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1+1D QFT

Schrdinger’s picture v.s. Heisenberg's picture

S picture

quantum state: [))

Observer: A

Dynamics:|1)(t)) =

ihd: |((t)) =

H[y(t))

U) ¢

Hao Pei

H Picture
;1) = U(=1) [¢)
A(t) = U(=t)AU(t)

[wt);2) = UOU(=1) [¥) = |¥)
ihgp Alt) = —[H, A(t)]
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[ITHIT,TH 1+1D QFT

Path integral

@ 1D non-relativistic particle

|(t)) = U(t)|y) Where U(t) = e~ H

q(t)
i Probability Amplitude:
ar K(qp tyiqits) = (qr|U(ty — ;) [a:)
-1
t; ty
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Outline: 1+1D QFT

Path Integral

q(t)
VAR
qi
q(t)
t; t1 to tN_tiNts >t
qq B ——
af
>t
t; ty
K(as trigi,ti) = (arl Uty — i) lai)
i(tp—t;)
Probability Amplitude: = (gs|e” L—H |g:)
_ i _ i __id
= (grle” " e "M emw g
where § = t‘f;ti'
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Path Integral

use identity: [ |g) (¢|dg = 1 We have:
_z‘(tf—ti)H
(gele™ "7 aq) =

N-1

_is _is _is _is
(H/dQJ')<Qf|e gy 1) (gv—ale” W T gy o) . (qele” W |qu) (qa] e W i)
=1
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[ITHIT,TH 1+1D QFT

Path Integral

use identity: [ |g) (¢|dg = 1 We have:
_z‘(tf—ti)H
(gele™ "7 aq) =
= _is _isy _isy _isp
(H/dQJ')<Qf|e gy 1) (gv—ale” W T gy o) . (qele” W |qu) (qa] e W i)
=1

H —i8(p2 m dp —i8 (52 m
Consider (g;41]e™ = # /2™ |g;) :/ﬂ@jﬂ\e w P2 Y (plgy)

_ [ @ —iw?/2m) inta5 01—
2m

Where H = p?/2m and J ;TI; lp) (p| =1
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Outline: 1+1D QFT

Path integral

Take the limit N — oo and use Gaussian integral we have:

(arle™ "7 |g;) = /D[q]e(;?s)

Where S = /dtL is the action of the theory.

[ ol = g (Z2) N [ da

j=0
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Outline: 1+1D QFT

Probability Amplitude

e What is /D[q]e(és(@)q(tl) ? where t; <t <ty
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Outline: 1+1D QFT

Probability Amplitude

e What is /D[q]e(és(@)q(tl) ? where t; <t <ty

o By calculation, it equals (gf;ts| Q(t1) |5 ts)
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Outline: 1+1D QFT

Probability Amplitude

e What is /D[q]e(és(@)q(tl) ? where t; <t <ty

o By calculation, it equals (gf;ts| Q(t1) |5 ts)

@ Correspondence Principal
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Outline: 1+1D QFT

P1—DPf Pi—p1
/D[Q]e('s(q”Q(tl) :/d(h/D[Q]@(;S(q)) X/D[Q]e(és(q” xq(t1)

— / dar {gs Ut — t)lqn) a(h) {ar U (11 — )as)

= (qp;ty| Q(t1) |qis ts)

e
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Outline: 1+1D QFT

Correspondence Principal

@ inserting classical objects ¢(t¢1) <= quantum operator in
Heisenberg picture Q(t1)
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Outline: 1+1D QFT

Correspondence Principal

@ inserting classical objects ¢(t¢1) <= quantum operator in
Heisenberg picture Q(t1)

@ Moreover,

| Dlaexp (5 St@att)atts) = larits| TQUQ(e) asit)

where T is the time ordering operator and assume t1 <ty
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Outline: 1+1D QFT

Correspondence Principal

@ inserting classical objects ¢(t¢1) <= quantum operator in
Heisenberg picture Q(t1)

@ Moreover,

| Dlaexp (5 St@att)atts) = larits| TQUQ(e) asit)

where T is the time ordering operator and assume t1 <ty

o It automatically oder the operators in time!
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Outline: 1+1D QFT

[ Dl S Dgatea)

pP2—>Pf p1—pP2 Pi—DP1
- / dqrda / Dlgle k5@ x / Dlglek5(@) x / Dlgle F5@) xq(t1)q(t2)

= /dq1dq2 (arlU(ty —t2)la2) a(t2) {g2|U(t2 — t1)lar) q(t1) (q1|U(t1 — ti)lqi)

= (qr;ty| Q(t2)Q(t1) lass ts)
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Outline: 1+1D QFT

Wick Rotation

@ Minkovski Spacetime
ds? = —dt? 4 d?

U(t) = einl n) (]

=2 i [n) {nl

convergent only if 7 >0
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Wick Rotation

—1iT
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Outline: 1+1D QFT

Wick Rotation

@ Minkovski Spacetime
ds? = —dt? + dz?
t ot — —iT

@ Euclidian Spacetime
ds? = dr? + d7?

—1iT

U(t) = S en n) (n]
=2 e it [n) {nl

convergent only if 7 >0
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Outline: 1+1D QFT

Wick Rotation

@ Minkovski Spacetime
ds? = —dt? + dz?
t ot — —iT

@ Euclidian Spacetime

ds? = dr? + d7?
@ And if the the temperature
—T T is finite, we will have a
spacetime with periodic time

convergent only if 7 >0
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Outline: 1+1D QFT

Wick Rotation

Minkovski Spacetime
ds? = —dt? 4 d?
t — —ir

~+
(]

Euclidian Spacetime
ds? = dr? + d7?

x
@ And if the the temperature
—T T is finite, we will have a
‘5 spacetime with periodic time
U(t) =>_en™" |n) (n| - h
- o We will see 7 = Bh = 2=
S L =

convergent only if 7 >0
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Why Euclidian time?

Se() = [ 5= V(o) — i) = 5 V(o)
Se(a) = [ 5+ V() — () = -V (al)

Hao Pei Path integral in Quantum Theory



[ITHIT,TH 1+1D QFT

Why Euclidian time?

/q— ) — () = ~ 5V (a(0)

smm=/2q+vm i) = 5oV (a()
o For Example: V(¢) = Zw?¢?
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[ITHIT,TH 1+1D QFT

Why Euclidian time?

/q— ) — () = ~ 5V (a(0)

smm=/2q+vm i(r) = 5-Via(r)

o For Example: V(¢) = Zw?¢?
@ q(t) = qocos (w(t —t0)) q(7) = qo cosh (w(T — 7))
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Outline: 1+1D QFT

Why Euclidian time?

/q— ) — () = ~ 5V (a(0)

smm=/2q+vm i(r) = 5-Via(r)

e For Example: V(q) = %w2q2

@ q(t) = qocos (w(t —to)) q(7) = qo cosh (w( — 7))
@ By Wick rotation, action Sg can be extremized!
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Outline: 1+1D QFT

Why Euclidian time?

) = [ 5= Via) = i) =~ Vi)
; 0

" (o) = | 5+ Vi) — i) = Vi)
For Example: V(q) = %w2q2
q(t) = go cos (w(t — to)) q(7) = go cosh (w(T — 79))
By Wick rotation, action Sg can be extremized!
Path integral for Euclidian time:
K(ay, 775 4, 7) = (ar|UB(y — 7i) i)

- [Jwgzqi Dig] exp (_%SE(Q))
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Outline: 1+1D QFT

Field Theory

Difficulty: ¢(z,t) has infinitly many degrees of freedom

Solution: Discretization
z x

t -1

The idea is to treat x as a label of ¢, just as the subscript 7 of g;.
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Outline: 1+1D QFT

Field Theory

Knowing the path integral receipt for quantum mechanics, we have
a similar treatment for Field Theory: Functional Integral over the

field ¢(z, t)
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Outline: 1+1D QFT

Field Theory

Knowing the path integral receipt for quantum mechanics, we have
a similar treatment for Field Theory: Functional Integral over the

field ¢(z, t)

The functional integral of field theory in Euclidian time is:

Z= [ Dlota, 7)) exp (~ 4 S516)
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[ITHIT,TH 1+1D QFT

Thermodynamics

e Partition Function: Z = T'r(exp (—8H))

Where 8 = ]CB% and kg is the Boltzmann constant
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[ITHIT,TH 1+1D QFT

Thermodynamics

e Partition Function: Z = T'r(exp (—8H))

Where 8 = ]CB% and kg is the Boltzmann constant
o Significance: (E) = —ag}jz etc...
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[ITHIT,TH 1+1D QFT

Thermodynamics

e Partition Function: Z = T'r(exp (—8H))

Where 8 = ]CB% and kg is the Boltzmann constant

o Significance: (E) = —ag}jz etc...

@ Replace time by an imaginary number (Wick rotation) in the
evolving operator U (t): t — —it

U(t) = el U(—it) = e il = ¢=BH

where 7 = Bh
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Outline: 1+1D QFT

Partition Function

@ Partition function of a quantum system:

Z = Tr(Ug(BR)) = 3 (n| Ug(BR) In) = 32 e*»

where we denote U(—it) := Ug(7)
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Outline: 1+1D QFT

Partition Function

@ Partition function of a quantum system:

2 = Tr(Us(Bh) = 5 (n| Us(Bh) [n) = ¢
where we denote U(—it) := Ug(7)
= Z (n|Ug(BR) |n)

dq {(q| Ug(Bh) |q)

exp(—*SE( )

Il
a\\
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Outline: 1+1D QFT

Thermodynamics

EuclidianPI Partition Function

° [z(mzqi Dq] eXP(—%SE(Q)) <—>/ Diq] exp(—%SE(q))

q("'f>:qf a(Bh)=q(0)
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Outline: 1+1D QFT

Thermodynamics

EuclidianPI Partition Function

0 /q(m . Dla exp(—%sm Do/ Dlgexp(-y8e)

s s a(Bm)=q(0)

+— boundary condition
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Outline: 1+1D QFT

Thermodynamics

EuclidianPI Partition Function
1 1
o [, Dldesp(~Su(a) Dlg)exp (~ 1 55(9))
,fg qlf a(B)=4(0)
+— boundary condition
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Outline: 1+1D QFT

Thermodynamics

EuclidianPI Partition Function

0 /q(m . Dla exp(—%sm Do/ Dlgexp(-y8e)

o a(B1)=4(0)

+— boundary condition

° T—Bh—kBT

o Finite temperature «— Euclidian period
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Outline: 1+1D QFT

Ground State

@ Go back to Euclidian time:
Up(r) = exp (-3 H)
where H |n) = E,, |n) and Ey < B} < ...
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Outline: 1+1D QFT

Ground State

e Go back to Euclidian time:
Ug(t) = exp (=% H)
where H |n) = E,, |n) and Ey < E; < ...
o Up(r) = Y exp (—3Ex) In) (n] = exp (=5 Eo) 0) {0

when 7 — o0
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Ground state

Tr(F(q)Ug(Bh
(Pla); = Tl

@ A thermal state: / DIq] exp(—%SE(Q))F(Q)
q(Bh)=q(0)

[ Dldew(-455(@)
q(Bh)=q(0)

with periodic boundary condition.
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Outline: 1+1D QFT

Ground state

Tr(F(q)Ug(Bh
e

@ A thermal state: / DIq] exp(—%SE(Q))F(Q)
q(Bh)=q(0)

[ Dldew(-455(@)
q(Bh)=q(0)

with periodic boundary condition.

@ In oder to get the vacuum expectation value (0|F(q)|0), we
can use the previous result and take the limit 7 — oo
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Outline: 1+1D QFT

"Coordinate Bethe Ansatz" for X X X /5 Heisenberg spin chain

Eigenstate of the Hamiltonian:

L
_ Z‘f' - H = (C*)®E; with boundary
R condition o1 = 01
where P; ;11 is permutation

L
=L—2 Z Piit1 operator.

e vacuum: L) -+ }))
—_————

Lsites
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Outline: 1+1D QFT

"Coordinate Bethe Ansatz" for X X X /5 Heisenberg spin chain

Eigenstate of the Hamiltonian:

L
_ Z‘f' - H = (C*)®E; with boundary
R condition o1 = 01
where P; ;11 is permutation

L
=L—2 Z Piit1 operator.

e vacuum: L) -+ }))
—_————

Lsites
e single particle state: [¢0) oc >, P |{k}) with e?PL =1
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Outline: 1+1D QFT

"Coordinate Bethe Ansatz" for X X X /5 Heisenberg spin chain

Eigenstate of the Hamiltonian:
L
H=-> o0 _

Z; e H = (C*)®L; with boundary

1= o — —
L condition o’ = 01

=L-2 Z Piit1
i=1
@ two particle state:

1) o0 32, (10T 28) - Sellnkra)) | k) with
etlr2 — § — p—ilp1
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Outline: 1+1D QFT

"Coordinate Bethe Ansatz" for X X X /5 Heisenberg spin chain

Eigenstate of the Hamiltonian:

L
H=-=S 60 _
Z;UZ it H = (C?)®L; with boundary
1= . - —
L condition o’ = 01
=L-2 Z Piit1
i=1

@ two particle state:
[9) 06 X0, (/P78 4 Seiaks22)) |, k) with
etlr2 — § — p—ilp1

_ 14€l(P11P2) _2¢iP2

o where § = — =S = 5T
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Outline: 1+1D QFT

"Coordinate Bethe Ansatz" for X X X /5 Heisenberg spin chain

Eigenstate of the Hamiltonian:
L
H=-> 00 :

2 v H = (C?)®L; with boundary

1= e — —
L condition o’ = 01

=L-2 Z Pijit1
i=1
@ n particle state:

|1/}> = Zl§j1<j2~"jnSL ZUEGn Aaei kaa(k)jk |{j1)j27 e 7.]TL}>
with elP2 = § = ¢—ilp1
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Outline: 1+1D QFT

"Coordinate Bethe Ansatz" for X X X /5 Heisenberg spin chain

Eigenstate of the Hamiltonian:

L
H =— T Ol .
2‘71 Oi+1 H = (C*)®L; with boundary
i= I — g
; condition o’ = 01
=L—-2 Z Piiv1
i=1

@ n particle state:

|1/}> = Zl§j1<j2~"jnSL ZUEGn Aaei kaa(k)jk |{j1)j27 e 7.]TL}>
with eilP2 = § = ¢~ilm
inorder to make |¢) an eigenstate, need

o A, x (—1)° Hj<k;(1 + e Po(i) k) — 2P (k)
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"Coordinate Bethe Ansatz" for X X X /5 Heisenberg spin chain

Eigenstate of the Hamiltonian:

L
H =— T Ol .
2‘71 Oi+1 H = (C*)®L; with boundary
i= I — g
; condition o’ = 01
=L—-2 Z Piiv1
i=1

@ n particle state: A _
|1/}> = Zl§j1<j2~"jnSL ZUEGn AU'BZ kaa(k)]k |{j1)j27 e 7.]TL}>
with eilP2 = § = ¢~ilm
inorder to make |¢) an eigenstate, need

o A, x (—1)° Hj<k;(1 + e Po() TPo(k)) _ 2€ipa(k))

. iLpi N 1+6i(p+p’),26ip
o Vj,e""Pi = [];4; S(pj, pk) where S(p,p') = e T e
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Outline: 1+1D QFT

1 + 1D Field Theory

After exchange the space and time:

=
@ Set of relativistic particles strongly separated to avoid
interaction (off-mass-shell effect) .
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Outline: 1+1D QFT

1 + 1D Field Theory

After exchange the space and time:

=
@ Set of relativistic particles strongly separated to avoid
interaction (off-mass-shell effect) .

@ Can use coordinates x and momenta p, further introduce wave
function ¥ (x1,...,zN)
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Outline: 1+1D QFT

1 + 1D Field Theory

After exchange the space and time:

=

@ These wave functions are Bethe wave functions.
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Outline: 1+1D QFT

1 + 1D Field Theory

After exchange the space and time:

N
@ These wave functions are Bethe wave functions.

@ Denote the free region as (i1, 2,...,iy) if
Tiy < Tjy < 0 < Ty
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Outline: 1+1D QFT

1 + 1D Field Theory

After exchange the space and time:

~ (==
@ In purely elastic scattering case, every transition,

(015 sty g1y ooy IN) = (B150 oy Gt 1, Gy o v EN)
will contribute a scattering amplitude to the wave function.
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Outline: 1+1D QFT

1 + 1D Field Theory

After exchange the space and time:

(=
The Bethe wave function is eigenstate of the theory if:

@ The space is one dimensional and there is periodic boundary
condition
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Outline: 1+1D QFT

1 + 1D Field Theory

After exchange the space and time:

(=
The Bethe wave function is eigenstate of the theory if:

@ The space is one dimensional and there is periodic boundary
condition
@ No off mass shell effect
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Outline: 1+1D QFT

1 + 1D Field Theory

After exchange the space and time:

(=
The Bethe wave function is eigenstate of the theory if:

@ The space is one dimensional and there is periodic boundary
condition

@ No off mass shell effect

@ Factorization formula must holds
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Outline: 1+1D QFT

1 + 1D Field Theory

After exchange the space and time:

(=
The Bethe wave function is eigenstate of the theory if:

@ The space is one dimensional and there is periodic boundary
condition

@ No off mass shell effect

@ Factorization formula must holds

@ Need infinitely many conserved charges.
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Thank youl
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