MULTIPLE SOLUTIONS FOR AN INDEFINITE ELLIPTIC PROBLEM
WITH CRITICAL GROWTH IN THE GRADIENT
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ABSTRACT. We consider the problem

(P) —Au = c(@)u+ ulVul2 + f(z), ue HY(Q)NLE(Q),

where 2 is a bounded domain of RN, N >3, 4 > 0 and ¢, f € L9(Q) for some ¢q > %
with f 2 0. Here c is allowed to change sign and we assume that ct # 0. We show that
when ¢ and pf are suitably small this problem has at least two positive solutions. This
result contrasts with the case ¢ < 0, where uniqueness holds. To show this multiplicity
result we first transform (P) into a semilinear problem having a variational structure.
Then we are led to the search of two critical points for a functional whose superquadratic
part is indefinite in sign and has a so called slow growth at infinity. The key point is to
show that the Palais-Smale condition holds.

1. INTRODUCTION

Let © be a bounded domain of RY with N > 3. In this paper we are concerned with
the boundary value problem

(P) Au= (et Tl + f(e), ue HYQ) N L¥(Q),
where

N
(H) w>0, f=0 and ¢ fe L) for some g > —-.

Quasilinear elliptic equations with a gradient dependence up to the critical growth |Vu|?
were first studied by Boccardo, Murat and Puel in the 80’s [12, 13, 14] and have been an
active field of research until now, see for example [2, 18, 19]. To situate our problem we
underline that we are interested in bounded solutions. The main goal of this paper is to

carry on the study of non-uniqueness of solutions for such problems, which (P) is a prototype
of.

The sign of ¢ plays in (P) a central role regarding uniqueness, as well as existence,
of bounded solutions. We refer to [20] for a heuristic discussion on the influence of the
sign of ¢ on the nature of the problem. The case ¢ < —ag a.e. in €2 for some ag > 0 is
referred to as the coercive case. In this case, the existence of solutions holds under very
general assumptions and it was shown in [9, 10] (see also [8, 11]) that there is a unique
bounded solution. When one just requires ¢ < 0 (in particular when ¢ = 0) the situation is
already more complex. The fact that restrictions on the data are necessary for (P) to have
a solution was first observed in [16, 17]. Concerning uniqueness, some partial results are
given in [9, 10], but it was only in [6] that uniqueness of bounded solutions was established
under the mere condition ¢ < 0. See also [7] for an extension to a larger class of problems.
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The case ¢ = 0 started to be studied only recently. Surely in part because it was
not accessible by the methods traditionally used in the coercive case. In [20] it was shown
that when ¢ = 0 and ¢, 4 and f are sufficiently small in an appropriate sense, (P) has two
solutions. See also [1, 3, 24] for related results. Note that the case where  is allowed to be
non constant was treated in [6] leading also, when ¢ 2 0 and under appropriate conditions,
to the existence of two bounded solutions.

In view of these results it remained to analyse the case where c is allowed to change
sign, which is the aim of the present paper. Roughly speaking we shall show that the
uniqueness is lost as soon as ¢ # 0, where ¢t = max{0, ¢}, see Theorem 1.1.

We first observe that (P) is equivalent to
(P —Aw = c(z)w + |[Vw|? + uf(z), w e HYHQ)NL®(Q).

Indeed, it is easy to check that w is a solution of (P) if and only if w = pu is a solution of
(P"). Now, we use the change of variable

v=e" -1, (1.1)
which goes back to [21] and rids the gradient term of (P’), reducing it to a semilinear
problem with a variational structure, namely,

@ v = (e(2) + pf (@) = o@)g(v) + puf(x), v e HIQ)NL®(),

where

1.2
0 if s <0. (1.2)

We shall prove in Lemma 2.1 that if v is a non negative solution of (@) then w defined
by (1.1) is a non negative (and therefore positive, by Harnack inequality) solution of (P’).
Solutions of (@) will be obtained as critical points of the functional

1
10) = 5 [ 190 = @) + nf@)H?] = [ )G = [ 1o
defined on Hg () and where G(s) = [; g(t) dt. Note that since f > 0, critical points of I
are necessarily non-negative, see Lemma 2.1. Since g behaves essentially as sIn s for s large,

the superquadratic part of I has at infinity a growth which is usually referred to as a slow
superlinear growth.

g(s){(1+s)ln(1+s)—s ifs>0

To obtain two critical points we start following the strategy used in [20]. Note that
if the positive part of ¢ + pf is not ‘too large’ in a suitable sense (cf. Lemma 2.2) then

/s2 [IVol? = [e(@) + pf ()] (vF)?]

is coercive. Moreover, as ¢ is superlinear, we shall prove that I takes positive values on a
sphere ||v]| = p if either ¢ or uf is sufficiently small. Moreover it is easily seen that since
f £ 0, I takes negative values in the ball B(0,p). Finally, since ¢™ # 0, it is possible to
show that I takes a negative value at some point vy outside of the ball B(0,p). Thus I
has a mountain-pass geometry and it is reasonable to search for a first critical point as a
minimizer of I in B(0, p) and a second one at the mountain pass level. The existence of a
minimizer will follow from a standard lower semi continuity argument, whereas in the proof
of the existence of a mountain-pass critical point we will face the difficulty of showing that
Palais-Smale sequences are bounded.

We recall that the Palais-Smale condition holds for I if any sequence (u,) C H}(Q)
such that (I(u,)) C IR is bounded and ||I'(uy)||« — 0 admits a convergent subsequence.
The boundedness of such sequences proves to be a delicate issue due to the fact that ¢
is sign-changing and ¢ has a slow growth at infinity. In particular g does not satisfy an
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Ambrosetti-Rabinowitz type condition. Let us recall that a nonlinearity f is said to satisfy
the Ambrosetti-Rabinowitz condition if

(AR) There exist § > 2 and s; > 0 such that 0 < 0F(s) < sf(s) Vs> s1,

where F(s) = [; f(t) dt. This condition is known to be central when proving that Palais-
Smale sequences are bounded. When the domain Q C IR is bounded and the nonlinearity
is subcritical, the boundedness leads directly to the strong convergence of a subsequence.

In the case where the superquadratic term is positive, many efforts have been done
to weaken the condition (AR). However, to the best of our knowledge, this issue has not
been considered for functionals of the type

J(u) = /Q <;|Vu2 - c(x)F(u)) . u€ H(Q)

when ¢ changes sign and f is a superlinear function not satisfying (AR). A typical example
of such a nonlinearity is f(s) = sln(s + 1).

When f(s) = sP~! with p € [2,2%), using the homogeneity of f it is straightforward
that J satisfies the Palais-Smale condition. When f is not powerlike, this issue becomes
delicate, as shown in [5] (see also [4]), where the authors assume that f is superlinear and
asymptotically powerlike at infinity, i.e.

=1

(G) There exist p > 2 such that lim /()

s—o0 gP~1
Note that this condition implies (AR). Furthermore, in [5] one needs to assume the so called
thick zero set condition on ¢ € C(Q):
(A7) @In@ =0,
where
Qp={xe; c¢z) >0} and Q_:={z e c(x) <0}
In [23], still under (G), the authors were able to remove (AT ), but at the expense of some

alternative strong conditions on c.

In our problem we prove that the Palais-Smale condition is satisfied without assuming
(AT) nor any special condition on c¢. Given V € L%(Q), with ¢ > £, we denote by
A (V) = A (V, Q) the first eigenvalue of the problem

—Au+V(x)u=pu in Q,
u=20 on 0.

Let us recall that A;(V) is given by

A1 (V) = inf {/Q (|Vv|2 + V(x)v2) s u € Hy(Q), [lullz = 1} )

It is well-known that A1(V) is simple, so that it is achieved by an unique 1 > 0 such that
lollz =1, cf [22].
Our main result is the following:

Theorem 1.1. Assume (H) and ¢t # 0. Then (P) has two positive solutions if either one
of the following conditions hold:

(1) M(—=pf) >0 and ||ct||; < K, where K is a constant depending on f and p.
(2) Mi(—c) >0 and ||uf|lq < K, where K is a constant depending on c.
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Remark 1.2. In [20, Theorem 2|, assuming ¢ = 0, it is proved that if
lnflly <Cn, (1.3)

where Cy denotes the best Sobolev constant for the embedding HE(Q) C L (), then there
exists € > 0 such that (P) has at least two bounded solutions if ||c||q < €. We observe that
under (1.3) we have A\ (—pf) > 0. Thus Theorem 1.1 (2) is consistent with [20, Theorem
2]. We point out however that f is allowed to be sign changing in [20].

In [6], see Corollary 3.2 and Remark 3.2, it is shown that when ¢ = 0, (P) has a
solution if and only if A\; (—uf) > 0. We now complement this result.

Lemma 1.3. Assume (H).

(1) If ¢ > 0 then A\ (—c— uf) > 0 is necessary for (P) to have a non-negative solution.
(2) Ai(—c) > 0 is necessary for (P) to have a non negative solution and under this
condition every solution of (P) is non-negative.

Remark 1.4. As far as non negative solutions are concerned, Lemma 1.5 (1) shows that
when ¢ > 0 the condition A1 (—c—puf) > 0 is necessary in Theorem 1.1. However, other kinds
of solutions of (P), namely negative or sign-changing solutions, may exist if A (—c—puf) < 0.
See [15] in this direction.

This paper is organized as follows. In Section 2 we prove some preliminary results
and show that the functional I has the geometry described above. Section 3 is devoted to

the Palais-Smale condition for I. Finally in Section 4 we prove Theorem 1.1 and Lemma
1.3. Also in Remark 4.1 we discuss the necessity of some assumptions in Theorem 1.1.

Acknowledgments The two authors warmly thank the referee for pointing out an impor-
tant mistake in the initial version of this paper.

1.1. Notation.

e The Lebesgue norm in L"(€) will be denoted by || - |- and the usual norm of H}(Q)
by || - I, i-e. ||u|| = ||Vull2. The Holder conjugate of r is denoted by .
e The weak convergence is denoted by —.

e The positive and negative parts of a function u are defined by u® := max{+u, 0}.
e We denote by B(0, R) the ball of radius R centered at 0 in Hg ().

2. PRELIMINARIES

Lemma 2.1. Assume (H).

(1) If v is a non-negative solution of (Q) then w = In(1 4+ v) is a non-negative solution
of (P"). Similarly if w is a non negative solution of (P') then v given by (1.1) is a
non negative solution of (Q).

(2) If v is a critical point of I then v is a non-negative solution of (Q).

(8) If u is a non-negative solution of (P) then u is positive.

Proof. Let v > 0 be a solution of (Q). From the expression of g it is seen that v solves

—Av=c(z)(1+v)In(14+v) + uf(z)(1+v). (2.1)
Let w = In(1 + v), i.e. e¥ =1+ v. Since v > 0 and Vw = %, one may easily see that
w e HH Q). If ¢ € HY(Q) then ¢ = 1fv € Hi (), so that (2.1) provides

/QVz)Vip = /Qc(x)l/)(l—&—v)ln(l—l—v)+,u/Qf(x)1/J(1+v)
_ /Q c(@)éIn(1+v) + 1 /Q F(@)o. (2.2)



MULTIPLE SOLUTIONS FOR AN INDEFINITE ELLIPTIC PROBLEM 5

Now, from Vv = e*Vw and Vi) = ~2 PVY_ we get

T+v ~ (14v)2>
Vo oV > / ( oV )
VoV v ——— | =[] Vw | Vo —
/Q vy /Qe w(l—i—v (14 v)2 Q w(Ve 14w
Furthermore, we have

pe’Vw\
/QVw <V¢— T o )—/Q(VwV(b—|Vw|2¢).

[ caromti+ o = [ ctayuo

Q
so we deduce from (2.2) that u is a solution of (P’). By similar arguments we prove the
reverse statement. This proves (1).

To prove (2), let v be a critical point of I. Then
[ (9690~ (ela) + up@)ote] - [ elige—n [ felo=0  @3)
Q Q Q

for all o € H}(Q). Taking p = —v~ we get

/Q\Vv_|2+u/ﬂf(x)v_ 0.

/ Vo~ > <0
Q

and it follows that v~ = 0, i.e. v > 0. The proof that v € L>®(£2) can be found in [20,
Lemma 13], so we omit it.

Since f > 0, we get

Finally, if u > 0 is a solution of (P) then, since x> 0 and f > 0, u is a bounded
weak supersolution of

~Au = c(z)u, ue€ HHQ).

By a standard argument relying on the Harnack inequality, see [25, Theorem 1.2], we have
either u = 0 or v > 0. Since f = 0, we get u > 0. O

We shall now prove that when A;(—c— pf) > 0 the functional I takes positive values
on a sphere centered at the orign if either |c*||, or ||uf]4 is small enough.

Lemma 2.2. Let V € L4(Q), with ¢ > 5. If \{(V) > 0 then there exists Ky > 0 such that
/Q (Vo> + V(z)(v1)?) > Ki[jv||* Vv € Hy(Q). (2.4)
Proof. Let us first prove that there exists a constant K7 > 0 such that
/Q (Vo2 + V(@)?) > Kiflol? Vo € (). (2.5)
Indeed, assume by contradiction that there is a sequence (v,,) C H}(2) such that

|90+ V@ @) < el
Q

n

Setting w,, = m we may assume that, up to a subsequence,

w, — wo in HY(Q) and  w, — wo in L"(Q) for r € [1,2%).
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In particular since ¢ > & we have that w,, — wp in L29(Q). Thus from

1
(vl + V@) wa)?) < & 26)
Q n
it follows that
/ (IVwo|* + V (z)(wo)?) < 0. (2.7)
Q
We claim that wg # 0. Indeed, if wg = 0 then w,, — 0 in L4 () and (2.6) yields w, — 0 in
H}(Q), which is impossible since ||w,|| = 1. Hence wy # 0 and consequently (2.7) provides

A1(V') <0, which contradicts our assumption. Thus (2.5) is proved. Finally, we may assume
that K7 <1, so that

/ (IVof? +V(2) (v+)?)
Q

[ve Bt [ (90 R+ v e?)

=11 + Ky flo ™ 1* = Kallv]*.

Y

O
We are now ready to prove that I has the appropriate geometry. Note that g given

by (1.2) satisfies
lim 7g(s) = lim 79(3)

s—0 sP s—oo SP

=0
if p € (1,2). As a consequence, there exists a constant C' > 0 such that
0<G(s) <CsP™, VseR. (2.8)

Proposition 2.3. Assume that Ay (—c—puf) > 0. Given R > 0 sufficiently large, there exist
K, M > 0 depending on R and such that:

(1) If |c™|ly < K then I(v) > M for every v € H}(Q) with ||v| = R.
(2) If |uflly < K then I(v) > M for every v € Hy () with ||v]| = R

Proof. Since Aj(—c — pf) > 0, by Lemma 2.2 there exists K7 > 0 such that

/Q (IVo]? = [e(z) + pf(@)](vF)?) = Killol]* Vv € Hy(Q).
Let p € (1,2). By (2.8) we have
I(v) > Ki|v]* = Cillc¥|lglloP* = Collufllqllv]l
for some C1,Cy > 0. If ||v]| = R and ||ct||, < R™#, with 8 > p — 1, then
I(v) > K1R? — C1RP™'P — Coul|f||,R > R

for R sufficiently large. Thus (1) holds with K = R~# and M = R.
In a similar way, if now ||v|| = R~ and |uf|l, < R™?, with 3 > 1 then

I(v) > KiR™2 = Cy el B~ =GR > R

for R sufficiently large. Hence we may take K = R~% and M = R~ to get (2). (]
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3. THE PALAIS-SMALE CONDITION
We set
ae = inf {/Q (IVul® = pf(x)(w®)?) ;u € HY(Q), |lulls =1, cut = O} .

In the next proposition, we shall use an explicit expression of G, namely,
52 3 5 s 1
G(s) = Eln(s—kl)— 15 +sln(s+1)—§+§ln(s+1) (3.1)

for s > 0.
Proposition 3.1. If a. > 0 then I satisfies the Palais-Smale condition.

Proof. Let (u,) be a Palais-Smale sequence for I at the level d € IR, i.e.

I(up) —d and |1’ (up)||« — 0. (3.2)
From (3.2) we have
L 2 2 _
3 [ [VuaP = (eo) + @) @) = [ e@Glad) = [ f@hn =d+o()  (33)
and

[ v - (o) usnutel - [ oo [ @ <elel G
for some sequence &, — 0 and for every ¢ € H}(Q). In particular, we have

[T (un), un)| < nllunl|- (3.5)

Up
lunll

Let us assume that ||u,| — oo and set v, = . Up to a subsequence, we have

vp — vo in Hy(Q), v, —vg in L'(Q), Vr € [1,2%), and v, — vy a.e. in Q.

We claim that cvg = 0. Indeed, from (3.4) we have, using the convergences above,

/ (o) 20) [ [900¥ = (e(0) + s @) o] +ol1) < ox, (3.6)
Q Q

lunll ™
for every ¢ € HE(Q). If cug # 0 then we may choose ¢ € H} () and a measurable subset
Q, C Q such that
Q| >0, cvfp>00nQ0,CQ, and cvfe=0o0nQ\Q,.
9(s)

S

g(ut)
[t

Now, using that limg_,

= 00, we have

1 9lunllv;)

lim inf ¢(x) " ot
mn n

» = liminf ¢(z)v p=400 on Q.

Fatou’s lemma then yields a contradiction with (3.6). Therefore cvy = 0. On the other
hand, taking ¢ = vg in (3.4) and dividing it by |lu,|| we get

/ [V, Vg — (c(z) + pf (2))v, v ] — 0,
Q
so that, using v, — vy in H}(Q) and cvgj =0, we get

[ 19 wf = ks@ei?] <o
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Thus vy = 0 (otherwise o, < 0). Now from (3.4) we have, taking ¢ = u, and using the
definition (1.2) of g,

L0V = @) = [ o)1+ w1+ = [ peyt| <zl
(3.7)
Dividing by ||u,||? and using that v, — 0 in L"(Q),Vr € [1,2*) we get
1- / c(@) (0,2 In(1 + |Jun||v;7) — 0.
Q
Now, using the property In(st) = Ins + Int, it follows that
1
1—In(unl)) | e(z)(w)? - / () ()2 (vif + ) = 0.
Q Q |||
We claim that
tn(lun]) [ e(w)w)? = 0. (38)
Q

In that case we would get

/Qc(x)(v;)%n <vg + H:n“> -1

which clearly contradicts the fact that vg = 0. To prove (3.8) we define for every s > 0
H(s) = %g(s)s —G(s).
From (1.2) and (2.8) it follows that
H(s) = % —sln(s+1) + g - %111(1 + ). (3.9)
From (3.5) we get

1
I(un) = 50T () tn) = €+ 20| + o(1),
which leads, using the definition of H, to
/ c(z)H(u}) — g/ f(@)u, = c+ epnl|un|| + o(1). (3.10)
Q Q

Now, combining (3.9) and (3.10), we obtain

L 2 = - n u
1] e@? = et el + 5 /Q@c)uz | it i)

1
—&—5/9 c(z) In(1 + u)) /f x)up, + o(1).
Hence

) [ et = L (e el + 5 [ et~ [ ctonuma )

[lun]?

+%/Q()1n1+u /f )y + o )) — 0.

Thus (3.8) is proved and we reach a contradiction. Therefore (u,) must be bounded and,
up to subsequence, we have u, — ug in Hg(Q) and u,, — ug in LP(Q) for p € [1,2*). At
this point the strong convergence follows in a standard way. We refer to [20, Lemma 11] for
a proof. [l

Corollary 3.2. If \j(—c — uf) > 0 then I satisfies the Palais-Smale condition.
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Proof. Let |lull2 = 1 with cu™ = 0. Since A\;(—c—pf) > 0, by Lemma 2.2 there is a constant
K; > 0 such that

/Q (IVaf? — pf@)(w?)?) = / (IVaf? — () + pf () (u")?)

Ky|ul* > SKi|[ul3 = SKy >0,

where S is the best Sobolev constant for the embedding H} () C L?(€2). Thus a, > 0 and
by Proposition 3.1 we get the conclusion. O

Y

4. PROOF OF THEOREM 1.1 AND LEMMA 1.3
We are now ready to prove our main results.

Proof of Theorem 1.1: First of all, we fix K > 0 such that A\j(—c — pf) > 0 if either
A (—pf) > 0 and |ct|, < K or A\i(—¢) > 0 and ||uf|l; < K. This is possible in view
of the continuity of A;(V') with respect to V € L7(Q2). Decreasing K if necessary, we fix
R sufficiently large so that, by Proposition 2.3, if [|c*|l; < K (respect. ||puf|lq < K) then
I(v) > M > 0 for ||v|| = R (respect. |Jv]| = R71). Weset p= R if ||cT|, < K and p= R~!
if |ufllq < K. It easily seen that if f % 0 then I takes negative values in the ball B(0, p).
Therefore, by weak lower semi-continuity, we infer that if either ||c ||, < K or ||uf]l, < K
then the infimum of I in B(0, p) is achieved by some wq # 0, which is a critical point of 1.
Furthermore, since G(s)/s*> — oo as s — oo, if v € H}(Q) is such that [, c(z)G(vt) >0
then I(tv) - —oo as t — oco. We fix ¢t > 0 and v such that vy = tv satisfies ||vg|| > p and
I(vg) < 0. Now let

I = {y € C([0,1], Hy(2)); 7(0) = 0,7(1) = vo}

and

d:= inf I(~(t)).
inf max (v(t))

Since I satisfies the Palais-Smale condition, by the mountain-pass theorem it is straight-
forward that I has a critical point wq, which, by Proposition 2.3, satisfies I(w1) = d > 0.
In particular, we have wy # w;. Finally, from Lemma 2.1, we know that these two critical
points provide two positive solutions of (P’), and consequently, two positive solutions of
(P). O

Proof of Lemma 1.3. By Lemma 2.1, we know that if uw > 0 is a solution of (P) then u is
positive so that w = pu is a positive solution of (P’). Thus v given by (1.1) is a positive
solution of (Q). Taking ¢ > 0, the first positive eigenfunction associated to A\j(—c— uf), as
test function and using that ¢ > 0 on IR we obtain

| (9696~ @)oo~ nf(@)eo) = [ (clag(w)o + uf(a)a) >0,
Q Q
so that
Ar(—c— Mf)/gvfﬁ > 0.
Thus A\ (—c — pf) > 0.

Similarly, let ¢ > 0 be an eigenfunction associated to A;(—c) and assume that u > 0
is a solution of (P). Taking ¢ > 0 as test function we get

/Q (VuVp — c(z)up) = /Q (M|VU|2<P + f(x)ap) > 0.
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Thus
Al(—c)/ up > 0,
Q

so that A;(—c) > 0. Finally, let u be a solution of (P). Using u~ as test function in (P),
we obtain

- [0vw P - @l ) = [ @lvulu + faa) >0
Q Q
Hence
[ v P = e P) <o,
Q
so that under the condition A;(—c¢) > 0 we get u~ =0, i.e. u > 0. O

Our last result show that when A\j(—c) > 0 a restriction on the size of pf is necessary
in Theorem 1.1.

Remark 4.1. Assume (H), A\ (—c) > 0, and ¢ > 0 in some open set Qo C Q. Then there
exist a R > 0 and a f € LYQ) with ||uf|lq = R such that (P) has no non negative solutions.

Proof. Equivalently we shall prove that (P’) has no non negative solutions. We choose
¢ € C§°(Qp) and f € LI(Q) such that f > 0 on supp ¢. In particular we have

/Qf(:v)gbz > 0. (4.1)

By Cauchy-Schwartz inequality we have

/ VuV (¢ / 20VuVe < / IVo|? + |Vu|?¢?. (4.2)
Now assume that (P’) has a non negative solution. Using ¢? as test function in (P’) and
(4.2) we get
[1wor = [ o n [ @6 = u [ fa)e?
Because of (4.1) we get a contradiction for p > 0 large enough. (]
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