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ABSTRACT. We prove that for any separable Banach space X, there exists a
compact metric space which is homeomorphic to the Cantor space and whose
Lipschitz-free space contains a complemented subspace isomorphic to X. As a
consequence we give an example of a compact metric space which is homeomor-
phic to the Cantor space and whose Lipschitz-free space fails the approximation
property and we prove that there exists an uncountable family of topologically
equivalent distances on the Cantor space whose free spaces are pairwise non iso-
morphic. We also prove that the free space over a countable compact metric space
has the Schur property. These results answer questions by G. Godefroy.

1. INTRODUCTION

Let (M, d) be a metric space equipped with a distinguished point denoted 0. We
denote by Lipy(M) the Banach space of all real-valued Lipschitz functions on M
that vanish at 0 endowed with its natural norm:

: [f(z) = f(y)]

f € Lipg(M). 17l =sup { LG IO oy er oy}

The Dirac map § : M — Lipy(M)* defined by (f,d(x)) = f(x) for f € Lipg(M) and
x € M is an isometric embedding from M into Lipy(M)*. The closed linear span
of {0(x), x € M} in Lipg(M)* is denoted F (M) and called the Lipschitz-free space
over M (free space in short). The space F(M) is an isometric predual of Lipy(M).
The fundamental property of the free spaces is that any Lipschitz function between
metric spaces extends, via the d maps, to a continuous linear map between the
corresponding free spaces (see [8], [12] or [16]). This feature makes it very natural
to study the linear structure of the free spaces. This direction of research, which
has become very active, was initiated in a paper by G. Godefroy and N. Kalton [§],
and soon after was continued in an article by N. Kalton [12]. In [8], the authors
concentrated on the study of F(X), when X is a Banach space. In that situation,
there is another fundamental object, namely the barycenter map (3, which is defined
to be the unique bounded linear map from F(X) onto X such that for all z € X,
Bo(x) = x. Note that ||3]] = 1. One of the main results in [8] is that if X is a
separable Banach space, then there exists a linear isometry U : X — F(X) such
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that U = Idx. Let us point out that it readily follows that P = Up is a non
expansive projection from F(X) onto U(X).

Let us now recall that a Banach space X has the approximation property (AP in
short) if for any compact subset K of X and any € > 0, there exists a bounded finite
rank operator 7" on X such that [|T(x) — x| < e forall x € K. For A > 1, X has the
A-bounded approximation property (A-BAP) if for any compact subset K of X and
any ¢ > 0, there exists a bounded finite rank operator 7" on X such that |T|| < A
and ||T(z) — z|| < ¢ for all x € K. We say that X has the bounded approximation
property (BAP) if it has the A-BAP for some A > 1 and that it has the metric
approximation property (MAP) if it has the 1-BAP. Another important result of [§]
is that a Banach space X has the A-BAP if and only if 7(X) has the \-BAP. It
follows that the BAP is stable under Lipschitz isomorphisms. It is then natural to
study these approximation properties for free spaces over other metric spaces and
in particular over compact metric spaces. Let us summarize what is known on this
subject. G. Godefroy and N. Ozawa proved in [9] that there exists a compact convex
subset K of a Banach space X such that F(K) fails the AP. It is proved in [13] that
the free space over a doubling metric space has the BAP. In [3] A. Dalet showed
that the free space over a countable compact metric space has the MAP (see also
[4] for the extension of this result to the case of countable proper metric spaces). In
[14], R. Smith and the third author proved, in particular, that the free space of a
compact convex subset of a finite dimensional normed space has the MAP. Finally,
let us mention that M. Cith and M. Doucha recently obtained in [1] that the free
space of a separable ultrametric space has the MAP.

In [9], G. Godefroy and N. Ozawa also proved that if K is a “small Cantor set”,
then F(K) has the MAP. Then G. Godefroy raised the question whether the free
space over a perfect totally disconnected compact metric space (or equivalently a
metric space homeomorphic to the Cantor space C') has the BAP [7] (this question
was already mentioned in [1]). In section 2 we prove the existence of a compact
metric space K, which is homeomorphic to C' and such that F(K) fails the AP. Our
proof is based on an adaptation of the construction of a linear isometric lifting of the
barycenter map /5 when X is a separable Banach space (see [8] for the original proof).
We will follow the elementary approach given in [6]. This construction will also allow
us to build an uncountable family of compact metric spaces, all homeomorphic to
the Cantor space, but whose free spaces are pairwise non isomorphic.

Let us finally recall that a Banach space X is weakly sequentially complete if a
sequence (zy,)22, in X is weakly converging whenever the sequences (z*(z,))5
are converging in R for all z* € X*. Then X has the Schur property if every weakly
converging sequence in X is norm converging. Clearly, a Banach space with the
Schur property is weakly sequentially complete. Recently, M. Cith, M. Doucha and
P. Wojtaszczyk proved that F(R"™) is weakly sequentially complete. Among other
questions, G. Godefroy proposed to study the weak sequential completeness of free
spaces over compact metric spaces and specifically asked whether the free space over
a countable compact metric space is weakly sequentially complete. In section 3, we
address this question and show that the free space of any countable compact (or
even proper) metric space has the Schur property.



2. FREE SPACES OVER CANTOR SETS
We start by stating the main result of this section.

Theorem 2.1. Let X be a separable Banach space and € > 0. Then there exists
a compact subset K of X such that K is homeomorphic to the Cantor space C, a
linear embedding R from X into F(K) such that |R|| ||R7!|| < 14+¢ and a projection
P from F(K) onto R(X) with |P|| <1+e.

As an immediate Corollary, we obtain:

Corollary 2.2. There exists a compact metric space K homeomorphic to the Cantor
space C such that F(K) fails the approximation property.

Proof. Let X be a separable Banach space failing the approximation property. The
existence of such a space was proved by P. Enflo in [5]. Then Theorem 2.1 insures
the existence of a compact subset K of X so that K is homeomorphic to C' and
X is isomorphic to a complemented subspace of F(K). Therefore F(K) fails the
approximation property. O

Proof of Theorem 2.1. The idea of the proof is to build a “very fat spanning Cantor
set” in any separable Banach space. So let X be a separable Banach space and € > 0.
We choose a small enough 1 € (0,1/2). The choice of n will be made precise along
our construction. It follows from the work of I. Singer [15] (see also [10] Corollary
1.26 page 12) that there exists (x,)5%; in X and (x})5%; in X* such that the linear
span of {x,, n > 1} is dense in X and so that for all n > 1, [|z,| = 27" = 2} (zn),
|lzk |l <1+ n and for n # m, x},(x,) = 0.

We now pick a sequence (a,)22; in (0,1) such that a, < 727" for all n > 1, and
I[oi(1—ap)=T=1-n.

For all n > 1, we choose a subset C,, of [0, 1] which is homeomorphic to the Cantor
space C' and such that its Lebesgue measure satisfies A\(Cy,) = 1 — a,,. We also ask
that {0,1} C Cp.

For N>1and 1 <n <N, we denote A%, ={k#n, 1 <k <N} and

N

N
Dy=]]Cr Dk =[] Cr Ty=]](0—ar) and Ty = [ (1 —ax).
k=1

kEAT, k=1 kEAT,

We also denote Ay the Lebesgue measure on [0, 1]V and A%, the Lebesgue measure
on [0, 1]4%.
Then we define f : [0,1]Y — X by f(t) = Y00 taxy, for t = (t,)22, € [0,1]N.
Note that f is one to one and continuous. It follows that K = f([[—, Cy) is
homeomorphic to C'. We will show that, with the right choice of n, K will provide
us with the desired example.

For N > 1, we denote Ey the linear span of {z1,..,2x} and define Ry to be the

linear map from Ey to F(K) such that

1
IP}V/D (Slan+ 3 trag) =60 Y tran)) AN (0):

N keAT, keAT,

Vn < N Rn(zn) =
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Note that for all z € En, BRy(xz) = x and for all n < N, [|[Ry(x,)|| < ||zy]|. Then
we consider Sy : Exy — F(K) to be the linear map such that
Vn < N Sy(x,) =IYRy(zy)
and Uy : Ey — F(X) to be the linear map such that
Vn < N Uy(zn) :/ a (6(zn + Z trwg) — O Z tewi)) AN (t)

0,1 4% keAT, kEAT,
By the choice of (a,)5 4,
(21) V<N, [TxRu(a) — Sy(@a)l = [y — T [ Rzl < 72"zl

Consider now = = Ziv:l anty € En. Note that for all n < N, zf(x) = a,27",
which implies that |a,| < 2™(1 + n)||z||. Then, we deduce from (2.1) that

N
(2.2) Ty R (x) = Sn (@)l < Y lan[n2 " |zl < n(L+n)al| < 2n]].

n=1
We have shown that |[ITIyRy — Sn|| < 2.
Assume now that f € Lipy(X) is such that its restriction to En, that we denote
fn, is continuously differentiable. Let x = ZN—1 anT, € En. Then

(f.Sn(2)) = | (Vin Ztm ydAn(t) =

Dy

Zan/ /01\cn VfN(éthk),xn>dtn> AN ().

It follows that

\(f,SN(xD—/D (VIn Zthk ) dAn(t ZanlanlllfHLlpllwnH

N
< ()| flluipllz Y an < 0@+ 0)llf luiplell < 20 fllLipllz]-

n=1

We also have that

N
‘ <VfN(Zthk),$> d)\N(t) —/ VfN Zthk d)\N( )‘
k=1 Dy

0,11

< (1 —=IIN) I flluipllz]l < anIILile‘II-
Hence

(2.3) !<f75N(iv)>/[01] (VIn Ztkﬂ% YA (t)| < 3nllflluipll]l.

Then we can use a now classical approx1mat10n argument, using the convolution by
a smooth approximation of unity in Fy, as it is presented in [6], to deduce from
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(2.3) that ||Sy — Un|| < 3n and therefore that |[IIy Ry — Un|| < 57. Since we know
from [8] that Uy is an isometry, we get that

1+577< 14957
Iy = 1—19

IRl < <l+e,
if  was initially chosen small enough.

The last step of the proof is to define R as a “limit” of the sequence (Ry)X_;.
Indeed, for all n < N:

1
Ravs1(n) = = / Gt Y ) =00 S ) AN ()
N+1 PN kEAT kEAT
and
1
Rav(n) = o / (Olen+ 3 temn) =60 S tran)) dNK(H)
N /DY kA%, kEAR;

= 1 /" (5(mn+ Z trxy) — 6( Z tkmk)) AN 41 (1)

]:[Tl
N+1 N+1 k:EA’]{, ke A%
We deduce that

IRN-+1(2n) = Ry (an)|| < 2[|znall < 277,

It follows that for any x € Ey, the sequence (R;(x)) 5 is norm convergent in F(K).
We denote R(x) its limit. Then R extends to a bounded linear map R : X — F(K)
such that |R|| < 1+¢ and for all x € X, BR(x) = z. Since ||5|| < 1, we obtain that
R is a linear embedding from X into F(K') such that

Vee X, |z <[[R(z)[| < (1 +e)llz|.

Denote now Sk the restriction of 5 to F(K). It is easily checked that P = RS is
a bounded projection from F(K) onto R(X), with ||P|| < 14 . This concludes our
proof.

O

Let us denote wy the first uncountable ordinal. As another application of Theorem
2.1 we obtain the following result.

Corollary 2.3. There exists a family (Xo)a<w, of separable Banach spaces and a
family (Kq)a<w, Such that

(i) For all a < wy, K, is a compact subset of X, which is homeomorphic to the
Cantor space C.

(ii) For all o < wy, X, is isomorphic to a complemented subspace of F(K,).

(iii) For all B < a < wi, X, is not isomorphic to a complemented subspace of

F(Kp)-
In particular, for any o # B € [1,w1), F(Ka) and F(Kg) are non isomorphic.
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Proof. This construction will be done by transfinite induction. Let X7 be any sep-
arable Banach space (set X; = ¢y for instance). By Theorem 2.1, there exists a
compact subset K7 of X7 which is homeomorphic to C and such that X7 is iso-
morphic to a complemented subspace of F(K1). We now use the work of Johnson
and Szankowski [11], who showed that there is no separable Banach space that is
complementably universal (see also Theorem 2.11 in [10]). Therefore, there exists
a separable Banach space Xo such that X5 is not isomorphic to a complemented
subspace of F(K1). Then, we use Theorem 2.1 to find a compact subset Ko of X,
homeomorphic to C' and such that X5 is isomorphic to a complemented subspace of
F(K3).

Assume now that (X,)y<q and (K )y<o have been constructed for some o < wy
and satisfy properties (i), (ii) and (iii).

If « = 8+ 1 is a successor ordinal, Johnson and Szankowski’s theorem insures the
existence of a separable Banach space Y such that Y is not isomorphic to a comple-
mented subspace of F(Kg). Then we set X5y = Xg®Y . So X34, is not isomorphic
to a complemented subspace of F(K3g). It also follows from our induction hypothesis
that for all v < /8, X4 is not isomorphic to a complemented subspace of F(K).
Then, by Theorem 2.1, there exists a compact subset Kz of Xg;1 homeomorphic
to C such that X34 is isomorphic to a complemented subspace of F(Kp341).
Finally, if o is a limit ordinal, we set Xo = (3., Xy)¢;- Let 8 < o, then X, con-
tains a complemented copy of X, for all v € (8, «). Therefore it follows from our
induction hypothesis that for all 8 < «, X, is not isomorphic to a complemented
subspace of F(K3). Finally, we use again Theorem 2.1 to produce a compact subset
K, of X, such that X, is isomorphic to a complemented subspace of F(K,). This
concludes the transfinite induction. O

Remark. Using this idea and the isometric lifting property of separable Banach
spaces established in the original paper by Godefroy and Kalton [8], one can build a
family of separable Banach spaces (Y )a<w, such that the spaces F(Y,) are pairwise
non isomorphic. As well, using the construction of Godefroy and Ozawa [9], one can
build a family of compact convex subsets of separable Banach spaces (Cy)a<w, such
that the spaces F(Cy) are pairwise non isomorphic.

3. SCHUR PROPERTY AND FREE SPACES OVER COUNTABLE COMPACT SPACES

In [9] Godefroy and Ozawa showed that for any separable Banach space X there
is a compact convex subset K of X such that X is isometric to a complemented
subspace of F(K). Since weak sequential completeness passes to subspaces , this
implies the existence of a compact convex subset of ¢y whose free space is not weakly
sequentially complete. Similarly, Theorem 2.1 yields the existence of a compact
metric space homeomorphic to the Cantor space whose free space is not weakly
sequentially complete. We will show, that like for the approximation property, the
situation is completely different for countable compact spaces.

Theorem 3.1. Let K be a countable compact metric space. Then F(K) has the
Schur property.
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Before we proceed with the proof, we need to recall a very useful decomposition
due to N. Kalton (Lemmas 4.1 and 4.2 in [12]). If M is a pointed metric space and
k<leZlet My ={x e M, dz,0) <2}, Ax, ={0}uU{z e M, 2~ <d(z,0) <2}
and C}, = Ap_1 k+1- Then Kalton proved the following two results.

Lemma 3.2. Suppose r1 < 1 < .. < 1y < 8y, belong to Z. Then for any vi,..,Vn
such that for all k < n, v, € F(Ar, s,) we have that

n 1 n
1>l any gz Vel 7
=1 =1

Proposition 3.3. For any k € Z there exists an operator Ty, : F(M) — F(Cg) C
F(M) such that

Vye F(M) v=) Ty with > Tyl 7on < MllFar
kEZ keZ

where X > 1 is a universal constant.

Proof of Theorem 8.1. We will prove by transfinite induction on o < wy, the follow-
ing statement:
(Hy): If K@ is finite, then F(K) has the Schur property (where K(®) is the Cantor-
Bendixon derived set of K of order «).

If =0, then F(K) is finite dimensional, so (Hy) is clearly true.

Assume that o € [1,w;) and that (Hpg) is true for any 8 < a. Consider now K
a compact metric space such that K@) = {z1,..,zn}. It is then classical that there
exist mutually disjoint clopen subsets K7i,..,K,, of K such that K = U}" ; K; and for

alli <n, K i(a) = {x;}. By compactness the K;’s are uniformly far apart from each
other. It then follows that F(K) is isomorphic to the ¢; sum of the F(K;)’s (see the
proof of Theorem 3.1 in [3] for details). Therefore we may assume that k() = {0},
where 0 is the origin of our pointed metric space.

Following the notation introduced for Lemmas 3.2 and 3.3, we have that for any kin

7, 0 is an isolated point of C. Therefore C}, is a compact space such that C =0. Tt
follows from our induction hypothesis that F(C}) has the Schur property. Con81der
now ()72, a weakly null sequence in F(M). Then, we have that for any k € Z, the
sequence (Tj7v;)?2, is norm converging to 0.

The rest of the proof goes by contradiction. So assume that ||v;|| = ||vil| 7x) does
not tend to 0. Then we will build a subsequence of (;) which is equivalent to the
canonical basis of ¢1, which is not weakly null. This will yield our contradiction. So,
by extracting a first subsequence, we may assume that ||v;|| > 0, for some § > 0.
Assume also, as we may, that the diameter of K is less than 1. Fix M > 1, whose
(large) value will be made precise later.

Set i1 = 1, M7 = 0 and pick N7 < 0 such that

)
> Ty Il < I

k<N1



8

We now choose inductively, using Proposition 3.3 and the fact that for all k in Z
lim; 00 || Tvill = 0: My =0> Ny > .. > M, > N, and i1 < .. < i, such that

)
Vn>0 Myy1 =N, —3 and k%; | Tvi, || < i where F, = [Ny, M,].

Let now (ay,) be a finite sequence in R. We have that

0
(3.4) HZan%n | = HZ% 3" T, )| > Hzan > Tl = 77 D lam]

keZ keF,

Since Zkan Ty, € F(AN,—1,M,+1) and My = N, — 3, it follows from Lemma
3.2 that

CERN oL b SATE ZwHZTm > (02 Y ol

keF, keF, n

Combining inequalities (3.4) and (3.5), we get

15 el 2 (50 3) = 37) X lonl 2 § Sl

if M was initially chosen large enough, which concludes our proof.
O

Remark. Gathering the results from [3] and Theorem 3.1, we have that the free
space over a countable compact metric space is a Schur space which is isometric to
a dual space and has the metric approximation property. However it can still be
quite complicated. Indeed, in [2] an example of a compact subset K of R? such that
K’ = {0} and F(K) does not embed into L' is given.

Recall that a proper metric space is a space whose balls are relatively compact.
Then we can extend our result as follows.

Corollary 3.4. Let M be a proper countable metric space. Then F(M) has the
Schur property.

Proof. Still using the notation introduced for Lemmas 3.2 and 3.3, we have that for
any k € Z, My, is a countable compact metric space. Thus Theorem 3.1 implies that
F (M) has the Schur property. We can now use Proposition 4.3 in [12] which insures
that 7 (M) is isomorphic to a subspace of (D, ., F(Mpg))e, - This clearly implies that
F (M) has the Schur property.
Note that we could also have made the following reasoning. Since the C}’s are
countable and compact, each F(C%) is a Schur space. Thus we can reproduce the
argument used in our inductive proof of Theorem 3.1 to show that F(M) is a Schur
space.

O
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