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1 Introduction and main results

Consider the first order Hamiltonian system
(HS) Z:sz(ta Z)a
where z = (p,q) € R, J = (7). Here H € C'(R x R*™,R) has the

I o
form )
H(t,z) = §L(t)z -z + R(t, 2)

with L(t) a continuous symmetric 2N x 2 N-matrix valued function, R, (¢, z) =
o(]z]) as z — 0 and asymptotically linear as |z] — co. A solution z of (HS)
is a homoclinic orbit if z(¢) # 0 and z(t) — 0 as |t| — oo. In this paper we
study the existence and multiplicity of homoclinic orbits without assuming
periodicity conditions.

In the last years, existence and multiplicity of homoclinic orbits for the
first order systems (HS) were studied extensively by means of critical point
theory, and many results were obtained under the assumption that H(t, z)
depends periodically on t and L and R satisfy various hypotheses. In [6] Coti-
Zelati, Ekeland and Séré assume that L is constant with 0 a hyperbolic point
of the Hamiltonian operator A := — (j% + L), R(t, z) strictly convex in z
and satisfying the Ambrosetti-Rabinowitz growth condition, that is, there is
i > 2 such that

(1.1) 0 < pR(t,z) < R,(t,z)z whenever z # 0.

They prove the existence and multiplicity of homoclinic orbits of (HS). This
result was deepened in [16, 17] when Séré established the existence of infi-
nitely many homoclinic orbits. In these papers the convexity condition on R
allows the authors to use a Mountain-Pass argument. Independently, Hofer
and Wysocki [11], using Fredholm operator theory and a linking argument,
and Tanaka [20], passing through a subharmonic approach, managed to re-
move the convexity assumption to get one homoclinic orbit. Later linking
type arguments were used in [7, 9, 2] to show the existence and multiplicity
of homoclinic orbits of (HS) when L depend periodically on ¢ and certain
symmetries on R(t,z) are assumed for the multiplicity. See also [19] for a
periodic setting but with different nonlinearities, in particular asymptotically
linear ones.

Without assumptions of periodicity the problem is quite different in na-
ture and there is not much work done so far. For describing our results, we

use the 2N x 2N matrix Jp := ((1) é), and the notation

R(t, z) :== %Rz(t, 2)z — R(t, z).
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Also given a 2N x 2N matrix M, we say that M > 0 if and only if

min ME-£E>0
EER2N, [¢]=1

and that M < 0 if and only if M > 0 does not hold. Also letting Ioy be the
identity matrix in R?" and ¢ € R, we denote the matrix glyx by gq.

We make the following assumptions:

(Ro) There is b > 0 such that the set A’ := {t € R : JL(t) < b} is
nonempty and has finite measure;

(R1) R(t,z) > 0and R,(t,z) = o(|z|) as z — 0 uniformly in ¢;

(Ry) R.(t,z) = M(t)z +7,(t, z), with M a bounded, continuous symmetric
2N x 2N-matrix valued function and r, (¢, z) = o(|z|) uniformly in ¢ as
2] = o0

(Rg) mo ‘= infteR [inf@eH@N’m:l) M(t)f : f} > inf O’(A) N (O, OO),

(Ry) either (i) 0 ¢ o(A— M) or (ii) R(t,z) > 0 for all (¢, z) and R(t, z) > dy
for some §y > 0 and all (¢, z) with |z| large enough;

(Rs5) v < bmax, Where 7y 1= supjysy, .20 |R:(t, 2)|/|2] for some t, > 0, and
bmax 1= sup{b : |A’| < oo}.

We will show that the set o(A) N (0, byayx) consists only of eigenvalues of
finite multiplicity. From the definitions of my and v we have mg < v < byae-
Let ¢ denote the number of eigenfunctions with corresponding eigenvalues
lying in (0, my).

Theorem 1.1. Let (Ry) — (Rs5) be satisfied. Then (HS) has at least one
homoclinic orbit. If in addition R(t,z) is even in z, then (HS) has at least ¢
pairs of homoclinic orbits.

In the works where H(t, z) is periodic, the periodicity is used to control
the lack of compactness due to the fact that (HS) is set on all R. In our
situation we manage to recover sufficient compactness by imposing a control
on the size of R(t,z) with respect to the behavior of L(t) at infinity in ¢, see
condition (Rj;). For related arguments we refer to [8, 13, 18|.

We now give some examples.

Remark 1.2. Let ¢ € C'(R, R) satisfy

(qo) There is b > 0 such that 0 < |Q°| < oo where Q* := {t € R: ¢(t) < b}.
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Then L(t) = q(t)J, satisfies (Ry).

Remark 1.3. The following functions satisfy (Rs) — (R4) provided that
inf a(t) > 0:

Exl. R(t,2) = a(t)|z]? (1 - —1n<e1+|z|>>'

Ex2. R.(t,z) = h(t,|z|)z, where h(t,s) is increasing for s € [0,00), and
h(t,s) — 0 as s — 0, h(t,s) — a(t) uniformly in t as s — oc.

Note that in both examples, mo = infa(t) and v = supy s, a(t) for an
arbitrarily fixed ¢y > 0.

The paper is organized as follows. In Section 2 we first study the spec-
trum of the operator A showing, thanks to (Ry), that the essential spec-
trum o.(A) C R\ (—bmax, bmax). Based on the description on o(A), we de-
rive a variational setting for (HS) and represent the associated functional
in the form ®(z) = 5 ([|z|]> = ||="||*) — [z R(t, z) with ® being defined
on the Hilbert space £ = D(|A|Y?) — HY?(R,R*) with decomposition
E=E @E'@FE" 2=12 +204 2 dimE* = co. Our existence and
multiplicity result is obtained using some critical point theorems recently de-
veloped that we present at the end of the Section. In Section 3 we show the
linking structure of @, that is, inf ®(E+*N0B,) > 0 for some p > 0 and there
are finite dimensional subspaces Y C E™ such that ®(u) — —oc as [Ju]] — oo
in By .= E-® E°®Y. In Section 4 we show that the Cerami condition
for ® hold. Because of the lack of (1.1) and since E° maybe nontrivial this
require some care. Finally, in Section 5, we give the proof of Theorem 1.1.

Notation: Throughout the paper we shall denote by ¢ > 0 various
positive constants which may vary from lines to lines and are not essential
to the problem.

2 Variational setting

In order to establish a variational setting for the system (HS) we study the
spectrum of the associated Hamiltonian operator.

Recall that A = — (J4 + L) is selfadjoint on L?(R, R*") with domain
D(A) = HY(R,R?N) if L(t) is bounded and D(A) Cc H'(R,R?*N) if L(t) is
unbounded. Let o(A), 04(A) and o.(A) denote, respectively, the spectrum,
the eigenvalues of finite multiplicity, and the essential spectrum of A. Set

(2.1) po =sup (0e(A) N (—=00,0]), g :=inf (6.(4)N[0,00)).
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In what follows by |- |, we denote the usual L9-norm, and by (-, )2 the usual
L?-inner product.

Proposition 2.1. Assume (Ry) is satisfied. Then 0.(A) C R\(—bmax, bmax),
that is, p; < —bmax and i > byax.

Proof. Let b > 0 be such that |A’] < co. Set

JoL(t) —b if JoL(t) —b >0

(JoL(t) —b)" == { 0 if JoL(t)—b<0

and (JoL(t) — b)™ := (JoL(t) — b) — (JoL(t) — b)". We have, since JZ = I,
A=A — To(TJoL(t) —b)~ where

d
Al = - (ja + jo(%L - b)+) — b%.

Observe that JpJ = —J Jo. Thus, for z € D(A),

2

d
(Alz,Alz)Q :|A12|g = ‘ (‘7% + jo(%L — b)+) z+ bj()Z

2

2
- ‘ (Jﬁ - I TL — b)+) o 4822
dt ,

+ (T%, bJoz)y + 0oz, T2),
+ (To(JoL = b)*2, bToz), + (bToz, To(JoL — b)*2),

2
+ b°|2[3
2

(2.2)

d
:‘(ja +jo(%L—b)+) z

+ 2[)((joL — b)+2, Z)g
>0°|23.

Here we have used the fact that (J 2, bJy2), + (bJoz, J %), = 0. Indeed for
z = (u,v) € C° one has

(jé’, bt702)2 + (bj0Z> jz)Q
= Qb/R(uu — o) = b/R%(uQ(t) —v2(t)))
= b lim (Ju(t)* = [u(=t)* = [o()* + [o(=1)[*) = 0.

Thus, by density, we get the result. Now (2.2) implies that o(A4;) C R\
(—=b,b).



We claim that o.(A) N (=b,b) = . Assume by contradiction that there
is A € 0.(A) with |[A] < b. Let (2,) C D(A) with |z,]o =1, z, — 0 in L? and
|[(A=X)z,|2 — 0. Then ||z,|| g1 stays bounded, hence | Jo(JoL —b)™ 2z, |2 — 0.
We get

0(1) = ’(A - )\)an2 = ’Alzn - )\Zn - ._70<joL — b)iznb
> [Arznlz — |A] — o(1)
>b— |\ = o(1)

which implies that 0 < b — |A| < 0, a contradiction. Since the claim is true
for any b > 0 with |A®| < oo, one sees that 0,(A4) C R\ (—bmax, bmax)- O

Since 0 may belong to o(A), some care is necessary for getting the suitable
variational framework. Observe that D(A) is a Hilbert space with the graph
inner product

(z,w)q := (Az, Aw)s + (z,w)2

and the induced norm |z|4 = (z,z)llf. Let (F\)aer denotes the spectral

family and |A| the absolute value of A. A has the polar decomposition
A =U|A| with U = 1 — Fy — F_y. Proposition 2.1 induces an orthogonal
decomposition of L? := L?(R, R?")

=L oLl’®Lt, 2=z +2"+2"

so that A is negative definite on L, positive definite on L+ and L° = ker A.
In fact, L* = {u € L? : Uu = +u} and Ly = {u € L* : Uu = 0}
(see Theorem IV, 3.3 in [10]). Note that Proposition 2.1 also implies that
dim(L%) < co. Let P : L? — L° denote the associated projector. Then P°
commutes with A and |A]. On D(A) we introduce the inner product

<va>A = (szAw)Q + (POZ, Pow)Q = (|A|Za |A|’UJ)2 + (POZ7U))2

whose induced norm will be denoted by ||z||4. Since 0 is at most an isolated
eigenvalue of finite multiplicity, it is clear that |- |4 and || - || 4 are equivalent
norms on D(A): di|z]a < ||2]|a < da|z|a, for all z € D(A). Define

A:=|A| + P°.

Then D(A) = D(A). Noting that P°|A| = |A|P° = 0 we have for z,w €
D(A),

(Az, Aw)y = (|Alz, |A|w)s + (|Alz, PPw)y 4 (P°z, |Alw), + (P2, POw),

= (|Alz, |AJw)y + (P2, P'w)y = (2, w) 4,
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hence,
(2.3) di|z|a < ||2||a = |Az|s < dy|2|a, for all z € D(A).

Let £ := D(|A|'/?) be the domain of the self-adjoint operator |A|'/? which
is a Hilbert space equipped with the inner product

(z,w) = (\A[l/Qz, ]A|1/2w)2 + (P, P'w),
and the induced norm ||z|| = (z,2)"2. E has the following decomposition
E=E ®E’®E" where E* = ENL* and E° = L°

orthogonal with respect to both (-, )y and (-, ) inner products. In fact, the
(-, )2 orthogonality follows from the decomposition of L?. To show the (-,-)
orthogonality, observe that, for z* € L* N D(A),

(z7,27) = (A \1/2 FAz2T)s = (JA[z7,27)e = (JAJUZT, 27);
( 7 ) ( +7Az_)2 = (Z+v |A|UZ_)2 = _(Z+’ |A|Z_)2
—(JA[224, A 227)y = = (2T, 27),

hence (z7,27) = 0. Since D(A) is dense in E, one sees that Et and E~
are orthogonal in (-, -). Similarly one checks that E* are orthogonal to E° in
(-,-). Observe that for all z € D(A) and w € D(|A]'/?)

(A2, AVw)y = (Az,w)y = ((JA| + P%)z,w)y = (|A|z, w)s + (P2, w),
= (|A]Y22, |A|Y?w)y + (P°z, P'w)y = (2, w).
Consequently, since D(A) = D(A) is a core of A/? we have
(z,w) = (AY2z, AY?w), for all z,w € D(|A|Y/?)
which implies in particular that
(2.4) |2]| = |AY22|y for all z € E.

The self adjoint operator Ay = J4 + Jy acts on L? with D(Ag) = H' :=
H'(R,R?*N). Then A2 = —% +1 and, letting |Ay| denote the absolute value
of Ay, we have for all z € H',

(2.5) [14o|2]3 = [Ao2]3 = (Aoz, Apz)2 = (Aj2, 2)2 = |2l 7.
Lemma 2.2. The condition D(A) C H' implies that

(2.6) 12]| = ||Ao| 2|2 < ds|Az|y for all z € D(A).



Proof. Let A, be the restriction of Ay to D(A). A, is a linear operator from

D(A) to L?. We claim that A, is closed. Indeed, let z, g z and A,z, 12 w.
Then z € D(A), and since Ap is closed, A,z, = Aoz, — Aoz = A,z, hence
the claim. Now the Closed Graph Theorem implies that A, : D(A) — L?
is a bounded linear operator, so |Agz|a = |A, 2| < dy|z]a for all z € D(A).
This together with (2.3) and (2.5), implies (2.6). O

By interpolation theory we have that HY? = [H', L?);/5 (see Theorem
2.4.1 of |15]). Noting that D(|Ay|°) = L? one has by (2.5),

H'? = [D(|Ao]), D(|Ao|*)]1/2
with equivalent norms. It then follows from Theorem 1.18.10 of [15] that
HY? = [D(|Aol), D(| 0|12 = D(| Ao|")]1 2

1/24], are equivalent norm on H'/2 :

hence ||z||g1/2 and || Ao|
(27) d5||ZHH1/2 S |’A0|1/2Z|2 S dﬁ”ZHHl/Q for all z S Hl/z.

Lemma 2.3. E embeds continuously into H'?*(R,R?N), hence, E embeds
continuously into LP for all p > 2 and compactly into LY . for all p > 1.

Proof. By (2.6), ) )
[ Ao|zl2 < ds|Az|y = [(d3A)z]2

for all z € D(A). Thus (|Ao|z, 2)s < (dsAz, 2), for all z € D(A) (see Propo-
sition IIT 8.11 of [10]). This implies

14022 [5 = (|Ao|z, 2)2 < (dsAz, 2)5 = ds| A2z
for all z € D(A) (see Proposition III 8.12 of [10]). Since D(A) is a core of
A2 we obtain that ||Ag|'/?2|2 < d3|AY/?2|2 for all z € E. This, jointly with
(2.4), shows that
|| Ag|V22|% < ds]|2||? for all z € E
which, together with (2.7), implies that

2|l g2 < dgllz]| forall z€ E

ending the proof. O



From now on we fix a number b with
(2.8) ¥ < b < bax

where 7 appears in (Rs5). Let k& be the number of the eigenfunctions with
corresponding eigenvalues lying in [—b,b]. We write f; (1 < i < k) for the
eigenfunctions. Setting

LY .= span{fi, -, fx},
we have another orthogonal decomposition
LP=L"® L, u=u’+u’
Correspondingly, £ has the decomposition:
(2.9) E=FE'®E° with £Y=L%and E° = EN L,

orthogonal with respect to both the inner products (-, ) and (-,-). Remark
that by Proposition 2.1

(2.10) blz|5 < ||z]|* for all 2z € E°.
Now, note that, using A, the system (HS) can be rewritten as
(2.11) Az = R,(t, 2).

On FE we define the functional

1

(2.12) O(2) = 5

4 = 5172 = 9(z) where 9() = [ Rit.2)

R
Our hypotheses on H (¢, z) imply that ® € C'(E,R) and a standard argument
shows that critical points of ® are homoclinic orbits of (HS) (cf. [9]). We
write @’ for the derivative of ®.

In order to study the critical points of ®, we now recall some abstract
critical point theory developed recently in [5]; see also [3] and [14] for earlier
results on that direction.

Let E be a Banach space with direct sum decomposition £ = X &Y and
corresponding projections Px, Py onto X, Y, respectively. For a functional
® € CL(E,R) we write &, = {2 € E: ®(2) > a}, ®* = {z € E: &(z) < b}
and % = &, NP°. Recall that @ is said to be weakly sequentially lower semi-
continuous if for any z, — z in F one has ®(z) < liminf, .., ®(z,), and ¢’
is said to be weakly sequentially continuous if lim,, .., ®'(z,)w = ®'(2)w for
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each w € FE. A sequence (z,) C E is said to be a (C').-sequence if ®(z,) — ¢
and (1 + ||z,]])®'(2,) — 0. @ is said to satisfy the (C').-condition if any
(C')-sequence has a convergent subsequence.

From now on we assume that X is separable and reflexive, and we fix a
countable dense subset S C X*. For each s € § there is a semi-norm on E
defined by

ps: E—=R, ps(z)=Is(x)|+|ly|| forz=a+yecXaY.

We denote by 7s the induced topology. Let w* denote the weak*-topology
on E*.
Suppose:

(®g) For any ¢ € R, &, is Zs-closed, and ¥’ : (®,, 7Ts) — (E*,w*) is contin-
uous.

(®1) For any ¢ > 0, there exists ¢ > 0 such that ||z|| < {||Pyz|| for all z € ..

(®2) There exists p > 0 with & := inf ®(5,Y) > 0 where S,Y := {z € Y :
2]l = £}
The following theorem is a special case of the Theorem 4.4 of [5] (see also

[4])-

Theorem 2.4. Let ($y)—(P2) be satisfied and suppose there are R > p > 0
and e € Y with |le|| = 1 such that sup ®(0Q) < k where Q = {z = x + te :
t >0,z € X,|z]| < R}. If ® satisfies the (C).-condition for all ¢ < ¢ :=
sup ®(Q) then ® has a critical point z with k < ®(z) < c.

For our next result on multiple critical points we assume:

(®3) There is a finite-dimensional subspace Yy C Y and R > p such that
we have for By :== X @Yy and By := {z € FEy : ||z|| £ R} that
¢ :=sup P(Ey) < oo and sup ®(Ey \ By) < inf &(B,NY).

A special case of Theorem 4.6 of [5] is
Theorem 2.5. If O is even, satisfies (®g), (P2), (P3) and the (C). condition

for all ¢ € [k, ¢, then it has at least m := dim Yy pairs of critical points with
critical values less or equal to c.
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3 Linking structure

We now study the linking structure of ®. Remark that under (R;) — (R2),
given p > 2, for any € > 0, there is C. > 0 such that

(3.1) |R.(t,2)| < elz| + Cclz[P~!
and
(3.2) R(t,2) < g|z]* + C.|z|P

for all (¢, z). First we have the following lemma.

Lemma 3.1. Let (Ry) — (R2) be satisfied. Then there is p > 0 such that
w = inf ®(S}) > 0 where ST = 0B, N E*.

Proof. Choose p > 2 such that (3.2) holds for any £ > 0. This yields
U(z) <elely + Cel2ly < Clell2l® + Cell2]IP)
for all z € E. Now the lemma follows from the form of ® (see (2.12)). O

In the following, we arrange all the eigenvalues (counted with multiplic-
ity) of A in (0,mp) by 0 < p1 < po < ... < py < mp and let e; de-
note the corresponding eigenfunctions: Ae; = pje; for 7 = 1,..., 0. Set
Yo := span{ey, ..., e,}. Note that

(3.3) pr|wls < |lw]]* < pelwl;  for all w € Y.
For any finite dimensional subspace W of Y; set By = E- @ E° @ W.

Lemma 3.2. Let (Ry) — (Rs) be satisfied and p > 0 be given by Lemma 3.1.
Then for any subspace W of Yy, sup ®(Ew) < oo, and there is Ry > 0 such
that ®(z) < inf ®(B, N EY) for all z € Eyw with ||z|| > Rw.

Proof. 1t is sufficient to show that ®(z) — —oo0 as z € Ew,|z|| — oc.
Arguing indirectly we assume that for some sequence (z;) C Ey with ||2;|| —
00, there is @ > 0 such that ®(z;) > —a for all j. Then, setting w; = z;/||2;]|,

we have |lw;| =1, w; = w, w; = w™, w) = w’, wj —wh €Y and
a D(z) 1 U R(t, z;)
(3.4) - < 5 = Sl 1P = Sllwyll® - :
Iz~ llzl> 27 207 k%12

We claim that wt # 0. Indeed, if not it follows from (3.4) and (R1) that

_ R(t,z;)
|w; || — 0 and thus w; — w = w’. Also [, B 0

11



Recall that R(t,z) = $M(t)z - z + r(t,z) and r(t,2)/|z|* — 0 uniformly
in t as |z| — oo. Thus, since |z;(t)] — oo if w(t) # 0,

rw%>:/ggﬁ4jp

r |71 |25
| (t,2)] wl? + r(t, z)|
] ]

=o(1) + /(t#O M|w|2 =o(1).

|52

Also, by (R3),

M M * 2 mo
3.6 == | 5 w)* > 13-
( ) / ||Z]H2 / ’ J‘Q ’ J’ 2 |wj|2

From (3.5)-(3.6) and since [, = || t'ﬁ; — 0 it follows that |w;]a — 0. Then

1 = ||lwj|| — 0 and this contradiction implies that w* # 0. Now since

Jwt|* = [Jw™||* - /RM(t)w cw < JJwt|? = [Jw™ | = mo|wl3
< — ((mo — po)|w™ 5 + lw™ I + mo|w"}3) <0,
there is @ > 0 such that

(3.7) |lw™||? — [Jw™? —/ M(t)w-w < 0.

As in (3.5) it follows from the fact |w; — w|r2(_q,q) — O that

T(tJ Z]) — hm /a T(t’Zj>|wj|2 — O

lim
|22 o0

J—00

|

Thus (3.4) and (3.7) imply that

, 1, _ “ R(t, z;)
o< tim (Gho P 3l - [ AR
= 3l Bk

—a

—a

1 a
<5 (ot =t = [ Mww) <o

—a
a contradiction. O
As a special case we have

Lemma 3.3. Let (Ry) — (Rs) be satisfied and k > 0 be given by Lemma 3.1.
Then, letting e € Yy with |le|| = 1, there is ro > 0 such that sup ®(0Q) < k
where Q :={u=u"+u’+se: v +u’ € E-®E%s>0,]|ul| <ro}.
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4 The (C)-sequences

Here we discuss the Cerami condition.

Lemma 4.1. Let (Ry) — (R2) and (Ry) — (R5) be satisfied. Then any (C).-

sequence s bounded.

Proof. Let (z;) C E be such that
(4.1) P(z;) — ¢ and (14 | z])?'(z) — 0.

Then, for a Cy > 0,

(12) Co 0(z) - 3@()5 = [ Ritz),

R

To prove that (z;) is bounded we develop a contradiction argument related
to the one introduced in [12] (see also [13, 19]). We assume that, up to a
subsequence, ||zj|| — oo and set v; = z;/||z;]|. Then ||v;|| = 1, |vj|s <
Ysl|vjll = s for all s € [2,00), and passing to a subsequence if necessary,
v; =~ vin E, v; — vin Lj_ for all s > 1, v;(t) — v(t) for a.e. t € R.
Since, by (R2), |7:(t, 2)| = o(2) as |z| — oo uniformly in ¢ and |z;(t)| — oo if
v(t) # 0, it is easy to see that

Roft, 5(0)e(t) )
/R I /RM(“ °

for all ¢ € C°(R, R*Y). From this we deduce, using (4.1), that

(4.3) 5%0 + (L) + M(t))v = 0.

Multiplying (4.3) by J~! = —J we also get

(4.4) %v = J(L(t) + M(t))v.

We claim that v # 0. Arguing by contradiction we assume that v = 0.
Then v¢ — 0 in E and v; — 0 in Lj,.. Set Iy := (—to,to) and I§ := R\ I
where to > 0 is the number given in (R;). It follows from

O (z2:) (26T — 26 o
(4.5> (J)( J J ) — HUGHQ_/RRZ(t’ ])( e+

: V5T — i)y
125112 ! 2| 7

13



that

R.(t,z;) _
o2 = / el (e — o)y
0

|2

Rz(t,Z') e e—
+ [ s =yl + ol
0

|Zj\

SC/I |vj||v;-+—v;f-|+v/1 oy ol — 05| + 0(1)
0 (&

0
< ]v5]3 + o).
By (2.10) one gets
TN e
(1= 2) 51 < o(v).

which implies, by (2.8), that [|v||* — 0. Hence 1 = ||v;[|* = [[of||* + [|v§||* —
0, a contradiction.

Therefore, v # 0 which is impossible if (i) of (Ry) is satisfied. Thus we
assume (i7) of (Ry). Let Q;(0,7) :={t e R: |z;(¢)] <1}, Q(r,00) = {t €
R: |z(t)| > r}, and set for r > 0

g(r) := inf {R(t,z) : t € Rand z € R* with |z > r} )

By assumption there is 7o > 0 such that g(rg) > 0, hence one has by (4.2)
that |Q2;(rg, 00)| < Co/g(ro). Set Q := {t: v(t) # 0}. Since v satisfies (4.4)
it follows from Cauchy Uniqueness Principle that 2 = R. Indeed otherwise
v = 0 on R contradicting the fact that v # 0. Now since || = oo there exists
e >0 and w C  such that |v(t)| > 2¢ for t € w and 2Cy/g(ry) < |w| < 0.
By an Egoroff’s theorem we can find a set w’ C w with |w'| > Cy/g(ry) such
that v; — v uniformly on w’. So for almost all j, |v;(t)| > ¢ and |z;(t)| > r
in &'. Then
Co Co
9(ro) 9(ro)’

a contradiction. O

< || < 185(r, 00)] <

Let (z;) C E be an arbitrary (C').-sequence. By Lemma 4.1 it is bounded,
hence, we may assume without loss of generality that z; — 2z in F, z; — 2
in Lj, for ¢ > 1 and z;(t) — z(t) a.e. in t. Plainly z is a critical point of .

Choose p > 2 such that |R.(t,z)| < |z| + Cy|z|P~! for all (¢, 2), and let ¢
stands for either 2 or p. Set I, := [—a, a| for a > 0.

Lemma 4.2. Let ¢ > 2 and assume that (Ry) — (Rs) and (Ry) — (Rs5) are

satisfied. Along a subsequence, for any € > 0, there exists r. > 0 such that

(4.6) lim sup/ |2, |9 < e
I\

n—oo

14



forallr > r..

Proof. Note that, for each n € N, [, |2;]? — [, |2|? as j — co. There exists
1, € N such that

1
/<|zj|q—yz\q)<— for all j = iy +m, m=1,2,3, ..
In n

Without loss of generality we can assume 4,1 > i,. In particular, for j, =

i, +n we have
1
| el =1 <

Observe that there is r. satisfying

(4.7) /|w<g
R\ /.

for all » > r.. Since

[ b= [ Gt [ el [ =l
In\Ir In I\ I

1
s—f/|w+/uw—wm»
n R\Z, I

the lemma now follows easily. m

Let 1 : [0,00) — [0, 1] be a smooth function satisfying n(s) = 1 if s <
1, n(s) = 0if s > 2. At this point we make use of techniques first developed
in [1] (see also [8]). Define Z,(t) = n(2]t|/n)z(t) and set h,, := z — Z,. Since
z is a homoclinic orbit, we have by definition that h, € H' and

(4.8) |hnll = 0 and |yl — 0 as n — oo.

Lemma 4.3. Assume that (Ry) — (Ra) and (Ry) — (Rs) are satisfied. Then
(2, — 2,) — 0.

Proof. Observe that, for any ¢ € F,
(2, = Zn)p = (25, )0 — P'(Zn)ep
4 [ (Rett) = Rt s, = 2) = Rult.2))
R

Now, (4.7) and the compactness of Sobolev embeddings imply that, for any
r >0,

lim

n—oo

/ (R.(t, 2;,) — R.(t, 2, — 2n) — R.(, 2,)) gp' =0

Iy

15



uniformly in ||¢|| < 1. For any € > 0 let 7. > 0 be so large that (4.6) and
(4.7) hold. Then

mM/|ws/|W9
n—oo  JI,\I, R\I,

for all r > r.. Using (4.6) for ¢ = 2, p we have

lim sup / (R.(t, 2;,) — R.(t, 2, — Zn) — R.(1, 2,)) go‘
n—00 R
~ limsup / (Ra(t,23.) — Rolt, 2, — 20) — Ru(t, 5)) 90‘
n—o0 In\Ir

§cllimsup/ (|Zjn|+|5n|>|¢|
I\,

n—o0

+ ¢y limsup/ (|zjn|p*1 + lén]pfl) o]
I\

n—oo

<c; limsup (|Zjn|L2(In\L«) + |§n|L2(In\Ir)) ]2

n—o0

. -1 = -
+ ¢y hflnj;ip <|zjn|§p(1n\h) + ‘Zn‘ip(ljn\jr)> |l

< 0351/2 + 045(12—1)/19'

Thus we get

lim <Rz(t, 2) — Ru(t, 2, — %) — Ru(t, zn))¢ _0

n—oo R
uniformly in ||¢]| < 1 and this proves the lemma. O

Lemma 4.4. Let (Ry) — (R2) and (Ry) — (R5) be satisfied. Then ® satisfies
the (C).-condition.

Proof. Let (z;) C E be an arbitrary (C').-sequence. The conclusions of Lem-
mas 4.2 and 4.3 apply to it. Now we use the decomposition £ = E¢ @ E°
(see (2.9)). Recall that dim(E?) < oco. Write

yn = Zjn - 2”1 = yg + y’rc;,

Then y; = (ngn — 2% + (2¢ — 2%) — 0 and, by Lemma 4.3, ®(y,) — 0. Set
ge = yot —yS. Observe that

(4.9) omzv%msz—Ame%
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Thus it follows that, for I = [—tg, to] where tq > 0 is defined in (Rj3),

e ’Rtyn‘ — ‘Rtyn’ —e
IR < o(1) / e e s A

<oft)+c | |yn||yn|+v/ |yn||yn
0

7

2
Ly 2

o(1) +9lynl3 < o(1) +
Hence (1—-3)ly&]|*> — 0, and so ||y, || — 0. Remark that z;, —z = y,,+(2,—2),
hence ||z;, — z|| — 0. This ends the proof. O

5 Proof of Theorem 1.1

In order to apply the abstract Theorems 2.4 and 2.5 to ®, we choose X =
E-@®E%and Y = E*. X is separable and reflexive and let S be a countable
dense subset of X*. First we have

Lemma 5.1. ® satisfies (D).

Proof. We first show that ®, is 7s-closed for every a € R. Consider a
sequence (z,) in ®, which Zs-converges to z € E, and write 2, = z,, + 20 +
2z =2+ 2"+ 2", Observe that (z) converges to z in norm. Since ¥
is bounded from below it follows from

1, _ 1
Sl P = Sl 1P = (z) = W(z) < C

that (z,) is bounded, hence it converges weakly towards 2. Since dim E° <
00, the 7s-convergence coincides with the weak convergence. Therefore z, —
z. It is standard to show that U is weakly sequentially lower semi-continuous.
Thus, from the form of ® it follows that ®(z) > liminf ®(z,) > a, so z € P,.
Next we show that &' : (®,,7s) — (E*,7,+) is continuous. Suppose (z,)
Ts-converges towards z in ®,. As above it follows that (z,) is bounded and
converges weakly towards z. Then, since clearly V' is weakly sequentially

continuous, ¥'(z,) N d'(2). O
Lemma 5.2. Under (Ry) — (R2), for any ¢ > 0, there is ¢ > 0 such that :

Izl < CllzT|| for all z € ®...

17



Proof. We assume by contradiction that for some ¢ > 0 there is a sequence
(2,) with ®(z,) > ¢ and ||z,||* > n||z||?. The form of ® implies

Iz + zpll* > (n = D)I|z7]]* > (n - 1) (26+ [y +2/ R(t,zn)> ,
R

or

lzll* = (n = 1)2¢ + (n = 2)||2; || + 2(n — 1) / R(t, z,).
R
Since ¢ > 0 and R(t,z) > 0, it follows that ||2°|| — oo, hence ||z,| — oc.
Set wy, = 2,/[|zn]]. We have ||w}]|* < 1/n — 0. By

(n—1)2c _ R(t, z,)
R e e L R

we also have |Jw;||> < 1/(n —2) — 0. Therefore, w,, — w = w" in E and
|wP|| = 1. Recall that R(t,z) = M (t)z -z +r(t, z) with |r(t, 2)|/|z|* — 0 as
|z| — oo. Therefore, since |z, (t)| — oo for w(t) # 0,

T’(t, Zn) T’(t ) T(t, Zn)
L jwnl? + R —
R ||Znll (£)#0 |2 |? w(t)=0 |20

rtz
/ 0’ 2 ‘: lw* + c|w, —wl|3 — 0.
’Ll) n

This implies

1 /R(t, Zn) 1/ /r(t,zn)
> == [ M@w, w, + [ D)
=1 = f Tl 2 MW PN

m
> w3+ o(1),

consequently, w® = 0, a contradiction. O

Proof of Theorem 1.1 (Ezistence). With X = E_ & E° and Y = E, the
condition (®g) holds by Lemma 5.1 and (®;) holds by Lemma 5.2. Lemma
3.1 implies (®3). Lemma 3.3 shows that ® possesses the linking structure of
Theorem 2.4. Finally, ® satisfies the (C').-condition by virtue of Lemma 4.4.
Therefore, ® has at least one critical point z with ®(z) > k > 0.

(Multiplicity) Assume moreover that R(t, z) is even in z. Then ® is even.
Lemma 3.2 says that ® satisfies (®3) with dimY = ¢. Therefore, ® has at
least ¢ pairs of nontrivial critical points by Theorem 2.5.
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