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ABSTRACT. We consider the boundary value problem
(Py) u € Hy(Q)NL®(Q) : —Au = e(x)u + p(z)|Vul* + h(z),

where Q ¢ RV, N > 3 is a bounded domain with smooth boundary. It is
assumed that ¢ =2 0, ¢, h belong to LP(2) for some p > N/2 and that u €
L>(§). We explicit a condition which guarantees the existence of a unique
solution of (Py) when A < 0 and we show that these solutions belong to a
continuum. The behaviour of the continuum depends in an essential way on the
existence of a solution of (Py). It crosses the axis A = 0 if (Fy) has a solution,
otherwise if bifurcates from infinity at the left of the axis A = 0. Assuming
that (Pp) has a solution and strenghtening our assumptions to u(x) > p3 > 0
and h 2 0, we show that the continuum bifurcates from infinity on the right
of the axis A = 0 and this implies, in particular, the existence of two solutions
for any A > 0 sufficiently small.

1. INTRODUCTION

For a bounded domain Q C RY, N > 3, with smooth boundary 0 in the sense
of condition (A) of [I9, p.6] (a sufficient condition for (A) is that 02 satisfies the
exterior uniform cone condition), we study, depending on the parameter A\ € R,
the existence and multiplicity of solutions of the boundary value problem

(Py) u € Hy() N LX(Q) : —Au = Ae(z)u + p(z)|Vul* + h(z),
where we assume
c and h belong to LP(Q2) for some p >
¢z 0and pe L>(9Q).

Most of the results presented in this paper hold when —A is replace by a more
general differential operator L in divergence form, see Remark [ Il However for
the simplicity of exposition we deal here with L(u) = —Au.
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Elliptic quasilinear equations with a gradient dependence up to the critical
growth |Vu|? were first studied by Boccardo, Murat and Puel in the 80’s and it
has been an active field of research until now. Under the condition that c(z) > ag
a.e. in 2 for some ag > 0, the existence of a solution of (Py) when A < 0 is a
special case of the results of [9, [I1]. Also in the case A = 0 (or equivalently when
¢ = 0), Ferone and Murat [13] obtained the existence of a solution for (F), under
the smallness assumption

(1.1) lllcliflly < 83

where Sy > 0 is the best constant in Sobolev’s inequality. This result was the
first one assuming that h(x) € L™/2(Q) but previous results, in the case A = 0,
were obtained under stronger regularity assumptions on h(z) and assuming that
a suitable norm of h(z) is small (see for example [2, 4], 20]). In the particular
case p(z) = p > 0 and h(x) > 0, this existence result of [I3] can be improved
using Theorem 2.3 of Abdellaoui, Dall’Aglio and Peral in [I] who show that a
sufficient condition for the existence of a solution for (Pp) is

. fg Vo ’2 dx . 1
p < mf{fgh(x)(dex s o€ Hy(Q), /Q
Concerning the uniqueness, a general theory for problems having quadratic
growth in the gradient was developed in [5, [6]. When ¢(x) > ag a.e. in 2 for
some g > 0, the results of [6] imply the uniqueness of the solutions of (Py) for

A <0.

h(z)? dz > o} .

In our first result we handle functions ¢(z) that can vanish in some part of 2.
This does not seem to have been considered in the literature. Specifically, for the
nonnegative and nonzero function c(zx) we set

W, ={w € Hy(Q) : c(z)w(z) =0, ae. x€Q},

and, if meas(Q\Supp ¢) > 0, we assume that the following condition holds

%% inf _ u ? 1% ooh x U2 dxr > 07
{ue e,||u||H1(Q)—1} \/Q (l | “ || ( ) )
(HC) 0
W, inf ;uz - | oohim’UZ dx > 0.
fue C’Ilull“5<n>zl} /Q (| ’ H H ( ) )

Here pt = max(u,0), p= = max(—u,0), h™ = max(h,0) and h~ = max(—h,0).
As we shall see condition (Hc), along with (A1), suffices to guarantee the existence
of a solution of (Py) for A < 0. In Remark [T Tl we give some simple examples where
the condition (Hc) holds. We also prove that, under the only condition (A1), the
problem (Py) for A < 0 has at most one solution. To obtain this uniqueness
result it does not seems possible to extend the approach of [, [6] and we follow a
different strategy. As a first step we establish a regularity result inspired by [15]
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FIGURE 1. Bifurcation diagram when (F) has no solution

for the solutions of (Py). Then, using this regularity we derive our uniqueness
result.

Our aim is also to point out that the unique solution of (Py) for A < 0 belongs
to a continuum C' whose behavior at A = 0 depends in an essential way on the
existence of solution of (7). Throughout the paper we assume that the boundary
of € is smooth in the sense of condition (A) of [I9, p.6]. Under this assumption
it is known, [19, Theorem IX.2.2] that any solution of (Py) belong to C%*(€) for
some a > 0. Denoting the solutions set

Y={(\u) e RxC(Q): (A u) solves (Py)},
we prove the following result.

Theorem 1.1. Assume that (A1) holds. If in addition, in the case that
meas(2\Supp c¢) > 0, we also assume that (Hc) holds, then

1) For A <0, (Py) has a unique solution uy.

2) There exists an unbounded continuum C' of solutions in 3 whose projection
ProjrC' on the \-axis contains the interval | — oo, 0].

3) Moreover, limsup,_,- [|ua]|le < 00 if and only if (Py) has a solution. In
case (Py) has a solution uy, it is unique and

lim |juy — w|lw = 0.
A—=0~

If (By) has no solution, then limy o- ||up]lco = 00 and A =0 is a bifurca-
tion point from infinity for (P\) (see Figure[d).

Remark 1.1. Condition (Hc) connects the two limit cases: ¢(z) > oy > 0 and
c=0(A=0). If e(x) > 0 ae. on 2 we have meas(Q2\Suppc) = 0. Thus,
under (A1), a solution of (P)) exists for any A < 0. If meas(Q2\Suppc) > 0, the
situation is more delicate. When both p(x) > 0 and h(x) > 0, (Hc) relates the
size of p(x)h(z) to the size of Q\Supp ¢, showing that the signs of u(x) and h(x)
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with respect to one another strongly influence the existence of solution of (Py)
when A < 0. Indeed, (Hc) holds if either p(z) > 0 and h(z) < 0 a.e. in Q, or
p(z) <0 and h(z) > 0 a.e. in Q. Moreover, it holds true under condition (1))
since, from the Sobolev embedding, it follows that

[ nwytde < bllelo
Q

1
5 < S—2||h||N/2HVU||§-
N

Hence we obtain the above refered results as a corollary. In Remark we show
that (Hc) is somehow sharp for the existence of solution of (P).

In connection with Theorem [[.T] we remark the interesting result by Porretta
[22] for the case c(x) = 1, p(z) = 1 and h € L*(2). He has proved that when
the problem (Fp) has no solution then the solutions of (Py) for A < 0 blows-
up completely, this behaviour being described in terms of the so-called ergodic
problem.

Remark 1.2. We prove, in Corollary [3.2] that a sufficient condition for the exis-
tence of solution of (FP,) is that condition (Hc) is satisfied with ¢(x) = 0. Then
W, is just H}(Q) and we write (HO) instead of (Hc).

Our next result show that the existence of a solution of (F) suffices to guarantee
the existence of a continuum of solutions €' C ¥ such that ProjzC contains
| — o0, al for some a > 0.

Theorem 1.2. Assume (A1) and suppose that (Py) has a solution. Then
1) For all A <0, (Py) has a unique solution uy.

2) There exists a continuum C' C X such that
(a) {(\un): Ae]—00,0]} C C.

(b) C'N([0,00[xC()) is a unbounded set in R x C(€2).

In particular, ProjgC contains | — 0o, a] for some a > 0.

Finally, in the last part of the paper and under stronger assumptions, we study
the behaviour in the half space {A > 0} x C'(2) of the branch C' C 3 obtained in
Theorem and we obtain a multiplicity result.

First we note that, in case u = 0, we cannot have multiplicity results except
when A\ is an eigenvalue of the problem

(1.2) ¢1 € Hy(Q) : —Apy = vye(z)er,

and h(z) satisfies the “good” orthogonality condition. Hence, there is no hope to
obtain multiplicity results just under our assumption (Al).
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Multiplicity results have been considered by Abdellaoui, Dall’Aglio and Peral
[1] for (Py) in the case A = 0 and when p(z) is replaced by some g(u) satisfying
ug(u) < 0. In a recent paper, Jeanjean and Sirakov [I7] study the case A > 0
when p(z) is a positive constant but h(z) may change sign and satisfy a condition
related to (L1]). Using Theorem 2 of [I7] an explicit Ay > 0 can be derived under
which (Py) has two solutions whenever A €0, \o|.

The above quoted multiplicity results have the common property that the co-
efficient of |[Vu|? (either g(u) or the constant u) does not depend on z. This
allows the authors to make a change a variable, similar to the one used in [18], in
order to transform the problem in a semilinear one (i.e. without gradient depen-
dence). Then variational methods are used to prove multiplicity results on the
transformed problem. In our case, we consider problem (Py) with a non constant
function coefficient p(x), which implies that this change of variable is no more
possible.

We replace (A1) by the stronger assumption
Q has a C*! boundary 99,
(A2) c and h belongs to LF(Q?) for some p > &,
c=0,h=0and py > u(x) > py for some s > py > 0.

Let 71 > 0 denote the first eigenvalue of the problem (.2]). We prove the following
theorem.

Theorem 1.3. Assume (A2) and suppose that (Py) has a solution. Then the
continuum C C X obtained in Theorem[1.2 consists of non negative functions, its
projection ProjgC on the A-axis is an unbounded interval | — 0o, \] C | — 0o, 1]
containing A = 0 and C' C X bifurcates from infinity to the right of the axis
A = 0. Moreover, there ezists \g € |0, \] such that for all X € |0, \o|, the section
CN({A} x C(Q)) contains two distinct non negative solutions of (Py) in X (see

Figure 2).

In order to prove Theorem the key points are the observation that the
continuum cannot cross the line A\ = v; and the derivation of a priori bounds, for
any a > 0, on the (positive) solutions of (Py) for A € ]a,y1]. These a priori bounds
are obtained by an extension of the classical approach of Brezis and Turner [12].

The paper is organized as follows. In Section2lwe recall some results concerning
the method of lower and upper solutions as well as a continuation theorem. In
Section [3lwe derive various existence results for problems of the type of (P)) when
A < 0. Section (] deals with the uniqueness issue. In Section [B] we establish the
existence of a continuum of solutions. Section [0l is devoted to the study of the
branch in the half space {\ > 0} x C(Q) and in particular to the derivation of a
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FIGURE 2. Bifurcation diagram when (F)) has a solution.

priori bounds, see Proposition The proofs of our three theorems are given in
Section [ Finally a technical result, Lemma [5.2] is proved in Section [8

Acknowledgments The authors thank the referee for his comments which help
to improve the initial version of this paper.

Notation.

1) For any measurable set w C R we denote by meas(w) its Lebesgue measure.

2) For p € [1,+o0[, the norm ([, lu[Pdz)'/P in LP(Q) is denoted by || - ||, We
denote by p’ the conjugate exponent of p, namely p’ = p/(p — 1). The norm in
L>(Q) is ||uljcc = esssup,eq|u(z)].

3) For v € L}(Q) we define v+ = max(v,0) and v~ = max(—v,0).

4) For h € LY(Q) we denote h = 0 if h(x) > 0 for a.e. x € Q and meas({x € Q :
h(z) > 0}) > 0.

5) The space Hj () is equipped with the Poincaré norm ||ul| := ([, |[Vu/? dz)

6) We denote by C, D > 0 any positive constants which are not essential in the
problem and may vary from one line to another.

1/2

2. PRELIMINARIES

In our proofs we shall use the method of lower and upper solutions. We present
here Theorem 3.1 of [I0] adapted to our setting. We consider the boundary value
problem

(2.1) u€ Hy(Q)NL®(Q): —Au+ H(z,u, Vu) = f,

where f € L'(Q2) and H is a Carathéodory function from QxR x RY into R with a
natural growth, i.e., for which there exist a nondecreasing function b from [0, 00|
into [0, +oo[ and k € L*(€) such that, for a.e. z € Q and all (u, &) € R x RV,

|H (,u, )] < b(Jul)[k(=) + [¢[].
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We also recall (see [10]) that a lower solution (respectively, an upper solution) of
(1) is a function « (respectively, ) € H'(2) N L*°(Q) such that

—Aa+ H(z,a,Va) < f(z)in Q, «a <0 ondQ,
(respectively,
A+ H(z,5,98) > f(x) nQ, >0 on Q).

This has to be understood in the sense that a™ € H}(Q) and
/ VaVudr + / H(z,a,Va)vdr < / f(z)vde,
Q Q Q

(respectively, 8~ € Hy(Q) and [, VBVvde+ [, H(x, 5, VB)vdr > [, f(x)vdzx),
for all v € H}(Q) N L>®(Q) with v > 0 a.e. in Q.

Theorem 2.1 (Boccardo-Murat-Puel [10]). If there exist a lower solution o and
an upper solution 8 of 1)) with a < B a.e. in ), then there exists a solution u
of 1) with « <u < f a.e. in €.

We also need a continuation theorem. Let E be a real Banach space with norm
| -|lg and T : R x E — E a completely continuous map, i.e. it is continuous
and maps bounded sets to relatively compact sets. For A € R, we consider the
problem of finding the zeroes of ®(\, u) :=u — T'(\, u), i.e.

(@) weFE: P\ u)=u—T\u) =0,
and we define
Y={(\u) eRx E:d(\u)=0}.

Let Ao € R be arbitrary but fixed and for v € F and r > 0, let B(v,7) := {u €
E:|lv—ullg<r}

If we assume that wu,, is an isolated solution of (Q,,), then the Leray-Schauder
degree deg(®(Ao, ), B(uy,,7),0) is well defined and is constant for » > 0 small
enough. Thus it is possible to define the index

i(P(No, ), upy) = ll_r)r(l) deg(®(Ao, -), B(uy,, 1), 0).

Theorem 2.2. If (Q),,) has a unique solution uy, and i(P(Ao, ), uy,) # 0 then ¥
possesses two unbounded components C*, C~ in [N, +00[XE and | — 00, \o] X E
respectively which meet at (Ao, uy, ).

Theorem 2.2] is essentially Theorem 3.2 of [23] (stated assuming that Ay = 0).
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3. SOME EXISTENCE RESULTS

In this section we establish some existence results for the boundary value prob-
lem

(3.1) u € Hy(2) N L>X(Q) : —Au = d(x)u + pu(x)|Vul* + h(z),
under the assumption that
d and h belong to LP(Q2) for some p > &,
(A3) p(x) = p > 0 is a constant,
d<0andh > 0.
If meas(Q2\Suppd) > 0 we also set
Wy ={w e H)(Q) : d(zx)w(xr) =0, a.e.v € Q}

and we impose condition (Hc) for ¢ = d, i.e., we require

(H) my 1= inf /Q(|Vu|2 — ph(z)u®) dz > 0.

{uer7 ”u”:l}

Proposition 3.1. Assume (A3) and, if meas(Q\Suppd) > 0, also that (H) holds.
Then (B1)) has a non negative solution.

Remark 3.1. Observe that, under condition (A3), every solution w of (3.1)) is non
negative. In fact, using u™ as test function we obtain, as d < 0, u > 0 and h > 0,

0> —/Q|Vu_\2+/gd(x)]u_|2 :/Q[Mvumh(x)} >0,

which implies that v~ =0 i.e. u > 0.

To prove Proposition B.1] we introduce the boundary value problem

(3.2) v E H&(Q) : —Av — ph(x)v = d(z)g(v) + h(zx),
where

l%(l—i—us)ln(l%—,us), if s>0,
(3.3) g9(s) = { _i(l —ps)In(l —us), if s<0.

Let us denote
(1 + ps)?
G(s) = / geae={ W
’ G(—s), if s < 0.

The properties of g that are useful to us are gathered in the following lemma.

1
2In(1 + ps) — 1]—1-@ if s >0,

Lemma 3.1.

1) The function g is odd and continuous on R.
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2) g(s)s >0 for s € R\ {0}, G(s) >0 on R.

3) For any r €]0,1[, there exists C' = C(r,u) > 0 such that, for all |s| > i,
we have |g(s)| < C|s|'*.

4) We have G(s)/s* = +oo as |s| — oc. d

The idea of modifying the problem to obtain problem (B.2]) is not new. It

appears already in [I§] in another context. It permits to obtain a non negative
solution of (B.]).

Lemma 3.2. Assume that (A3) hold.

1) Any solution of [B.2) belongs to W>P(Q) and thus to L=(Q);
2) If v € H}(Q) is a non negative solution of [B.2) then v = (1/p)In(1 +
o) € Hy () N L>®(Q) is a (non negative) solution of ([B.1)).

Proof. 1) Let v € H}(Q) be a solution of (B.2), that we write as
1 ) _ g(v)
v € Hy(Q): —Av = |uh(z) + d(a:)T v+ h(z).

By classical arguments, see for example [19, Theorem I11-14.1], as 0 satisfies the
condition (A) of [19], the first part of the lemma will be proved if we can show
that

ph(z) + d(x)@] € LP*(Q) with p; > N/2.

But by assumption d and ph belong to LP(S2), for some p > N/2 and we shall
prove that the term d(:p)@ has the same property. This is the case because of
the slow growth of g(s)/s as |s| — oo, see Lemma B.I}3). Specifically, for any

r €]0, 1], there exists a C' > 0 such that, for all |s| > i,
lg(s)/s] < Cls|".

Thus, since d € LP(Q) with p > £ and v € L%(Q), taking r > 0 sufficiently
small (for example r < ;5;312\[)) we see, using Holder inequality, that d(x)g(v)/v €

LP(€2), for some p; > N/2. This ends the proof of 1).

2) Since v > 0 the problem (B2) can be rewritten as
d
(3.4) v e Hy(Q): —Av = %(1 + pv) In(1 + pv) + (1 + po)h(z).

Let v € H}(Q2) be a non negative solution of (3.4, we want to show that u =
iln(l + pv) is a solution of (BI), namely that, for ¢ € C§°(2),

(3.5) /Q (VuVe — p|Vul*¢ — d(z)ug) dv = / h(z)¢ dz.

Q
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First observe that, as v € L>°(f2) and satisfies v > 0 in  we have u € H}(Q) N
L>(Q). Let ¥ = ¢/(1 + pv). Clearly ¢ € Hj(€2) and thus it can be used as test
function in (3.4). Hence, we get

/wadx = /Q?ln(l%—uv)d)dx%—/h(dox

Q

_ /d(m)u¢dm+/h(x)¢dm.

Q Q

(3.6)

Moreover, we have

_ Lo ¢
/QVUV”Lpd:L’ = /QV(u(e 1>)V<1+,Lw> dx
gy (YO noVv N
_/Q v <1+uv (1+uv)2)d
ueV (5 (e — 1))
- /QV“(W‘ (Lt u0) )d"”

= / Vu(Vo — upVu) de = / (VuVe — p|Vul?*¢) du.
Q Q

Combining this equality with ([3.6]) we see that u satisfies (8.5). This ends the
proof of 2). d

In order to find a solution of (B2 we shall look to a critical point of the
functional I defined on H{(S2) by

I(v) = %/quuﬁ — ph(a)?) da —/

Q

d(z)G(v) dx — / h(x)vdz.

Q

As g has a subcritical growth at infinity, see Lemma[3.IB), it is standard to show
that I € C'(H}(Q),R) and that a critical point of I corresponds to a solution in
H;(Q) of (32). To obtain a critical point of I we shall prove the existence of a
global minimum of /. We define

3.7 = inf [I(u) e RU{—o0}.
(37) me= il () € RU{~o0)

Lemma 3.3. Assume (A3) and, if meas(Q\Suppd) > 0, assume also that (H)
holds. Then the infimum m defined by [B.1) is finite and it is reached by a non
negative function in H}(Q). Consequently, (3.2) has a non negative solution.

Proof. We divide the proof into two steps :

Step 1. I is coercive.
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We assume by contradiction the existence of a sequence {v,} C H(Q) such
that ||v,]| — oo and I(v,) is bounded from above. We define

Un
wy, = :
[[onl
Clearly ||w,|| = 1 and we can assume that w,, — w weakly in H}(Q) and w,, — w
strongly in L9(Q) for q € [2, %[ Since I(v,) is bounded from above, we have
I(vy,
(3.8) lim sup (v 2 <0

We shall treat separately the two cases :
(1) we Wy and (2) w¢g W,
Case (1): w € W,. In this case, taking (H) into account, it follows that

/ (IVwl? - ph(z)w?)dz > molw]?
Q

Thus, and since G(s) > 0 on R and d(z) < 0 in €2, using the weak lower semi-
continuity of fQ |Vu|?dz and the weak convergence of w,, we obtain

timinf 20 i ing F /Q (Vwn? — ph(z)w?)de — / Md:ﬁ}

oo [opl? oo |2 o llonl?
1 1 1(vn
(3.9) > — /(|Vw|2 — ph(z)w?)dz > ~ms||lw||* > 0 > limsup (sz
2 Jo 2 n—oo ||Un]
ie., lim, o % = 0 and w = 0. However, using that 2p/(p — 1) < 2N/(N — 2)
and w,, is weakly convergent to w = 0 in H} (), we deduce the strong convergence

of w, to w = 0 in L*/®=1(Q)), which by the assumptions d(z) < 0 on Q and
G(s) > 0 on R implies that
I(v,) _ 1 o

h(z)w,
> - — lim = [ h(z)wldr — lim (w)w
n—o0 HUTLHZ 2 n—roo 2 Q n—oo Q HUnH

1
de > —.
=3
This is a contradiction showing that case (1) cannot occurs.
Case (2): w ¢ W,. Since w € W, necessarily Qg = {z € Q : d(x)w(x) # 0} has
non zero measure and thus |v,(x)| = |w,(x)|||v.]] — oo a.e. in Q. Using the

assumptions d(z) < 0 in ©Q and G(s) > 0 on R we deduce from Lemma [B.1}4)
and Fatou’s lemma that

limsup/Mdex < limsup/ Muﬂdx
Q Qo

U% n—00

< /limsuprde:—oo.
Qo

n n
n—oo

2 n
n—00 (%~
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On the other hand, using that w, is weakly convergent in Hg(€2) and that, by
Sobolev’s embedding, ||w,|| 2 is bounded, it follows that

1 1
0 > limsup (vn) > liminf (vn) > —(C —lim sup/
Q

nvoo [[Unl|? T mmee [lug 2 n—ro0

A@)Gl),

[[on]?

a contradiction proving that case (2) does not occur and this ends the proof of
Step 1.

Step 2. Fuxistence of a minimum of I.

To show that I admits a global minimizer it now suffices to show that I is
weakly lower semicontinuous i.e., if {v,} C H} () is a sequence such that v,, — v
weakly in H}(Q2), and then v, — v strongly in L(Q) for ¢ € [2, -2 [, we have

' N-2
(3.10) I(v) < liminf I(v,).

Using the weak convergence of the sequence {v,} and the weak lower semiconti-
nuity of [, [Vv[*dz, we have

1 1
(3.11) —/ ]Vvﬁdx—/h(x)vdxﬁliminf —/ |an|2dx—/h(:c)vnd:c :
2 Jo Q noe |2 Jq Q

2
Also, the strong convergence in LPTpl(Q) implies that

(3.12) /Q ph(z)o2dz — /Q Jh(z)vda.

Finally, since —d(z)G(v,) > 0 on €, as a consequence of Fatou’s lemma, we
obtain

(3.13) /Q—d(x)G(v)dx < liminf/ﬂ—d(m)G(vn)dx.

n—o0

At this point (3I0) follows from (B.11)-(B.13]).

Step 3. Conclusion.

To conclude the existence of a non negative minimum, observe that, as h(z) > 0
in Q and G(s) is even we have, for every u € HJ (L),

I(Jul) < I(w),

and hence if v € H} () is a minimum of I then |v] is also a minimum. Then we
conclude that the infimum m is reached by a non negative function. O

Proof of Proposition[31. By Lemma 3.3 (8.2) admits a non negative solution
v € H} () and thus, using Lemma 3.2, we deduce that (3.1]) has a non negative
solution. 0
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We now consider the problem.
(3.14) u € Hy(2) N L®(Q) : —Au = d(x)u + W (z,u, Vu),
where we assume
d < 0 with d € LP(Q) for some p > &
(A4) and there exist u4 €10, +o0[ and hy € LP(QQ) with hy > 0, such that
€2 = h(2) € Wz, 0,€) < pyl€ + hi(z) on O x R x RY.

Proposition 3.2. Assume that (A4) holds and, if meas(Q\Suppd) > 0, in addi-
tion, assume

inf Vul? = uihy(z)u?) dz > 0,
{ueWa, ||lul|=1} /Q (| | — pirhy(z) )
i (IVul* = p-h_(2)u?) dz > 0.

{ueWa, llull=1} Jq
Then BI4) has a solution.
Proof. To prove Proposition we use Theorem 21l Thus we need to find a

couple of lower and upper solutions («, ) of (B.I4]), with a < . Clearly, by
(A4), any solution of

(3.15) u € Hy(Q) NLX(Q) : —Au = d(x)u + py |[Vul® + hy (),

is an upper solution of (BI4]). Moreover, a solution of

(3.16) w€ HH Q) NL®(Q) : —Au = d(x)u — p_|Vul|? — h_(z),

is a lower solution of (BI4]). Now if w € X is a solution of

(3.17) u € Hy(Q)NLX(Q) : —Au = d(x)u + pu_|Vul* + h_(z),

then v = —w satisfies (8.16). Thus if we find a non negative solution u; €

H}(Q) N L*(Q) of (B.I5) and a non negative solution uy € H(Q) N L>®(Q) of
(BI1) then, setting f = u; and o = —uy, we have the required couple of lower
and upper solutions for Theorem 2.1l By Proposition 3], we know that such non
negative solutions of (BI5) and (BI7) exist and this concludes the proof. O

As a direct consequence of the previous proposition, we obtain

Corollary 3.1. Assume (A1) and, if meas(2\Supp ¢) > 0, assume also that (Hc)
holds. Then (Py) has a solution for any A < 0.

As another direct consequence of Proposition 3.2} just noting that Wy = H}(Q)
in case d(z) = 0, we have

Corollary 3.2. Assume (A1) and (HO) hold. Then (Py) has a solution.
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Remark 3.2. Assume that ¢ and h belong to LP(S2) for some p > I and that

p € L°(£2). Assume that there exists an open subset O(c) in  with C! boundary

00(c) such that ¢(x) = 0 a.e. in O(c), c(z) > 0 a.e. in Q\O(c) and pu(x) > py > 0,

in O(c). Then W, = Hj(O(c)) and a necessary condition for the existence of a

solution of (P,) is that the first eigenvalue of the elliptic eigenvalue problem
Vo

(3.18) (A, @) €R x Hy(O(c)) : —div (M) — h(z)p = Mo,

be positive, i.e. that

- oot e
(3.19) {qﬁewlcr’n;”:1}/Q (u(x)|v¢| h(z)¢ ) dx > 0.

Indeed, to show (BI9]), we use an argument inspired by [I 13]. Suppose that
(Py) has a solution u € H(2) N L>(£2). Then for any ¢ € C5°(§2) we have

(3.20) /Q (VuV () = Ae(z)ug® — p(z)|Vul*¢* — h(z)¢*) dz = 0.
and hence, for every ¢ € C3°(Q2) N W, we obtain

(3.21) /O (U9 () — @I Tul’6? ~ h)6?) dr =0

But, for ¢ € Cg°(€2) N W,, by Young inequality,

/ VuV(¢*)dr = / 20V uV ¢ dx
O(c) O(c)

(3.22) /O(C) (ﬁww + u(:c)|Vu|2¢2) da

and thus by density
1
/ (—|ng|2 - h(x)ng) de >0 forall p € W..
O(c) :u(x)

Thus, the infimum in (BI9) is non negative. If it is zero then, by Poincaré
inequality, we also have that

- e - n@)e?) de =
(3.23) {¢ewjﬂ£||2:1} /O(C) (M(x)]w\ h(x)¢ ) dx = 0.

Let us show that it cannot take place. Arguing by contradiction we assume that

(3:23)) hold. Then, by standard arguments, there exists a ¢pg € W, \ {0} such that

(3.24) /O(C) <$|V¢0|2 — h(:c)qﬁg) dz = 0.
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In addition, ¢¢ is an eigenfunction associated to the first eigenvalue (which we
are assuming equal to zero) of the eigenvalue problem (BI8]). As a consequence,
we may assume that ¢o(z) > 0 in O(c).

Setting ¢ = ¢p in ([B21)), we have by (3.24) that
1
/O } <2¢0wv¢0 @) V'~
1 2
- _ dr —
oo [ Vi =

from which we deduce that

Vu = p(z)

|v¢0|2) dx = 0.

That is,

Vo
0
Taking into account that for every ¢q € H(O(c)), ¢o > 0, we have % ¢
L*(O(c)) (by Poincaré inequality and Fatou lemma as ¢ tends to zero in the
inequality W(fé"Q > (\(bVOiOEI; = |V (log(% +1)] |?) and that p(z) > p1 in O(c), we
obtain Vu & L?(O(c)), a contradiction with v € H} () proving that (3.19) holds.

Now if in addition to the above assumptions we assume that p(z) = p > 0is a
constant and h(z) > 0 it follows from (B.19) that, if (Py) has a solution, we have

. 2 2
(3.25) {¢€chr:1||i‘(’b”_1}/Q (IVo]* — ph(z)¢?) dz > 0.

Note that under these assumptions, (Hc) coincides with (8:25) and thus (Py) when
A < 0 has a solution if and only if (Hc) holds. Finally when A = 0 (equivalently
when ¢ = 0), we have O(c) = Q, W, = Hj(Q) and (3.25)) reduces to (HO). Thus
(Py) has a solution if and only if (HO) holds.

n O(c).

4. UNIQUENESS RESULTS

As in the previous section, we consider the boundary value problem (B.1). Here
we assume

(A5) { d and h belong to LP(?) for some p > I,
d(z) <0in Q and p € L>(Q).
Our main result is
Proposition 4.1. Assume that (A5) hold. Then ([B1)) has at most one solution.

To prove Proposition 4.l we shall first prove that the solutions of (8.]) belong to

C(Q)NWEN(Q). Then, using this additional regularity, we prove the uniqueness.

loc

Remark 4.1. Proposition AI]implies that (Py) for A < 0 has at most one solution.
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Remark 4.2. As we mention in the Introduction a general theory of uniqueness
for problems with quadratic growth in the gradient was developed in [6] and
extended in [5]. The uniqueness results closer to our setting are Theorems 2.1
and 2.2 of [5]. Unfortunately it is not possible to use directly these results to
derive Proposition [l Indeed, since d(z) may vanish on some part of €, [B]
Theorem 2.1] is not applicable. Also, to use [5, Theorem 2.2] which corresponds
to the case A = 0, we need either h(z) to have a sign or to be sufficiently small.

Lemma 4.1. Assume that (A5) hold. Then any solution of (Bl belongs to

Q) NWLN Q).

loc

Proof. Let u € HJ(2) N L>=(Q) be an arbitrary solution of ([3J]). We divide the
proof that u € W2 (Q) into three steps.

loc

Step 1. u € C(Q).

Since condition (A) holds the result follows directly from [19, Theorem 1X.2.2].
Indeed, ([B.1) is of the form of equation (1.1) of Section IV.1 of [19]. In addi-
tion, under (A5) the assumptions (1.2)-(1.3) considered in [19, Section IV.1] are
satisfied. Hence, u € C%*(Q) for some a € (0,1) and in particular u € C(Q).

Step 2. u € W,2(Q) for some ¢ > 2.

It directly follows from [I5, Theorem 2.5 p.155] that u € W,2%(2) for some
q > 2.
Step 3. Conclusion.

We follows some arguments of [7]. First note that without restriction we can
assume that ¢ < N. Since u € W,2(Q) we have,

(41)  —Au=¢&(x) where &(x) = d(z)u+ p(@)|Vul® + h(z) € L, (Q).
By standard regularity argument, see for example [16, Theorem 9.11], we deduce
that u € VVliC% (2). Now using Miranda’s interpolation Theorem [21] Teorema IV]
between C%(Q) and VV;;(Q) it follows, since u € C%*(€)), that

I2—a)—a

u € W (Q) where t = . ¢
-«

t1

If t; > N we are done. Otherwise from (4.1]) and classical regularity u € I/Vlif ().
Denoting

el(2—a) —a

11—«

(4.2) ty, = >ty >q>2

by a bootstrap argument we get u € I/Vlifn(ﬂ) foralln € Naslong ast, 1 < N.
We now claim that the sequence {t,,} does not converge before reaching N. Indeed
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if we assume that {t,,} has a finite limite [ we deduce from (£2)) that [ = 2 which
contradicts £, > ¢ > 2. At this point the proof of the lemma is completed. O

Using the fact that, under (A5), the solutions of (3.I)) belong to C'(Q)NW,2N(Q)

loc
we can now obtain our uniqueness result. Here we adapt an argument from [§].

Lemma 4.2. Assume that (A5) hold. Then [BI) has at most one solution in
Hy () N Wy, () N O(Q).

Proof. Let us assume the existence of two solutions uj, up of ([B1) in H(2) N

WY Q)N C(Q). Then v = uy — uy is a solution of
(4.3) ve H{(QnWNQ)NoQ) : —Av = u(x)(Vuy + Vug) Vo + d(z)v.
For every ¢ € R, let us consider the set Q. = {z € Q : |v(z)| = ¢} and

J ={ceR : meas(.) > 0}.

As meas((?) is finite, J is at most countable and, since for all ¢ € R, Vv = 0 a.e.
on ()., we also have

(4.4) Vo =0ae in | Q.
ceJ
Define Z = Q\ U, ., Q2 and let G : R — R be given by
fo it 15| < b,
(4.5) Gi(s) = { (Is| — k) sgn(s), if|s| > k.

Now, using ¢ = Gi(v) as test function in (4.3), we deduce for all k£ > 0 that
VG = [ 19 xqsn do

= /Qp(x)(Vu1+Vu2)Vva(v) dw+/Qd(x)UGk(v) de.

Since v € C(2) we have that Gi(v) has a compact support in Q for all £ > 0,
which together to the fact that d(x) < 0 on € and (4.4]) implies that

IVGWIB < | a)(Tus + Via) xquisagnz Vo Gae) da

(4.6) = /ZM(QU)(VM + Vo) X{p|>kinz VGi(v) Gi(v) d

< NplloollVur + Vus|| v (gojzkynz) [ VG (0) [|2[| Gr (v)
< Syt lillsellVur + Vol Ly (ozin2) I VGr(0) |13,

9%

where we recall that Sy denotes the Sobolev constant.
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Assume by contradiction that v # 0 and consider the function F' :]0, ||v]|~] — R
defined by

F(k) = Sy llnllocl Vur + Vuzll oy goiziynz), V0 <k < vl

Observe that F' is non-increasing with F(||v]|~) = 0. Moreover, by definition
of Z we have that F' is continuous and we can choose 0 < kg < ||v||oc such
that F(ky) < 1. By ([&8), ||[VGr (v)||3 < F(ko)|[VGr,y(v)||3, which implies that
IVGr (v)]l2 = 0, i.e. |v] < ko < ||v]|oo, & contradiction proving that necessarily
v = 0 and hence u; = us concluding the proof. O

Proof of Proposition [{.1]. This follows directly from Lemmas L] and .2 O

5. UNIFORM L*°-ESTIMATES AND EXISTENCE OF A CONTINUUM

As in the previous section, we consider the boundary value problem (B.1]) under
the condition (A5).

Lemma 5.1. Assume that (A5) hold and that (B)) has a solution ug € Hy ()N
L>(Q). Then

1) For any d(z) € LP(Q), p > T with d(z) < d(z), the problem

(5.1) u € Hy(2) N L>®(Q) : —Au = d(x)u + pu(x)|Vul* + h(z),
has a unique solution u € H(2) N L>(Q). Moreover, u satisfies
[ulloo < 2f[tt0]]oc-
2) There exists My > 0 such that for any t € [0,1] any solution u; of
(5.2)  we€ Hy(Q)NL®Q): —Au = (d(z) — Vu+ (1 — t)u(x)|Vul* + h(z),
satisfies ||u||oo < M.
Proof. 1) Let ug € H}(Q) N L>°(2) be a solution of ([B.)) and set

Bx) = uo(@) + [[uollo, (@) = uo(®) = [Juoloo-

Then o < 0 < f and, using that d(z) < d(x) < 0, we have
—AB = d(@)(B — [luollsc) + ()| VB[ + h(z)

= d(2)B + u(2)|VA + h(z) + (d(z) — d(2))8 — d()]uo]l

> d(z)B + (@) VA" + h(z).

Thus £ is an upper solution of (B.I]). Similarly « is a lower solution of (5.1). By
Theorem 2.1} (51)) has a solution u(z) satisfying

alz) <u(zr) < p(x) in .

Since uniqueness of solutions of (5.1]) follows from Proposition [4.1] this concludes
the proof of the 1).
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2) Since d(z) < 0, then Supp (d(x) —1) = Q and thus, by Proposition B, there
exists a non negative solution f (resp. «) of

u € Hy(Q)NLX(Q): —Au = (d(z) — Du+ || ||loo| Vul® + 2T

(resp. w € HY(Q) NL®(Q) : —Au = (d(z) — D)u + || [|oo| Vu|* + ™). For any
t € [0,1], we can observe that  (resp. —a) is an upper (resp. lower) solution
of (5:2). Thus there exists a solution u; of (B.2) satisfying —a < u; < . By
Proposition 41l uniqueness of solutions of (5.2]) holds and thus 2) holds with
My = max([| B]|so, [letlloo)- =

We now transform (3.I]) into a fixed point problem. By Corollary Bl used with
c(x) =1 and X\ = —1, or alternatively Theorem 2 of [11], we know that, for any
f € LP(2) the problem

(5.3) u€ Hy(Q) NL®(Q) : —Au+u — u(x)|Vul* = f(x),

has a solution. We also know from Proposition 1] that it is unique. Thus it
is possible to define the operator K* : LP(Q) — Hy(Q) N L>®(Q) by KV'f = u
where u is the unique solution of (5.3]). The following lemma, which is proved in
the Appendix, will be crucial.

Lemma 5.2. If u € LOO(Q)_then the operator K" is a completely continuous
operator from LP(Q) into C(£2).

Next we define the continuous operator N : C'(2) — LP(Q2) by,

N(u) = (d(z) + 1) u+ h(z), for any u € C(Q).

With these notations, u € C(§2) is a solution of ([B.1) if and only if u is a fixed
point of K* o N i.e., if and only if

u= K"*(N(u)).
Now let T : C(Q) — C(Q) be given by T = K*o N. The following result holds.

Proposition 5.1. Assume that (A5) holds and that (B1)) has a solution uy €
H ()N L>®(Q). Then
’L(I — T, U(]) =1.

Proof. To show the proposition, we use homotopy arguments. We consider two
one-parameter problems, namely the problem (B.2]) with ¢ € [0, 1] and the follow-
ing one
(5.4) u € Hy(Q)NLX(Q) : —Au = (d(z) — s)u + pu(2)|Vul* + h(z),
for s € [0,1]. Applying Lemma [5.1] we deduce that

1) Any solution ug(z) of (B4l with s € [0,1] satisfies ||us|looc < 2||Uo]|co-

(Case 1) with d(z) = d(x) — s).
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2) There exists M; > 0 such that for any ¢ € [0, 1] any solution w;(z) of (5.2
satisfies |Jut|lo < M;. (Case 2)).

Observe that, if we set
Fow) = (d(z) + 1 - s)u+ h(z),
then problem (G4) (resp. problem (E2)) is equivalent to u — K*(Ny(u)) = 0

(resp. u — KA=D%(Ny(u)) = 0). Thus setting M = max(2||ug||o0, M1), We have,

for all s, t € [0,1] and all u € C(Q) with ||ulle = M,

u— K"(Ny(u)) #0, uw— KN (u)) # 0.
Therefore, by homotopy invariance of the degree, we obtain
deg(I — T, B(0,M),0) = deg(I — K" o Ny, B(0, M),0)
deg(I — K* o Ny, B(0, M),0)
= deg(I — Ko Ny, B(0, M),0) = 1.
By Proposition 1], g is the unique solution of ([B1]) and thus
i(l —T,ug) =deg(I —T,B(0,M),0) = 1. 0O
In the rest of the section, we apply the above results to the problem (Py). First,

from Lemma [5.1 we directly obtain the following a priori estimates for (Py) with
A <0.

Corollary 5.1. Assume (Al) and, if meas(2 \ Suppc) > 0, assume also that
(Hc) holds. Then for any \g < 0 there exists R = R(\g) > 0 such that, for all
A < \o, the unique solution uy of (Py) satisfies

[ualloe < R

Proof. The existence and uniqueness of solutions of (P,) when A < 0, is already
known from Corollary B.0] and Proposition &1l Now the L*-bound is obtained

from Lemma Bl Point 1) used with d(z) = Agc(z) and d(x) = Ac(x). That is,
the conclusion holds with R(Ag) = 2||ux, ]| - O

Remark 5.1. A direct consequence of Corollary [5.1is that none of A €] — 00, 0] is
a bifurcation point from infinity of (Py). (Recall that A € R is called a bifurcation
point from infinity of (Py) if there exists a sequence {u,} of solutions of (Pj,)
with A, = X and ||u,|[ec — 00).

6. BEHAVIOUR OF THE CONTINUUM IN THE HALF SPACE {\ > 0} x C(Q)
As a first consequence of (A2) we obtain the following result.

Lemma 6.1. Assume that (A2) holds. For ~, > 0, the first eigenvalue of (L2)),
we have
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1) If A < v, any solution of problem (Py) is non negative.
2) If A = ~y, problem (Py) has no solution.
3) If A > 7, problem (Py) has no non negative solutions.

Proof. First we assume that A < ;. Let u € H3(Q) N L>=(2) be a solution of
(Py). Using u~ as test function in (Py) we obtain

— /Q(|Vu\2 — Xe(z)|u™|P)dx = /Q(u(x)\Vu\zu + h(z)u™)dz.

Since A < 1 the left hand side is non positive and since p(z) > 0 and h(x) > 0
the right hand side non negative. So necessarily u~ = 0 i.e., u > 0. This proves

1).
Now let u € H}(Q2) N L>®(2) be a solution of (Py). Using ¢, > 0, the first
eigenfunction of (L2), as test function in (Py) we obtain

6.1) (1 —\) /Q c(x)uprde = /Q VuVdr — /ﬂ Ae(@)ugprda

= /,u(x)|Vu|2<p1d:z:+/h(m)@ld:ﬁ.
Q Q

Since p(x) > 0 and h(x) = 0, the right hand-side of the above identity is positive.
Thus when A = =, (Py) has no solution and 2) is proved.

Finally, when A\ > ~; and u € H}(Q) is a non negative solution of (Py), the
left hand-side of (6.1]) is non positive which contradicts the positivity of the right
hand side. This proves 3). O

To prove the second part of Theorem [[.3], the key point is the derivation of a
priori bounds for solution of (Py) for A > 0. Actually we derive these bounds
under a slightly more general assumption than needed.

We consider the problem
(R») u € Hy(2) N L>®(Q) : —Au = Ae(z)u + H(z, Vu),
where we assume
( Q) has a C*! boundary 09,

¢ 2 0 and ¢ belongs to LP(Q) for some p > &

(A6)
pallEP + h(x)] < H(x,8) < pa[l¢] + h(x)]

[ for some 0 < py < pg < oo and h > 0 with h € LP(Q).

Adapting the approach of [12], we prove the following result.
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Proposition 6.1. Assume that (A6) holds. Then for any Ay > 0 there exists a
constant M > 0 such that, for each A > A1, any non negative solution u of (Ry)
satisfies

[ulloo < M.
In the proof of Proposition the following two technical lemmas will be useful.

Lemma 6.2. Let p > & and 0 €]0,1[. There exist r €]0,1[ and o 6]0,2’;;_11[

such that, if we define

(6.2) q:1+r+ztﬁﬁ Tzélfa
then it holds
(63) Lege 22D
P p(N — 2+ 27)
and
(6.4) l—a<?
q

Proof. First observe that for all a €]0, 1], there exists 1o > 0 such that, for any
0 < r <, ([64) holds true. Indeed, since r > 0, we have

>1+1+0a 2—a+ba alent] 2< 2(1 — )
= or equivalen -
q 11—« 11—« d Y q 2—a+0u
Also letting » — 0T we obtain
2 2(1 — «
2 (1-a)
g~ 2—a+ba
Thus if
2(1 — «)
6.5 l-a<
(65) “ 2—a+ b

there exists 79 > 0 such that, for all 0 < r < ry, (6.4) is satisfied. But (6.5]) is
equivalent to o(f — 1) < 0 which is always true.

Now, observe that, from the definition of ¢, we have ¢ \ 2 as r \ 0 and a 0.
Finally, we see from the definition of 7, that 7 \( 0 as a (0. Thus as a \, 0,

2N(p—1) 2N(p—1)

p(N — 2+ 27) p(N —2)

> 2,

where the inequality is obtained using the assumption that p > % At this point
it is clear that taking r > 0 sufficiently close to 0 and « > 0 sufficiently close to
0, that (6.3]) will also hold. O
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Lemma 6.3. Let Q be a bounded domain with a CYt-boundary and assume that
b,c € LP(QY) with p > % For any p, ¢ > 1 and 7 € [0, 1] satisfying (63)), there
exists C > 0 such that, for all w € H}(Q)

b 1y

1

< Clfplp[[ Vewll2,

q

where p1 > 0 denotes the first eigenfunction of (L2).

Proof. For p, ¢ > 1, 7 € [0, 1] satisfying (63)), define s > 1 by
1 1 1-—-7

s 2 N
It follows from the second inequality of (G.3]) that é > (1— %)_1%, and this implies

1 1 1

S

pg g S
From the first inequality of (6.3]), we have piq < 1. Thus there exists v > 1 such
that

That is v > 1 satisfies

1 1

> —+ -
v s
On the other hand, since 0 < ¢(z) := min{c(x),1} < ¢(z) and ¢; > 0, we
deduce by the maximum principle that
¥1 Z @Z) in Qa
where ¢ € C*(Q) is the solution of
Y€ HYQ) © —AY = \E(x)p; .

By Hopf lemma [24, Lemma 3.26], if do(z) denotes the distance of x € € to the
boundary 052, then there exists C' > 0 such that

v1(x) > P(x) > Cdo(x), Vx e Q.

Now by the Sobolev’s embedding and [12, Lemma 2.2], we have, for some
constant C' > 0,

bt/

1

< oo,

q

w
< C'||b||/9
@y < C[[p]l, [ Vwll

and the lemma is proved. U



24 D. ARCOYA, C. DE COSTER, L. JEANJEAN, AND K. TANAKA

Proof of Proposition[61. Fix X > A; and let v € H}(Q) N L>®(Q) be a non
negative solution of (Ry). By Points 2)-3) of Lemma [6.1] we deduce that A < ;.
Hence without loss of generality we suppose A; < 1 and X\ € [Aq, 7.

We define
1 1
w;(z) = — (e — 1) and g(s) = — In(1 + p;s) for i = 1,2.

= m
Then we have

(6.6) u = gi(wi) = ga(ws),
(6.7) et = 1+ pw;, 1=1,2.

Direct calculations give us
—Aw; = Aete(z)u + e""[H (x, Vu) — p;| Vul?]
= AL+ pawi)e()gi(w;) + (1 + pw) [H (2, Vu) = pi| V).
Since A1 < A < 1, we have by (A6)
—Aw; > A (14 ppwy)e(x)gr(wr) + pa (1 + pawq)h(x),
—Awy < (1 + pows)e(z)ga(wa) + pa(l + pows)h(z).
)

Setting A1 = min(Aq, 1), Az = max(vy, f2), it becomes
(6.8) —Aw; > Ai(1+ wy)[e(x)gr (wy) + h(x)],
(6.9) —Awy < As(1 4 pows)[c(z)ga(wa) + h(z)].

From the inequalities (6.8) and (6.9), we shall deduce that wy is uniformly
bounded in H}(Q). This will lead to the proof of the theorem by classical results
relating the L norm of a lower solution to its H} () norm. We divide the proof
into three steps.

Step 1. Let 0 = (uy — p1)py - €10,1[. Then there exists C > 0 independent of
A € [Ay, 7] such that

(6.10) / (1 + ) [e(w)ga(w1) + h(@)]or di < C,

(6.11) / (1+ o) e(2)gs (ws) + h()] o1 dz < C.
Q
Indeed, using ¢1 > 0 as a test function in (6.8), we have
" / c(x)wiprde > Ay /(1 + pwy)[e(x) g1 (wy) + h(x)]er de.
Q Q

We note that for any € > 0 there exists C. > 0 such that ¢t < e(1+ pit)gi(t) + Ce
for all ¢ > 0. Thus

[ elayungrd <en [ 1+ mulen () + hole do + C:
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and choosing € = ;‘711, we obtain (6.10). Now observe that by (6.1),
1+ pwy = e = (e"2") 0 = (1 + ppwy)* 7.

Thus from (6.6]) we see that (611]) is nothing but (E10).

Step 2. There exists a constant C' > 0 independent of X € [Ay,71] such that

(6.12) IVwslls < C.

First we use Lemma [6.2] to choose «, r €]0, 1] such that ¢ and 7 given in (6.2))
satisfy (6.3]) and (6.4)).

Using wy as a test function in (6.9) it follows that
[Vws|[3 < A / (1 + pows)[c(x)ga(w2) + h(z)]w, da.
0

Now using Hélder’s inequality, (6.11) and since wy < (1 + pows)jt; - we have

9 Ay o7 (1 + M2w2)1+9a
Vsl < 22 [ (0 ) el (n) + )| o
Ay P1 “
< 22 ([0 menemtun) + W)
X ( / (14 iows)e() g (ws) + b)) B ”21_152) dx)
L o

1+0c -«
A 1+ T-a
< 22en ([ et + ) I )
e 0 P
We note that for r given by Lemma [6.2], there exists C, > 0
g2(t) <t"+C,. forallt>0.
Thus, direct calculations shows that
(71
(1+ powa)e(w)g(ws) + h(@)](1 + pown) = < (c(x) + h(z))(w§ + C),
where ¢ is given in ([6.2)). Therefore for some C'; C’ > 0 independent of A € [Aq, ]
h, 1/q q 11—«
Iwulg <o ([ (AR ) e
Q Y1

with ¢ and 7 given in (62). Here the fact that < (p — 1)/(2p — 1) has been
used. Applying Lemma [6.3, we then obtain

[Vwsllf < Clle+ Al w5 + "
By (64]), we have ¢(1 — «) < 2 and this concludes the proof of Step 2.

Step 3. Conclusion.
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We just have to show that the uniform estimate (GI12]) derived in Step 2 gives
an uniform estimate in the L* norm. Recall that, as a consequence of Theorem
4.1 of [25] combined with Remark 1 on page 289 of that paper (see also Remark
2 p. 202 of [19]), we know that if w € H;(Q2) satisfies

—Aw < d(x)w+ f(z), inQ,
w <0, on 02,

with d, f € LP(Q) for some p; > %, then w satisfies
[w ™ loo < Clwl]ly + (£ 1lp,),

where C' depends on p;, meas(€2) and ||d||,,.

Since wsq satisfies ([6.9), we apply the result of [25] with
In(1 + pows(z))
pows(x)
Observe that, for any r €]0, 1], there exists C' > 0 such that, for all z € Q,

In(1 + pows(x))
prows(x)
Thus, since ¢(z) € LP(Q) with p > £ and w, is bounded in L%(Q), taking r > 0
sufficiently small we see, using Holder’s inequality, that c¢(z)|wq(z)|" € LP*(Q2) for
some p; > % Now as h € LP(Q)) for some p > %, clearly all the assumptions of

Theorem 4.1 of [25] are satisfied. From (6.12]) we then deduce that there exists a
constant C' > 0, independent of A € [Ay, ;] such that

[wlloe < C.

d(x) = c(x)Az(1 + powq(z)) + Ash(z) and f(x) = Ash(x).

c(x) Az (1 + pows(z)) < Cefx)|wy(x)]"

Now since u = go(wy) we deduce that a similar estimate holds for the non negative
solutions of (R)) and the proof of the proposition is completed. O

7. PROOFS OF THE MAIN RESULTS.

In this section we give the proofs of our three theorems.

Proof of Theorem [I1. The uniqueness of the solution of (P,) for A < 0 is a
consequence of Remark Bl By Corollary Bl (Py) with A < 0 has a solution
uy € H}(Q) N L>®(Q). This proves Point 1). To establish the existence of a

continuum of solutions of (Py), we define Ty : C(Q2) — C(Q2) as
Ty(u) = K*((Ac(z) + Du + h(z)).

Hence, (P)) is transformed into the fixed point problem v = T)(u). From Propo-
sition [5.1] we immediately deduce that, for any A < 0,

Z([ - T)\,U)\) =1.
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Therefore, if we fix a A\g < 0, by Theorem 2.2 where £ = C(2) and ®(\,u) = u—
Tx(u), there exists a continuum C' = CTUC™ of solutions of (P)) emanating from
(Ao, uy,). Taking into account the unboundedness of C* and C'~ and Corollary
[B.11 necessarily | — oo, 0] C ProjgC' and the proof of Point 2) is concluded.

To prove Point 3), we apply Lemma b1 with d(x) = Ne(z), d(z) = Ae(x) and
A < A <0, to deduce that

turlloo < 2l|ux]loe for all A < X < 0.

In particular, if Cy := liminfy ,o- ||ux]|cc < 00, then there exists a sequence
A, — 07 such that Cp = lim,_,o0 |uz, |l < 00. Hence, for every sequence A, —
0~ we deduce by the above inequality that limsup,,_, . [|ua, |le < 2Co, which
implies that lim sup, - ||ux]|cc < 00. Therefore, we have either limy .o- [|ux oo =
oo or limsup, - [[ux|lee < 00.

In the first case, using Lemma 5] with d(z) = 0 and d(x) = Ae(x), we see
that (Fp) cannot have a solution. On the other hand, in the last case, for any
sequence A, — 07, (uy,) is a bounded sequence in L>°(£2). Thus by Lemma [5.2]

uy, = K*((A\pe(z) + 1uy, + h(x))

is relatively compact in C'(€2). Taking a subsequence if necessary, we may assume
wy, — up in L>®(Q) for some uy € Hy () N L>®(Q). Tt is clear that ug satisfies
ug = K*(ug + h(z)), that is, ug is a solution of (F). Since we have uniqueness
of solutions of (Fy) by Remark [4.1] the limit uy does not depend on the choice of
An and thus we have uy — ug in L>(£2) as A — 0~. This ends the proof. O

Proof of Theorem [ 2. If we assume that (P,) has a solution uq then using Lemma

b1 with d(z) = 0 and d(x) = Ac(x) we obtain the existence of a solution uy of
(Py) for any A < 0. Using Remark ET] Point 1) follows.

Now by Proposition 5.1l we know that i(I — Tp, up) = 1. Thus by Theorem
there exists a continuum C' C X such that both

CN([0,00[xC(2)) and CN(]—o00,0] xC(£))
are unbounded. Clearly {(A\,uy): A €] —o00,0]} C C and Point 2) holds. O

Proof of Theorem[1.3. Let C' C ¥ be the continuum obtained in Theorem [L2l
By Lemma [6.1] Point 2) we know that | — 0o, 0] C ProjpC' C| — 00, v1[. Lemma
[6.1l Point 1) shows that it consists of non negative functions. In addition, by

Theorem [[L2, Point 2), C'N ([0, 71[xC(2)) is unbounded and hence its projection

on C(9) has to be unbounded. Now we know, by Proposition [G.1], that for every
Ay €]0, 7], there is an a priori bound on the non negative solutions for A > A;.
This means that the projection of C'N([Ay, v1[xC(Q)) on C(Q) is bounded. Thus
C must emanate from infinity to the right of A = 0. This proves the first part of

the theorem.
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Since C' contains (0, ug) with wuy the unique solution of (F), there exists a
Ao €]0,71[ such that the problem (P,) has at least two solutions for A €0, Ag|.
At this point the proof of the theorem is completed. Il

Remark 7.1. The results presented in this paper extend to more general differen-
tial operator L in divergence form. Following [I7], for our existence results not
relying on our uniqueness results, we can handle

(7.1) — div(A(x)Vu) = Ae(x)u + p < A(x)Vu, Vu > +h(z)

where we assume that A € L®(Q)MY with AjT > A > Ayl for some A; > Ay >
0. To derive our uniqueness result we need in addition that A(x) € L*(Q2) N
WL QNN in ([ZT)). See [] in that direction.

loc

8. APPENDIX : PROOF OF LEMMA [5.2].
To prove Lemma [5.2] we need some preliminary results.

Lemma 8.1. Let {f,} C LP(Q) be a bounded sequence. Then the sequence {u,} =
{K*(fn)} is bounded in L>=(Q2) and in HJ ().

Proof. First we observe that the boundedness of {u,} in L>(Q) is a direct con-
sequence of Theorem 1 of [I1]. To show that {u,} is also bounded in H}(£2) we
use a trick that can be found for example in [9]. Let t = ||u||% /2, E, = exp(tu?)
and consider the functions v, = E,u,. We have v, € Hg(2) N L>*(Q2) and

Vo, = E,(1+ 2tui)Vun.
Hence using v,, as test functions in
U, € Hy(Q) N LX(Q) : —Auy + up = u(2)|Vu,|? + fo(z),

and the bound of {u,} in L*(Q2), we obtain the existence of a constant D > 0
such that

/En(l+2tui)|Vun|2dx+/Enuidx
Q Q
:/fn(SU)Enunder/u(a:)qunFEnundx
Q Q

<D+ |lulle / EY2 |V || Vit | EYd
Q

1 1
<D+ il | [ EalVunfdo 4 Sl [ w2190, Bda
2l Jo 1 J,

<D+ % / E, (1 + 2tu?)|Vu,|*dz.
Q

We then deduce that
/En|Vun|2dx—|—/ Euldr < 2D.
Q Q
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Recording that F,, > 1, this shows that {u,} is bounded in H}(2). O

Proof of Lemma[54. The proof we give is inspired by [11] combined with [3|
Remark 2.6] (based in turn on ideas from [19]).

Step 1. K* is a bounded operator from LP(Q) to C**(Q) for some a €]0,1]

Assume that { f,,} is a bounded sequence in L?(Q2). By LemmaB1] u,, = K*(f,)
is bounded in L>*(£2). We claim that u, is also bounded in C%%(Q) for some
a €0, 1[. Indeed, consider a function ¢ € C*°(§2) with 0 < ((x) < 1, and compact
support in a ball B, of radius p > 0, and set Ay, = {x € B,NQ : |u(z)| > k}.

Let us consider the function G}, given by [@X). For ¢(s) = 57 with v > 0
large (to be precised later) we take ¢ = p(Gy(u,))(? as test function in (B.3).
Hence we have

/Q VitV (G (1)) @' (Gi (1)) P = / [t + Fa(@) (G (un)) P
+ / () [Vt PGl

-2 / Co(Gr(up))Vu,V{dz.
Q

Now observe that, for v > ”“A['?”, we have 1+ 2vs? — ||uls|s| > 1/2 and hence

¢'(s) — lullole(s)| = 27 > L. Moreover, we have G (un(z))¢3(z) = 0 for
x & Ay, and VGi(u,) = Vu, in Ay ,. This implies that

N

1
- |VGk(un)|2C2dx
2 Ao

< / £ (Gr(un)) = ullool@(Gr(un) )] [V Gir(un) [*¢Pde

Ak,p

< / [t + fu(2)]@(G (1)) (Pl

+ [ @) = ) TPl Gl

Ak,p

-2 Co(Gr(uy))Vu,V{dr
App

< /A [—tn + fa(@)](Grlun)) ¢ da + 2/A [CHe(Gr(un)) [ Vun| [V di.

k.,p k,p

Now recall the existence of '} and Cj such that, for all n € N, [|u,[|s. < C7 and
| fullp < Ca. Let Oy such that, for all s € [—C4, C4], |p(s)] < Cs|s| and recall that
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0 < ¢ < 1. Hence we obtain C' = C(C}, Cy, C3) such that

.
2.Ja

VG () PGP < Clmeas(Ar,))' ™ +2Cs [ [C]19n] |9 Gl d

k,p Alc,p
| s
< Clmeas(A4u,)' F+ 7 [ 1GPIVua Pz
Ak’p
e / IVCIGH () Pda,
Akm

by using Young’s inequality. Hence, recalling that, on Ay ,, we have VG (u,) =
Vu,, we conclude that

‘11/,4 \Vu, |*Cde < C ((meas(Ak,p))lzlj +/

k,p A

\VCP\Gk(un)Ide> ,

k,p
where C' = C(C1, Cy, Cs) is a generic constant.

Now we argue as in [19, Theorem IV-1.1, p.251]. For o €]0, 1], choose ¢ such
that ¢ = 1 in the concentric ball B,_,, (concentric to B,) of radius p — op and
such that |V(| < Ulp. Hence, we obtain

/

where wy denotes the measure of the unit ball of RY. Hence, for k > C, >
maxg, |u,| — &, we have

/

This means that, for § > 0 small enough and every M > C} > ||uy||, we have
Up, € Ba(Q2, M, 7,6, %) (see [19, pag. 81]).

Applying [19, Theorem I11-6.1 and Theorem I1I-7.1, p.90 and 91}, we deduce that
u, € C%(Q) with ||uy|/co. bounded by a constant C, which depends only on
Q, M,~,d and the claim is proved.

Step 2. K* maps bounded sets of LP(2) to relatively compact sets of C(Q).

Vuy|*de < C(1 + (max(|u(z)] — k) IIVE oy, (meas(Ar,) 7

k,p—op

hSA

<C(1+

(p"wn) 7 (max(fu(z)| — k))?)(meas(Ar,)) 7,

0202 hy

k,p—op

1 _1
Vual'dz < 7<1+W@ax<iu<x>|—k»2> (meas(Ay,,))' 7.

This can be easily deduced from Step 1 and the compact embedding of C%*(Q)

into C'(2).
Step 3. K" is continuous from LP(2) to HJ(S2).

Let {f.} C LP(2) be a sequence such that f,, — f in LP(2) and let {u,} be the
corresponding solutions of (5.3]). By Lemma [8.1], there exists C' > 0 such that, for
all n € N, |Juy|l < C and |Ju,|| < C. Hence for every subsequence {u,, }, there



CONTINUUM OF SOLUTIONS 31

exists a subsubsequence {unkj} C H}(Q) N L>(Q) and u € H3(2) N L>(Q) such
that uy, — u weakly in H, un, — u strongly in LP () and Up,,, — u almost
everywhere.

Let us prove that u,, — wu strongly in H and that u is the solution of (5.3).
J

In that case we shall deduce that u,, — u in H} (), namely the continuity of K*
from LP(Q) to Hy(2). Let us define i; = Un,,, — u. Observe that i; satisfies

iy € Hy(Q) NL*(Q) : —AG; + 15 = fo, (2) + 0(2) Vg, |* + Au — u.

Consider the test function o; = E;ii; where E; = exp(ta?) and £ = 2[|pu||%,. As
a; € Hg(2) N L>(Q) we have v; € Hj(Q) N L>®(R), and using the inequality

Vg, [ < 2V |* + [Vul),
we obtain
/QEja+2£a§)|vaj|2d:c+/gﬁja§dx
= / Vi, Vi, dx + / ;0 da
Q Q
:/ankj (x)0; d:v—l—/u(m)qunkjFﬁj dx
/SzEVuVuJ(l—f—Qtu )dx—/ﬂuﬁjdx
< /Q Fn, () Ejit; d — /Q E;VuViy(1 + 2ta3) do — /Q uEjii; dx
2l ([ BV V8B do+ [ [VaPE o)
< /Q F, () EByitydae — /Q E;VuVi (1 + 2ta3) doe — /Q uEjt; dv

2o <Hu\|oo | Bl

1 . -
+m/Ej|Vﬂj‘2dl’+/ |VU|2Ejﬁjd$)

/fnk VE; i, /EVuVu](1+2tu )dx—/uE’jaj dx
Q
1 .
5/ (1 + 2ta5) | V| dm+2||u||oo/ |Vu|?>Ejii; dx.
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Hence we deduce that

1 [ - . N
5/Ej(l+2zsz~tj2)|vaj|2d:c+/Eja?dx
Q Q

(8.1) =< /(fnkj(x)—f(x))Ejﬂjd$+2\\u!\oo/ Vul* By de
Q Q
—/Ejvuvaj(1+2i“a§)dx—/quajda;+/f(x)Ejajda;.
Q Q Q

Let us prove that each of the terms on the right hand side converges to zero.
For the first one, as the sequence {u,} is bounded in L*>(2) there exists C; > 0
such that, for all j € N, HEJHOO < (. This implies the existence of a constant
C > 0 such that

(8.2) lim

Jj—00

[ ) = f@) Ejtyda

< 1 — =
< C lim |[f, = fll, = 0.
For the second term we have ‘VUPE]@J’ — O a.e. in Qasu; — 0a.e. in ) and

Ej is bounded. Moreover, for all j € N,

“VUFE]‘{:L]' S OCJVUF

with CC1|Vu|?> € L'(Q). Hence by Lebesgue’s dominated convergence theorem
we have that

/ |VU|2EJ’L~LJdZL' — 0.
Q

To prove that the third term converges to zero, observe that Va,; — 0 weakly
in L*(Q2). Hence if we prove that E;Vu(l + 2{a?) converges strongly in L*(Q),
we shall obtain

/ E;VuViy(1 + 2ta2)dz — 0.
Q
Observe that EjVu(l +2ta?) — Vu ae. in Q. Moreover we have

E;Vu(l+2ia2)| < Cy(1+210%)|Vu|  with  Cy(1+ 2iC*)Vu € L*(Q).

Hence, again by Lebesgue dominated convergence theorem, we have EjVu(l +
2t07) — Vu strongly in L*(€2). For the two last terms observe that

quﬂj —0ae in) and |u£~7jﬁj] < CCy|ul

with CCylu| € L'(Q). This holds true also for fE;a;. Hence again we have

/ UEjﬂde — 0 and / fE]ﬂ]dI — 0.
Q Q
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This implies, by (81), that

- : 1 [~ - _ ~
lim [|@;]]* < lim 2 <§/QEJ(1 + 2t03)| Vi [P da —|—/QEju§dx) = 0.

Jj—o00 Jj—o00
As @; — 0 weakly in Hg () we obtain @; — 0 strongly in H}(£2), namely Uny, = U

strongly in H}(2). Hence we can pass to the limit in the equation and u €
Hi(2) N L>(Q) satisfies

—Au+u—p(2)|Vul> = f,  in Q,
At this point we have proved the continuity of K* from LP(Q) to H} ().

Step 4. K* is continuous from LP(§2) to C(£2).

Let {f.} C LP(R2) be a sequence such that f, — f in LP(Q2). In particular
the sequence {f,} is bounded in L?(£2). Hence, by Step 1, for every subsequence

{fu. }r the set {u,, = K*(f,,) : k € N} is relatively compact in C(€2) i.e. there

exists a subsequence (unkj ); which converges in C'(€2) to v € C(Q2). By Step 3,
Up,, = U= K*(f) in H}(2). In particular Up,,, — U in C(Q) and Un,, — 4 in

L*(€2). By unicity of the limit, we conclude that u = v. As this is true for every
subsequence, we have also that, if f, — f in LP(Q) then u,, = K*(f,) — u =

K*(f) in C(£2) which concludes the proof. d
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