z € F\F{*M . Then there is a weak neighborhood U of & with diam (F,*) NU) <
27", As in the dual case we may assume F< >\U # 0. We call hy = d(., F;fz,\U)
and hy = d(.,F;?ZL NU). It is clear that ¢, = inf{ﬁl,hg}. We also may assume

U={2' € X: |yi(2)) —yi(x)| <\, V; € {1,...,7}} where y; € X*, ||y;]| =1 and A > 0.
/ / / )\ .
LetU’ = {x € X: |lyi(z) —yi(z)] < 5 Vi e {1,...,r}}

For any ' € U’, h1(z') > 4,50 hy(z) > 5. But we know that there is a weak neighborhood

3,
W of x such that for any ' € W NS, @qn(z’) < Min 2, s
Therefore : V' € WNU'NS,, ha(z') < €/2. But ho(z') < €/2 implies ||z — /|| < e. Indeed
if ||z — 2’|| > €, by Hahn Banach, there is a weak neighborhood W' of " such that for any
" € W', ||z —2"|| > e. So for any =" € W', hy(z”) > §, because diam (F2<C_XZL nU) < 5.

Therefore hy(z') > []

N
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Let us mention that R. Haydon obtained recently in [H2] two results connected with
this section : 1) The scattered compact space K constructed in [H1] is such that C(K) does
not admit a non zero real valued Fréchet-differentiable function with bounded support. 2)
There is a scattered compact space K so that C(K) is not strictly convexifiable although
it admits an equivalent norm such that the norm and weak topologies coincide on its unit

sphere.

We want to mention that the definition we use for Sz(X) is not the definition originally
introduced by Szlenk in [S]. The derivation he considered is the following : Let X be a

separable Banach space, C' be a closed bounded subset of X* and € > 0 :
Cl = {y € C: Hy,} CC, IH{x,} C Bx such that
Yn o Y, Tp — 0, yp(x,) > €V, € ]N}

Let us call o(X,¢e) and o(X) the ordinal indices associated in the usual way to this
operation. If X is a separable Banach space, it is clear that o(X) < Sz(X). The equality
is not true in general. Indeed we have that o(¢1) = 1 because ¢; enjoys the Schur property
while Sz(¢;) = w; since ¢7 = { is not separable. However this counterexample is

essentially the only one.

Proposition 3.3 : Let X be a separable Banach space. If X does not contain any

isomorphic copy of ¢, then Sz(X) = o(X).

Proof: Fore >0, (K2), will denote the family of derived sets obtained with the original
Szlenk-derivation. For the index Sz(X) we will use the derivation

cl = {y eC: Hy,} CCs. t.yp W y and ||y, — y|| > efor all n > O} which is equiv-
alent to the derivation defined in Section 2 when X is separable. We will show by transfinite
induction that Ke[a] CK 3/16. The conclusion of the proposition follows clearly. This prop-
erty is true for &« = 0 and passes easily to the limit ordinals. Let us now assume that
KE[O‘] C Kf‘/w. Let y € KE[O‘H], there is a sequence {y,} C Ke[a] such that y, o, y and

||Yyn — y|| > € for any n > 0.
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Lemma 3.4 : There exists ng € IN such that for n > ng ||y, || > £
Kery

Proof of Lemma 3.4 : Of course, we may assume y # 0.
Observe that ||y, || = d(yn, Ry).
Kery

Suppose d(yn,Ry) < §. Let y;, € Ry such that ||y, — y,,|| = d(yn,Ry). Since ||y, — y|| >

e, |lyh, — yl| = 3¢. Let @ € Bx such that y(zo) > |

y|| then |(y,, —y)(zo)| > 5.

Thus [(yn — y)(x0)| > §. But this contradicts yp, SN y. [J

End of the proof of proposition 3.3

Consequently we may assume that there is a sequence {z,} in Bx N Kery such that, for

any n in IN, y,(z,) > €/4. Since X 5 {1, we may also assume that z,, is weak-Cauchy (see

[O-R]). On the oter hand Vp € IN, z, € Kery. SoVp € IN, y,(zp) — 0. Therefore we

can construct an increasing sequence of integers {n} such that |y, (7, )| < §. Then we
Ty~ Ty,

call ), = "= and y}, = yy,. {z,} C Bx, z}, — 0 because {x,} is weak Cauchy

and y (x},) > 5. Soy € K%ﬂ. []
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