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Abstract

We consider a nonlinear Schréodinger equation with a nonlinearity of
the form V(z)g(u). Assuming that V() behaves like |2/~ at infinity
and g(s) like |s|P around 0, we prove the existence and orbital stability
of travelling waves if 1 <p <14 (4 —2b)/N.

1 Introduction

This paper concerns the existence and orbital stability of standing waves for
the nonlinear Schrodinger equation

i+ Au+V(x)g(u) =0, (t,2) eRxRY, N> 3. (1)
Here u(t) € HY(RY,C), V is a real-valued potential and ¢ is a nonlinearity
satisfying g(e?s) = e?g(s) for s € R.
A solution of the form u(t,z) = e*p(x) where A € R is called a standing
wave. For solutions of this type with ¢ € HY(RY R), (1) is equivalent to

—Ap+ o=V (z)g(p), ¢ € H'(RY,R). (2)

We are interested in the existence of positive solutions of (2) for small A > 0.
In addition we study the stability of the corresponding solutions of (1).
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In the autonomous case, i.e. when V' is a constant, we refer to the funda-
mental paper of Berestycki and Lions 2] where sufficient and almost necessary
conditions are derived for the existence in H'(R",R) of a solution of (2). When
(2) is non autonomous, only partial results are known. A major difficulty to
overcome is the lack of a priori bounds for the solutions. In contrast to the
autonomous case where using dilations and taking advantage of Pohozaev iden-
tity is at the heart of the results of [2], no such device is available when V' is
non constant. Accordingly, most of the works dealing with existence require g
to be of power type, i.e. g(¢) = |¢[P~tp for a p > 1, or to satisfy the so-called
Ambrosetti-Rabinowitz superquadraticity condition :

Ju > 2 such that G(s) < pg(s)s,Vs > 0, where G(s) = / g(t)dt.
0

In this paper we prove the existence of solutions of (2), for small A > 0,
under the following assumptions (H1)-(H4) where 0 < b < 2 and 1 < p <
1+ 42

N
(H1) there exists v > 2N/{(N +2) — (N — 2)p} such that V € L] (RY);

loc

(H2) | Ilim V(x)|z” =1,
x|—+00
(H3) there exists € > 0 such that g : [0,¢] — R is continuous;

(H4) lim @ = 1.
s—0+ SP

Our approach is variational. Since only conditions around 0 are imposed
on g, a first step will be to suitably extend g on all R. This leads to study a
modified problem but, as we shall see, the solutions we obtain for the modified
problem have the property to converge to zero in the L (RY)—norm as A de-
crease to zero. Thus, for sufficiently small A > 0, they correspond to solutions
of (2).

To get a solution of the modified equation we still face a lack of a priori
bounds. To overcome this difficulty we borrow and further develop a method
introduced by Berti and Bolle in a paper [3] which studies nonlinear wave
equations. This method, roughly, make it possible to show the boundedness
of Palais-Smale sequences at the mountain pass level for a class of functionals
having a geometry sufficiently close to the one of the functional corresponding



to the case g(p) = |p[P~1p. It relies on penalizing the functional outside the
region where one expects to find a critical point. Our existence result is the
following.

Theorem 1 Assume (H1)-(H4). Then, there exists A\g > 0 such that for all
A € (0, Xol, (2) has a non-trivial solution py. Furthermore, @y has the following
properties.

1. Forallz e RN, @) > 0.

2. When X — 0, ||| @yy — 0 and |[px]|peo@yy — 0.

Since our solutions converge to zero in H'(RY R) as A — 0, 0 is a bifur-
cation point of (2). With our approach we can (see Remark 9) obtain sharp
estimates on the LP(R™)—bifurcation of our solutions as A\ — 0. We refer to
[15, 21] for previous bifurcations results.

Once the existence of solutions of (2) is proved we consider the stability of
the associated travelling waves. The study of the orbital stability of solutions of
(1) has seen the contributions of many authors. It is of particular significance
for physical reasons and we refer the reader to the introductions of |9, 20,
22| for motivations of studying this problem. In the case V constant and
g(u) = |u|P~tu, Cazenave and Lions [5] proved the stability of the ground state
solutions of (2) when 1 < p < 1+ 1 and for any A > 0. On the contrary,
when 1+ % <p<l+ ﬁ, Berestycki and Cazenave [1| showed the instability
of bounded states of (2) and when p = 1 + &, Weinstein [24] proved that
instability also holds. We also mention [12] for a general stability theory for
solitary waves of Hamiltonian systems.

In [5] both the autonomous character of (2) and the fact that ¢ is homo-
geneous are essential in the proofs. Also dealing with an homogeneous and to
some extend autonomous nonlinearity seems essential to use directly the results
of [12] (see nevertheless [18]). When (2) is non autonomous only partial results
are known so far (see [4, 8, 9, 13, 20, 22| and the references therein). Directly
related to our stability result is a recent work of de Bouard and Fukuizumi
[6] where stability of positive ground states of (2) is obtain for g(u) = |u|’~'u
under the following conditions on V' :

(VI) V.20,V 20, V € C(RV\ {0},R), V € L¥(
2N/{(N +2) — (N —2)p},

x| < 1), where §* =



(V2) There exists b € (0,2), C > 0 and a > {(N + 2) — (N — 2)p}/2 > b such
that | (V(z) — |z|7*)| < C|z|~* for all z with |z| > 1.

Under these assumptions and if 1 < p < 14 (4 —2b)/(N — 2) the existence of
ground states solutions follows immediately from the existing literature. In [6]

de Bouard and Fukuizumi proved that the corresponding standing waves are
stable if 1 <p <14 (4 —2b)/N and A > 0 is small.

Our stability result, Theorem 2, extends the result of [6]. If we do borrow
some arguments from this paper, new ingredients are necessary to derive The-
orem 2. In particular, the fact that we do not know if the solutions obtained
in Theorem 1 are ground states is a new major difficulty. To state our stability
result we need some definitions and preliminary results. First, to check that
the local Cauchy problem is well posed for (1), in addition to (H1)-(H4), we
require on ¢

(H5) g € C'(R,R);

/
(H6) there exist C' > 0 and « € [0, +) such that lim l9'(s)] < C.

|$| =400 ‘S|a
Clearly (H5)-(H6) are sufficient to guarantee that the condition
lg(v) — g(u)] < C(1 4+ |v|* + |u|¥)|v —u| forall u,v e R

introduced in Remark 4.3.2 of [4] holds. By [4] we then know that the Cauchy
problem for (1) is locally well posed.

For v € H'(RY,C) we write v = vy + ivy. The space H'(RY,C) will be
equipped with the norm

ol = /llel + 1Vl 2

where [|v]|3 = |v1|2 + |v2]3 and [|Vo|[2 = |[Vui |3 + |[Vue|3. Here and elsewhere
| - |, denotes the usual norm on LP(RY,R). We also define on L*(R",C) the
scalar product

(u,v), = /]RN Re(u(z)v(x))dz.

Finally, let the energy functional E and the charge Q on H'(RY, C) be
given by

Bo) = 3IVell [ V@G and Q) = 3l
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||
where G(z) = / g(t)dt for all z € C. It follows from [4] that
0

Proposition 1 Assume (H1)-(H6). Then, for every ug € HY (RN, C) there
exist T, > 0 and a unique solution u(t) € C([0,T,,), H'(RY,C)) with u(0) =
ug satisfying

E(u(t)) = E(up), Q(u(t)) = Q(up), for allt € [0,T,,).

Finally we require a stronger version of (H4).

H7) tim L)

=1.
s—0t pSp_l

Now by stability we mean

Definition 2 Let ¢y be a solution of (2). We say that the travelling wave
u(x,t) = eMopy(x) associated to py is stable in H' (RN, C) if for all e > 0
there exists & > 0 with the following property. If ug € H*(RM,C) is such
that ||ug — pal| < 6 and u(t) is a solution of (1) in some interval [0,T,,) with
u(0) = ug, then u(t) can be continued to a solution in [0, +00) and

sup inf |[u(t) — e?p,|| < e.
ot flutt)

Our result is the following

Theorem 2 Assume (H1)-(H7) and let (py) be the family of solutions of (2)
obtained in Theorem 1. Then there exists Ay > 0 such that for all X € (0, \]
the travelling wave ey (x) is stable in H*(RY,C).

>From Theorem 2 we see that, for A > 0 small enough, stability only
depends on the behaviour of V' at infinity and of ¢ around zero. Indeed, as
it is shown in [10], when V(z) = |x|~° instability occurs for g(u) = |ul|P~1u if
p>1+4 %. To our knowledge, Theorem 2 is the first result to enlighten this
fact.

For v € HY(RY,C) and A > 0 let
1
Sa(v) = 5(IVolz + Allell3) - /RN V(x)G(v)de.

Under our assumptions it is standard to check that Sy is C%. Our proof of
Theorem 2 relies on the following stability criterion established in [12].
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Proposition 3 Assume (H1)-(H7) and let ) be a solution of (2). If there
exists 6 > 0 such that for every v € HY(RY,C) satisfying (©x,v), = 0 and
(ipa, v)y = 0 we have

(SX(a)v, v) = d[v]],
then the standing wave ey (z) is stable in HY(RY,C).

To check this criterion, following an approach laid down in [7], we first
show, in Subsection 3.1, that our solutions (¢,) properly rescaled converge in
H'(RY) to the unique positive solution ¢ € H'(RYR) of the limit equation

1
—Au+u= W\uvg_lu, u e H'(RY R). (3)
x
Then we derive, see Subsection 3.2, some properties of ¢ € H'(RY R), in
particular we show that it is non-degenerate. Finally, in Subsection 3.3, we
show that the conclusion of Proposition 3 holds.

The paper is organized as follows. In Section 2 we establish Theorem 1 and
in Section 3 we prove Theorem 2. An uniqueness result which is necessary for
the proof of Theorem 2 is establish, using results of [26], in the Appendix.

Notations Throughout the article the letter C' will denote various positive
constants whose exact value may change from line to line but are not essential
to the analysis of the problem. Also we make the convention that when we
take a subsequence of a sequence (u,,) we denote it again by (u,).

Acknowledgements. The authors thank M. Colin for bringing to their at-
tention the work [9] and A. de Bouard and R. Fukuizumi for sharing with
them a preliminary version of [6]. They are also grateful to R. Fukuizumi for
indicating to them a simpler proof of Lemma 15, to M. Maris for his help con-
cerning Proposition 12 and to K. Tanaka for kindly providing to them Lemma
18. Finally they wish to thanks M. Maris for fruitful discussions.

2 Existence

This section is devoted to the proof of Theorem 1. For this we use a variational

approach and consequently a first step is to extend the nonlinearity g outside
of [0,¢]. Let H = H*(RY,R) be equipped with its standard norm | - |z. We
consider the modified problem

—Av+ v =V(x)f(v), ve H (4)
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where

gle) if s>«
f(s)=q g(s) if s €0,
0 ifs<0
It is convenient to write (4) as
—Av+ X v=V(z)(W] +r),veH (5)

with v, = max{v,0} and r(s) = f(s) — s%.

To develop our variational procedure we rescaled (5) in order to eliminate
A > 0 from the linear part. For v € H, let v € H be such that

v(@) = AT 5(V ), (6)
Clearly v € H satisfies (5) if and only if o € H satisfies

—AG+ 5 = Va(2) + V(—= )i (D) (7)

Sis

where

—b

7(s) = AT 0 (AT s) and Vi(z) = A2V (2/VN). (8)

A solution of (7) will be obtained as a critical point of the functional Sy : H —
R given by

S,\(’U) = —’U’H — m o V,\(x)v(x)frrldx — R)\(U)

with Ry(v) = / A2V () (/M f(t)dt) dx.

By (H1) we can fix a p’ € (p, 1+ (4 — 2b)/(N — 2)) such that 2N/{(N + 2) —
(N —2)p'} < ~. The following estimate will be crucial throughout the paper.

Lemma 4 Assume (H1)-(Hj). Then for any q € [1,p] there exists C' > 0
such that for any A > 0 sufficiently small and all v € H,

Vi()|v(z)|* da

RN

< Clo|4.




Proof By the assumptions (H1)-(H2) there exists R > 0 such that
IV (2)] < 2|z|™°, V]z| > R and V € LY(B(R)). (9)
Here B(R) = {r € RY : |z| < R}. We have

[ n@h@id) < | h@lh@rid
RN B(R)
+ / V@@ d| . (10)
RN\B(R)
By Holder’s inequality,
| @@ de] <Vl o (11)
B(R)
with 6 = 2N/{(N +2) — (N — 2)q}. But
|VA|§/9(B(R)) = |V>\|L9 (VAR)) + ‘VA‘LG B(R)\B(VAR)) (12>

and, since lV’\|?29(B(ﬁR)) = N WPNIAV Lo pogy) with —b0/2 + N/2 > 0, we
can assume that

IValosvamy < L (13)
Also, from (9) it follows that Vi (z) < 2|z|~ on RN\ B(vV/AR)). Thus
2
IVAlLo(s(r)\B(vaR) < || |b|L9(B(R)) <O, (14)
and
/ Vi(z)|v(z)|9 dz| < C|U\g:[i. (15)
RN\B(R)

Now, combining (10)-(15) and using Sobolev’s embeddings we get the required
estimate. O]

A first consequence of Lemma 4 is the following estimate on the "rest" R,
of the functional S.

Lemma 5 Assume (H1)-(H4). Then there exist C' > 0 and o > 0 such that
for all a > 0 there exists A > 0 such that

Ry + A alv + A\ Uf} )
[B(v)] + [ VRA(v)v] < Clafoll™ + X2 Aol ™) (16)
for all X > 0 sufficiently small and all v € H.
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Proof >From the definition of r and (H4), we see that for any a > 0 there
exists A > 0 such that

r(s)] < als|? + Als]”’, Vs € R. (17)

This implies, see (8), that

7(s)| < A7%2a|sP + \T2XYAls|P ) Vs € R. (18)
/
— )2 —
with a = (v —p)( ) > (. As a consequence, for any v € H,
2(p—1)
)< 5 [ m@lora 225 [ e
P + 1 RN p/ + 1 RN

and using Lemma 4 we get that
[Ra(v)] < Clalolf™ + A Afofi*). (19)

Analogously, we can prove that
IVERA(v)o] < ClajvB + X*Alv]t ™. (20)
Combining (19) and (20) finishes the proof. O

We shall obtain a critical point of Sy by a mountain pass type argument.
However, even though it is likely that Sy has a mountain pass geometry, show-
ing that the Palais-Smale sequences at the mountain pass level are bounded
seems out of reach under our weak assumptions on g. To overcome this dif-
ficulty we develop an approach, inspired by [3|, which consists in truncating
the "rest" term of Sy outside of a ball centered at the origin and to show that,
as A > 0 goes to zero, all Palais-Smale sequences at the mountain-pass level
lie in this ball. Precisely, let 7' > 0 be the truncation radius (its value will be
indicated later) and consider a smooth function v : [0, +00) — R such that

v(s)=1 for se]l0,1],
0<v(s) <1 for se]l,2],
v(s)=0 for se€[2,+00),
V|00 < 2
For v € H, we define
1, 1 ot
() =Sy = —= [ Wal@)v(@)i" de — Ry(v),



. 5 2
where Ry (v) = t(v)Ry(v) with t(v) :=v (l;—gf)
We have the following bounds on Ry (v) and VR, (v)v

Lemma 6 Assume (H1)-(H4). Then there exists C' > 0 such that for all
a > 0, there exists A > 0, satisfying for allv € H

IR\(v)] < C(aTP*' 4 A\*ATP'+Y), (21)
IVRA(v)o| < C(aTP + A\“ATY ), (22)

Proof Since t(v) = 0 for |v|g > /2T, (21) follows directly from Lemma 5.

N . . _ vl )3
Also VRy(v) = t(v)VRy(v) + Ry(v)Vi(v) with Vi(v)v = 2v (’T—|f)|T—‘f and
thus we also have (22). O

Lemma 7 Assume (H1)-(Hj). Then there exists A\ > 0 such that for all
A€ (0,)], S,\ has a mountain pass geometry. Also S,\ admits at the mountain

pass level c(\) > 0 a critical point ¢ € H \ {0} which is also a critical point
for Sx. Moreover there exists C' > 0 such that |p\|g < C, VA € (0, N].

Proof Let us prove that §A has a mountain pass geometry for any A > 0
sufficiently small. Obviously, we have S(0) = 0. Let @ > 0. From Lemma 4
(used with ¢ = p) and Lemma 5 there exists A > 0 such that for v € H

~ 1 /
Sy(©) = Slvly = C(A+ a)lolf ™ + A Al ™).

Thus taking > 0 small enough there exists m > 0 such that S ,\( )>m >0
if |v|g = d, uniformly for A > 0 sufficiently small.

Now let @w € C*(RY) \ {0} with @ > 0 and @ = 0 on B(1). Because of
(H2), there exists R > 0 such that

1

>
V2 g

if |z| > R

Thus, for A > 0 small enough
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Defining wp := Bw we observe that for B > 0 large enough EA(wB) = 0.
2
Thus letting D = % and E = [oy ﬁw(m)p“d:ﬁ we have, for B > 0 large
enough, R
Sx(wp) < DB?* — EB"™ <0
for any A > 0 sufficiently small.
Since S has a mountain pass geometry, defining

c(A) = mf sup Sy(7(s))
I sefo,1]
where I' := {y € C([0,1], H) |7(0) = 0,5x(y(1)) < 0}, Ekeland’s principle
gives the existence of a Palais-Smale sequence at the mountain pass level ¢()).
Namely of a sequence (v,) C H such that

VSi(vn) — 0, (23)
Sa(vn) — ¢(N). (24)
Let us show that, if A > 0 small enough, this Palais-Smale sequence lies, for

n € N large, in the ball of H where S,\ and S, coincide. We begin by an
estimate on the mountain pass level. For every t € [0, 1] we have

S\(twp) < DB** — EBP'W**!  |R)\(twp)).
Thanks to (21) and the definition of ¢(\) this gives
c(\) < W 4 C(aTPHt + AXeTP*) (25)

p+1

with W = D (ﬁ) IR ( 2D )pi Note that the constants W and C

(p+1)E
are independent of 7' > 0 and of A > 0 sufficiently small.
To prove that limsup,,_, . |vn|g < T we first show that (v,) is bounded in
H. Seeking a contradiction, we assume that, up to a subsequence, |v,|y —
+00. Therefore, for n € N large enough, we have |v,|% > 27% and thus

E,\(vn) = Vﬁ,\(vn)vn = 0. It follows that

25 (1) — VS (v )0, = (1 _ ]%) /R V@) )

Furthermore, since Sy (v,) — ¢()), we can assume that Sy(v,) < 2¢()\) and we
get

<1 - i) /RN VA(QJ)(Un(x))T_ldx <de(N) + ||V§,\(vn)|]|vn|H

p+1
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Consequently we have

O V:S’\,\(vn)vnjL/ Va() (va ()7 da

RN

+ +1
< (14 25D I9Ssllenla -+ 4 (251 ) et
p p—
and therefore

+1 +1 _
ool < (14253 ) 1980wl +4 (251 ) et

Since the right member tends to 0 as n — oo we have a contradiction. Thus
(v,) stays bounded in H and, in particular, VS, (v,)v, — 0.

Let us now show that |v,|g < T for n € N large. Still arguing by contra-
diction, we assume that lim,, ., |v,|g € [T, +00). We have

~ 1 _~ 1 1
S)\(Un> —mVS)\(Un)Un* <§—?> |Un|H RA(Un)‘i‘—VR)\(Un)Un. (26)

Then using (21)-(25) and passing to the limit in (26), we obtain

1 1 .
(— - —) T? < W+ C(aTP™ + ANT?).
2 p+1

At this point, choosing a > 0 sufficiently small, we see that if 7% > %W
we obtain a contradiction when A > 0 is small enough. This proves that (v,)

lies in the region where S and S\ coincide.

Now since (v,) C H is bounded we can assume that v, — v, weakly in
H. To end the proof we just need to show that v, — v strongly in H. The
condition V.Sy(v,) — 0 is just

ﬁ)f(vn) — 0in H 1. (27)

Because of the decrease of V' to 0 at infinity we have, in a standard way, that

—Avy 4 v, — Vi(2)(vn)h — V(

Va(@) (va) — v<%>f<vn> — V(@) (v)?. = V(

Now let L : H — H~! be defined by

\/X) F(vs) in H™1. (28)

(Lu,v) = / (VuVv + uv)dz.
RN
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The operator L is invertible, therefore, from (27)-(28),

— <Vk(x)(voo)ﬂ - V(%)f(voo)> .

By uniqueness of the limit, we have v, — v, in H and by continuity v, is a
solution of (7) at the mountain pass level ¢(\). We set @) = vs. At this point
the lemma is proved. [

Lemma 8 Assume (H1)-(H4). The solutions of (7), obtained in Lemma 7
have, in addition, the following properties

(i) |Paloo < O, for a C > 0 independent of X € (0, )],
(ii) for all z € RN, @\(z) > 0.

Proof Starting from (4) and the change of variables (6) we see that our
solutions @, satisfy

~ - __2-b €T 2-b
—A@x+@r=A"2D lv(ﬁ)f(kz(’””%)- (29)
We see from (H4) that |f(s)] < Cls|P for a C' > 0, Vs € R. Thus

A 20 Y (C) F 0 3,) | < OV ()] 3P 30
(\/X)f( ®x) [Va()][a (30)

with a C' > 0, independent of A € (0,A]. To obtain (i) we follow a boot-
strap argument. The crucial point is to insure that the estimates we get are

independent of A € (0, A].
Let = 2N/{(N +2) — (N — 2)p}. Assuming that ) € L4(R") we claim
that

(claim) Vi|@a|P € L7(RY) with r = 92%1 and is bounded in L"(RY) as a

function of ||, only.

To see this we choose R > 0 such that |V (z)| < 2|z|7, V|| > R and we write
RY = B(VAR) U (B(R)\B(VAR)) U (RV\B(R)).
On RM\B(R) since |Vy(z)| < C, for a C' > 0 we directly have

VAllgal? € L (RM\B(R))
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and thus, since V3@, € ARY \ B(R)) and LN r, we have by interpolation
p

VAll@al” € L'(RY\B(R)).
On B(R)\B(VAR) we have |Vj(x)| < 2|z|~° with |2|~* € LY(B(R)). Thus

5 1 q-gﬁ)p B q-?-%p
Lo merare < ([ g™ ([ jaa)
B(R)\B(VAR) B(R) 7] B(R)

9qp

< Claali™.

On B(VAR) we have

op

ﬁ q+6p
[ m@riara < ( / |vA<x>|9dx) ( / |@|de)
B(VAR) B(VAR) B(VAR)

with

[V )= ATOPENT2 V%o sy — 0

6
|L6(B(ﬁR) R))

and this proves our claim. Now since V}|@,|P € L"(RY) we have @y € W27 (RY)

and thus ¢, € L'(RY) with ¢ = %

It is now easy to check that, choosing ¢ = 2*, we have t > ¢ and that the
bootstrap will give, in a finite number of steps, r > % so that ¢y € W2"(RY) C
L>®(RY). In addition, since for a C' > 0, |@r|z < C,VA € (0, \] we have, for a
C >0, |grlo- < C,VA € (0,A] and by our claim the various constants of the
Sobolev’s embeddings are independent of A € (0, A]. This proves (i).

For (ii), we argue as follows. Let ¢ = ¢ — ¢_ where p; = max{p, 0} and

¢ = max{—p,0} and suppose that ¢ satisfy

—Ap+p=V (%) f(p)

with f = 0if s < 0. We know that ¢, p_ € H. Then, by multiplying by ¢_
and integrating, we obtain

_/ |V§0_|2—§0%:0,
RN
Therefore p_ = 0. U

Now we can give the
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Proof of Theorem 1 Taking into account Lemmas 7 and 8 all that remains
to show is that |py|g — 0 and |px|e — 0, as A — 0, when ¢, is given by

o) = )\2(1’11)@,\(&@.

Since % > 0 we immediately get, from Lemma 8, that |py|.c — 0 and this

proves, in particular, that ¢, is solution of (2) when A > 0 is small enough.
Now, since p < 1 + 452 we see from direct calculations that [py|y — 0. O
Remark 9 We deduce from the proof of Theorem 1 that (2) admit solutions
wx € H which satisfy, for any A > 0 small enough,

—b —b
loalg < C|)\|2é-1>_% if1<g<oo and |prleo < C|)\|2<QP—1>.

These decay estimates should be compared with the ones obtained in Theorem
5.9 of [21]. The comparison suggests that using a rescaling approach, as in the
present paper, is fruitful to get the sharpest bifurcation estimates.

3 Stability

In this section we prove Theorem 2. The proof is divided into three steps. First
we prove the convergence in H of the solutions (¢,) of the rescaled problem
to the unique positive solution 1) € H of the limit problem

1

,x|b|90|p‘190, peH. (31)

Existence for (31) is standard because of the compactness of the nonlinear

term and can, for example, be obtained by minimizing S under the constraint
I(v) =0 for v € H\{0} where

1 1 1
s =—2——/— P, 32
1
1) = Jofb - / (@) . (33)
RN |$|

We know from [11] that positive solutions of (31) are radial. They also decay
exponentially at infinity. The uniqueness of ¢» € H follows from [26].

Secondly, we establish some additional properties of the limit problem. In
particular we prove that ¢ € H is non degenerate.
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In the third step, after having translated the stability criterion in the
rescaled variables, we prove that it holds.

Notation Since in addition to (H1)-(H4) we now assume (H5)-(HT7), we
are somehow in the case of the modified problem, and therefore we will use the
same notations. In particular, » will be now defined by

r(s) =g(s) —[s]"'s.

3.1 A convergence lemma

We start with a key technical result.

Lemma 10 Assume (H1)-(H4). Let (vy) C H be a bounded sequence in H
and q € [1,p']. Then we have, as A\ — 0,

/.

Proof For R > 0 we write

/.

1 v

EE oA (2)|""dz — 0.

1
jz]°

1 J—
| ]?

1
— — (@)

| z[?

V)\(JI) V)\<I>

[oa(2)|" dx

for(@)| 7 de < /

B(VAR)

-
RN\ B(VAR)

Let € > 0 be arbitrary. Fixing R > 0 large enough we have

lox(2)]9 .

1 N
W Va(z)| < P for z € RN\ B(VAR).
Thus
1 +1 1 +1
T Vi(@)||oa(x)|"de < e —b|v)\(x)|q dx
RN\B(VAR) |z] B(1)\B(VAR) ||

+ 5/ lox ()] dx
RN\B(1)

with, for § = 2N/{(N + 2) — (N — 2)q},

1 1
Q+1d < L qjl < C
/3(1)\3(\53) |x|b|w<x>| L ||x’b’L9(B(1))|U)\ 2

16



and
[ @it <ol <o
RN\B(1)

Now,

L - V)\(l'>

B @[ <

o

q+1
o

('#M‘J(B(\/XR)) + |V>\|L9(B(\/XR))> v
and since
‘ﬁ’LB(B(ﬁR)) — 0 and ’VA’LG(B(ﬁR)) = AW Viresmy — 0
as A — 0, this ends the proof. O

Now the main result of this subsection is

Lemma 11 Assume (H1)-(H4). Then the solutions (Py)a of the rescaled equa-
tion (7) satisfy
lim |25 — [ = 0.

Proof We divide the proof into two steps. First, we prove that there exists
(1(X)) C R such that u(A) — 1 and (u(A)@,) is a minimizing sequence for

min{S(v),v € H\ {0}, I(v) = 0}. (34)

Secondly, using this information, we prove the convergence of (¢y) to .

We begin by showing that limsup,_,S(¢x) < S(¢). Let v : [0,1] — H
be such that o(t) := Cti, for a C' > 0. Then, fixing C' > 0 large enough, we
have S(7(1)) < 0 and S(v) = maxc(o,1] S(70(t)) as it is easily seen from the
simple “radial” behaviour of S.

Let € > 0 be arbitrary. From Lemmas 5 and 10 we see that, for any A > 0
small enough,

183(20(8)) = S((s))| < &, Vs € [0,1]
and since S\(¢x) = ¢(A) it follows that

Sx(Py) = §>\(85>\) < SHIE[EO%DIZ] S'\,\(’YO(S)) < sfél[ga(] S(v(s)) +e=S) +e.

17



Thus limsup S\(@,) < S(¥). Now, using Lemmas 5 and 10, we have

A—0
lim [S(23) — S\(@)[=0
and we deduce that limsup S(¢y) < S(v).
A—0

Let us now show the existence of a sequence (u(A)) such that u(A) — 1
and I(u(X)@y) = 0. Since VS5 (92)@r = 0 we have

I(py) = — /RN (ﬁ — Vx(x)) |BAP T dr + VRA($2) @

. N "
Thus by Lemmas 5 and 10, [ — 0. Let u(A) = — .
y (@A) Iu( ) <fRN |xl‘b|g0)\|p+1d$
Then I(u(A)@x) = 0 and we have

[1(2x)]

,LL)\p’I—1: _ :
A W NG

~From the mountain pass geometry and since V.S A(@2)Px = 0 the denominator
stays bounded away from 0 and since I($,) — 0 we deduce that limy_o u(A) =
1. Thus, by continuity of S, we have

11111 sup S(u(A)@a) = 1ir§1 Sup S(@r) < S()

and since I(p(A)@a) = 0, (u(A)@y) is a minimizing sequence for (34).

Now, using this information, we show the convergence of (¢,) to ¢ in H.
Since (u(A)@y) is bounded, there exists ¢y such that, up to a subsequence,
p(A)@x — @ weakly in H. Clearly, the minimizing sequences of (34) are the
minimizing sequences of

min{|v[3;, v € H\ {0}, 1(v) = 0},

and since for v € H such that I(v) < 0 there exists 0 < ¢ < 1 such that
I(tv) =0, (34) is also equivalent to

min{[vfZ, v € H\ {0}, 1(v) < 0}.
If we assume that

[Gol7; < limsup [p(N)@al7 = [v]F (35)

—0

18



since, as it can be prove in a standard way,

1

1
li — (N3 P :/ —|GalPta
Ali% RN ‘x|b’/L< )()0)\| x BN ‘x|b’(p0‘ Z

we get that

[(po) <l sup I(p(A)&x) = 0.
—0
Thus (35) contradicts the variational characterization of ¢ € H. We deduce
that (X))@ — Qo strongly in H. In particular gy is a minimizer of (34) and
thus, by uniqueness, ¢y = . O

3.2 Further properties of the limit problem
We define the self adjoint operator L; : D(L;) C L*(RY) — L*(RY) by
1

Ll = _A+1_p|$|b

g

where D(L,) = {v € H*(RY) : |x| by~ v € L*(RV)}.
Proposition 12 Ifv € D(L;) satisfies Lyv = 0 then v = 0.

In the same spirit as Theorem 2.5 in [16], we performed a reduction of the
problem by proving that the kernel of L; contains only radial functions.

Lemma 13 Ifv € D(Ly) satisfies Lyv = 0 then v € H}

rad

)

Before proving Lemma 13, we introduce some notations and recall some
properties of spherical harmonics.
Let Hj be the space of spherical harmonics of degree k with dimH; =

k k—2
— > — J—
Gk—(N+k_1> (N 2 3>fork/Q,al—N,ao—l.Foreachklet

{v{,...,Y}} be an orthonormal basis of Hy. It is known that any function
v € L*(RY) can be decomposed as follows

+oo  ag
0= 33 v eV (ﬂ)
€T

k=0 i=1

where vy ;(1) == / v(rd)YF(0)db.

SN—l
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Proof Our proof follows a method due to [19] which has also been used in
[14].

Let v € D(L;) be such that Lyv = 0 and consider its decomposition by
spherical harmonics $°7°0 Y70 vy (|z]) Y (é—|> Since Lyv = 0, the functions

vy satisfy

N
Vg + T”fm +( -1+ %ngl)vk,z’ gL

ﬁvk’i =0 (36)

where p, = k(k + N — 2). It is standard to show that vy; € C%*(0,+00),
lim, o vgi(r) and lim, o 7v ;(r) exist and are finite, and both v;; and v},
decay exponentially at infinity.

To prove the lemma it suffices to show that v,; =0, Vk > 1.

The function ¥(r) := ¢(|z|) satisfies

N -1 1
V¢ =+ Sy =0, (37)
r r
thus 1) € C3(0, +00) and differentiating (37) we get

N -1 N -1 Do b
¢/,/+T /,_T¢/_¢/+ﬁ¢p 1¢/_m¢17:0‘ (38)

Let 0 < a < b < +o0o. Multiplying (36) by ¢'r¥~1 and integrating over
(a,b) it follows that

b N -1
/ Uk,z‘TNil(wm + T?/f” —Y' + Tﬁbwpflz//) — Mkvk,z"f’Nfgi//dT +g(b) —g(a) =0

where g(r) = ¢/'r" "l ; — "rN o, Using (38), we get

b b
b
(N —1— ) / oY B dr + / v T 0 dr + g(b) — gla) = 0. (39)

Because ¢, 1" decay exponentially at infinity (see the Appendix) we have
g(r) — 0 as r — 400. Since N > 3 we also have ¢g(r) — 0 as r — 0.

Arguing by contradiction, we suppose v; % 0. Then, considering —uy;
instead of vy ; if necessary, there exist 0 < a < # < 400 such that

(i) vgi(r) > 0in («a, 5),
(i) vgi(@)0 if v # 0 and vy;(8) = 0 if 8 # 400,
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(iil) vy, (@) = 0if a# 0 and vy ;(8) < 0 if 3 # +oo.

It is standard to show that ¢' < 0 (see [11]), thus we have g(o) < 0 and
g(8) = 0. Therefore g(3) — g(c) > 0 and thanks to (39) we have

b b
_ 4 b
(N—-1- ,uk)/ UMTN Sy'dr —i—/ ’UJM-TN 1_rb+1 Y° < 0.

However, since ¢/ < 0 and N — 1 — p < 0, we should have

b b
_ 4 b
(N—-1- ,uk)/a v B dr —|—/a Vg 1m¢b > 0.
This contradiction proves that v, ; = 0 for all £ > 1. O
We are now in position to prove Proposition 12

Proof [of Proposition 12] Our proof borrows some elements from [14] and
[16]. Thanks to Lemma 13, it is enough to prove Proposition 12 for radial
functions, therefore we work in H! (RY).

For § > 0 small, we consider the following perturbation of (31)

1 1 —1
—Av+ (14 e el lelyr=1yy, — (— + de Il |z|> o, v e HE (RY). (40)

|ZE|b rad

Solutions of (40) are positive and can be obtained by minimizing the functional
Ss under the natural constraint I5(v) = 0, for v € H! ,(RY)\ {0} where

rad

1 1 1
Ss(v) = loli = /RN valdx

p+1
1 el el 2 gy L[ lel T el 12
-0 —— e vy dr — — e PP odr |,
p"—l RN 2 RN
Lo
I;(v) = |3 —/ —— P dy
. ry |zt

- / e'xl|x|vp+ldx—/ el ey =12 ) |
RN i RN

Here both Ss and I5 are defined on H} ,
they are of class C2.

We shall see in the Appendix that (40) has a unique positive radial solution
for § > 0 small, and since 1) € H satisfies (40), it is this unique solution. In
particular, v € H solves

(R™) and it is standard to show that
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minimize Ss(v) under the constraint Is(v) =0 for v € H} ,(RY)\ {0}.
We recall that the Morse index of Ss at 1 is given by

Index S§(¢) = max{dim V :V C H} ,(RY) is a subspace such that

(SU (), kY < 0 for allh € V' \ {0}).

We claim that Index S¥(¢) < 1. To see this let us show that (S§(¢)v,v) > 0
on the subspace of co-dimension one {v € H | VIs(v)v = 0}.

Let v € H! ,(RY) be such that VIs(1))v = 0. Using the Implicit function
theorem, we see that there exist ¢ > 0 and a C?-curve ¢ : (—¢,e) — H} ,(RY)

such that
¢(0) = ¢, ¢'(0) = v and I;(¢(t)) = 0.

Thanks to the variational characterization of ¢, 0 is a local minimum of ¢ —

Ss(o(t)), and therefore j—;Sg(qb(t)Nt:O > 0. But, since VSs(¢) = 0, we have

d2
0< @Sé(d)(t))’t:o = (S5 (¥)v,v).
At this point our claim is establish. Now seeking a contradiction we assume
the existence of vy € H! ,(RV)\ {0} such that Lyvg = 0. Let V := span{vg, 1 }.
Since .

YPHdr <0
~ |z’

(Lap, ) = —(p— 1) /

and (Lyvg,v) = 0 for all v € H! ,(RY), we see that V is of dimension 2 and

that, for all h € V', (L1h, h) < 0. Thus we have, for all h € V' \ {0},

(SZ(p)h, b)Y = (Lyh,h) —d(p—1) [ P hidz <0

RN

which implies that Index S§(¢)) > 2. This contradiction ends the proof. O]

Lemma 14 [Spectral properties| The spectrum o(Lq) of Ly contains a simple
first eigenvalue —X\; < 0 and o(Ly)\{ 1} C (0,400). Thus ife; € H denote an
eigenvector associated to —\y, such that |e1|o = 1, then H can be decomposed
as H = FE; ® E, where Fy = span{e;}, E. is the eigenspace corresponding to
the positive part of o(Ly) restricted to H and Ey L F..
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Proof Since (L1, 1) < 0, the first eigenvalue —)\; is negative, and it is stan-
dard to show that —\; is simple. From Weyl’s theorem, we see that the essen-
tial spectrum of L; is in [1,+00) and that the spectrum in (—Ay, 3] contains
only a finite number of eigenvalues. Thanks to Proposition 12, the null-space
of L is empty. Therefore to prove the lemma it just remains to show that
Ao > 0 if it exists.

Arguing by contradiction, we suppose that the second eigenvalue is —\y < 0
with an associated eigenvector ey and |es|s = 1. Since L is selfadjoint, we have
(e1,e2)2 = 0. Let p,v € R. We have

(Li(pey + vey), pey + veg) = —Aip? — A < 0.

In other words, L; is negative on a subspace of dimension 2. But, arguing
as in Proposition 12, we can prove that L; is nonnegative on the subspace
{ve H|VI(t)v =0} of codimension 1, raising a contradiction. O

Lemma 15 Ifv € H satisfies (v,9)2 = 0 and (Lyv,v) <0, then v =0. Here
(-,-)2 is the standard scalar product on L*(RY).

Proof We introduce ¢, := AQé):bl)w(\/Xx). Since 1) is solution of (31), ¥, € H
satisfies ]

—Ay + My — L

W =0, (a1)
Differentiating (41) with respect to A gives for A =1

P o1 o 2-0 1
—Aw+w — WW’ w = —1 where w = mw + 5% V. (42)
Namely Liw = —1.
Let v € H be such that v #£0 and (v,v); = 0. To prove Lemma 15 it
suffices to show that (Lyv,v) > 0.
Using the orthogonal spectral decomposition H = E; & E, we write v and

w as

v = el +&
w = Bey+C where £,( € E.

Therefore we have

<L1U7 U) = —052)\1 + <L1€a §>

(Liwsw) = —F2\ + (LG C). (43)
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If « =0, then £ #£0 and (Ljv,v) > 0 is satisfied. In the sequel, we suppose
a # 0. From the expression of w, we have

1/2—-b N
(Lw,w) = =5 <pTl - 3) vz < 0. (44)

Also from (42) and (v, )2 = 0, it follows that

0= (¥,v)2 = (Liw,v) = —af + (L1(, &)

and therefore
(L1€, &) = aBA,. (45)
Consequently, ¢ = 0 since otherwise (45) would give 5 = 0, which leads to

a contradiction in (44). Since Ly > 0 on E,, the inequality (Li(,€)* <
(L1¢, C) (L1€,€) holds. Combining (42)—(44) we obtain

2
(Lyw,v) = —a®X\1 + (L1€,€) = —a’M\ + %
Y PP

B2A + (Lyw, w)
= (Lw,w) a’)\
X

This ends the proof. 0

Remark 16 Our proof of Lemma 15 is inspired by the work [13], which was
indicated to us by R. Fukuizumi. In Lemma 2.1 of [6] (see also Proposition 2.7
of [25]) an alternative proof of Lemma 15 is given. Another proof of Lemma
15 relying on the fact that ¥ is a local minimum of S on the sphere of corre-
sponding L*-norm can also be performed [17].

3.3 Verification of the stability criterion

To prove Theorem 2 we shall use Proposition 3. Since the convergence result
holds in the rescaled variables it is convenient to express Proposition 3 in these
variables. For v € H'(RY ,C), let v € H'(RY,C) be defined by

o(x) = N D 5(V ).
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Then we have

(Sipa)o,v) = AT (S(62)5,0).
2—b N
IVoll3 + Aol = A= =|5]3,
2-b_N
(prv)y = ATHI72 (5,),,
. 2-b_N , _ _
(ipr,v)y = AT (1Px, )y

where now by S\ we denote the extension of Sy from H to H'(RY;C). There-
fore, if there exists & > 0 such that for any v € H'(RY, C) satisfying (@y, 0), =
(ipr, 0), = 0 we have

CHEN RIS (46)
we have, for any v € H'(RY, C) satisfying (¢x, v), = (ipx, v), = 0,

(SX(a)v,v) = 3([IVllz + Allv]l2)- (47)

Clearly, for v € HY(RY, C) the norm +/||Vv||3 + A[v]]3 is equivalent to the
norm ||v|| and thus proving (46) suffices to check the assumptions of Proposi-
tion 3.

For v € HY(RY,C), let v; = Rev and v, = Imv. Then we have, after some
calculations,

<‘§K(¢)\)U7 U> = <E1,/\U17U1> + <£2,AU2, ’U2> ,
with

<i1,,\01,?11> = ’01’%{—10/ VA($)S5§_1|U1’2CZ$
RN

— \%N (a:))\*H%r’ ()\2<21;b1) 4,5)\> vy |2dx,

RN

(Losvawn) = foufy = [ Va(@) uaP
RN

_/RN Vi(z)A2 (fgj—(%))) |va|*d.

In addition (Py,v), = (Pa,v1)2 €t (i@r,v)y = (Pr,v2)2. Thus, to ends the
proof of Theorem 2 it is enough to prove the following lemma.

Lemma 17 Assume (H1)-(H7). There exists \g > 0 such that

25



(1) there exists 6; > 0 such that [N/1’>\U,U> > 61|v|% for all v € H satisfying
(v,90)2 = 0, for all X € (0, A);

(i1) there exists 6o > 0 such that l~}27Av,v> > Oolv|3; for allv € H satisfying
(v,Px)2 =0, for all A € (0, Ag).

Proof Seeking a contradiction for part (i), we assume that there exist (\;) C
R* with A\; — 0 and (v;) € H such that

hm <l~—117)\j?]j,1}j> < O,
j—o0

vl =1, (v, @x5)2=0.
Since (vj) C H is bounded, there exists v, € H such that v; = v, weakly in
H. Let us prove that

—142 .
lim Vi, ()N, ey (/\;(p_l)gékj> |v;|?dx = 0, (48)
J—=0 JRN
1
im [ Vi ()@ o 2de = / Lt 2de. (49)
j—oo Jpn Y J RN |l’|b

/
To prove (48) let ¢ > 0 be arbitrary. By (H7), we have 1i:((]§1+ Tp(f? = 0.
$— S

Moreover, ([P, ]s) is bounded and therefore, for any A > 0 sufficiently small,

2—b 1_&
r’ <)\;(’"1) gE,\j) < Ce); 2. Thus

_4.b _2-b
/RN Vi, (1), T <)\j2(”1) g?),\j) v |*dx

and we conclude by Lemma 4. Clearly proving (49) is equivalent to show that,
as A — 0,

<eC ‘/ V,\j (LC)‘UJ.PdI'
RN

1 o
[ (= ) s o, (50)

kgl
1 /- _
/RN o (B Il = ) dz = 0. (51)

Since ([P, |x) is bounded, Lemma 10 shows that (50) hold. Now since |z|™" —
0 as |z| — oo to show (51) it suffices to show that, VR > 0,

1
[ o (Bl = v o) do — 0. (52)
B(R)

j]?
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We write

1 1
~p—1y, |2 _ ~p—1 p—1 2
P viltdr = / (X = U ) || da
/B(R) [ Ao B(R) [ A ’

1
+ / —77Z)p_1|1)j‘2d(lf.
B(R)

| ]?

Since ¢y, — ¢ in H, we have, up to a subsequence, |a:|*b95§;1 — |z|"byP~L ae.
and since v
2[5 < Cla| ™ € L= (B(R)),
Lebesgue’s Theorem gives |x]_b35§;1 — |z|7bP~! in L= (B(R)). Also we have
[0;]? = |vso]? weakly in L%(B(R)). At this point (52) follows easily.
Now, on one hand, from (48)-(49) we have

- 1

lim <L17,\jvj,vj> =1 —p/ —— P o [P d. (53)
RN

joo 2P

On the other hand, still by (48)-(49) and the weak convergence v; — vo, in H
we have (veo, )2 = 0 and,

(L1Vs0, Vo) < lim <I~)L,\jvj,vj> < 0 (by assumption)

J—00

which implies, according to Lemma 15, that v,, = 0. But this leads to a
contradiction in (53) and finishes the proof of (i). To prove (ii), since (i) holds,
it suffices to show that, for any ¢ > 0,

/RN V()| A2 (f(gj)) lv]?dz < e

when |v|g = 1 and A > 0 is sufficiently small. Let ¢ > 0 be arbitrary. Since
(|#rlo) is bounded, for A > 0 small enough, we have from (8) that

r(Q _b
T<30/\) <e);? |@AlPt
123
Thus
/ |VA(x)|/\% (T(EDA)> lv]2dz < 50/ [Va(z)||v|*dz < eC
RN P RN
by Lemma 4 and we conclude. [
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4 Appendix

Here, we prove the uniqueness of the non-zero solutions of (40). For this we
use results of |26].

It is known that solutions v of (40) are in C(R™)NC?(RV\{0}) and decay ex-

ponentially at infinity. Also setting v = v(r), r = |z|, we have lim,_o rv.(r) = 0

(where v, = %) and v satisfies the ordinary differential equation

Vpp + v+ g(r)v + h(r)v =0 (54)

where g(r) = —(1 4 de™" "4(r)?~) and h(r) = 7"+ e ~". For m €
[0, N — 2] we define

G(r,m) = —r""25f, —arr™ 1+ 0f) + agr™
2 2 - _
H(r,m) = — <ﬁ + ]Tb1> pmAl—b _ }T(Slrm<rg e gpmtlger

where f = e TPl g = —2(N =3 —m), ag :=m(N —2—m)(2N — 4 —
m)/2 and = 2N — 4 —m — 2(m +2)/(p + 1).

According to Theorem 2.2 of [26] to establish the uniqueness of the positive
solution of (54) it suffices to check the following conditions.

(A1) g and h are in C'((0, 00)),

A2) r277g(r) — 0 and r*77h(r) — 0 as r — 0% for some o > 0,

C2

(A2)
(C1) h(r) = 0 for all r € (0,00) and there exists 79 > 0 such that h(rg) > 0,
(C2) G(r, N —2) <0 for all r € (0, 00),

(C3)

C3) for each m € [0, N —2), there exists a(m) € [0, oo] such that G(r,m) > 0
for r € (0,(m)) and G(r,m) < 0 for r € (a(m), ),

(C4) H(r,0) <0 for all r € (0, 00),

(C5) for each m € (0, N—2], there exists 3(m) € [0, 00) such that H(r,m) > 0
for r € (0, 5(m)) and H(r,m) < 0 for r € (G(m), o).

In (C3), by a(m) = 0 and a(m) = oo we mean that G(s,m) < 0 and G(s,m) >
0, respectively, for all s € (0,00). The analogous convention holds for (C5).

The following lemma is useful to check (C1)-(C5). It was provided to us
by K. Tanaka [23].

28

T



Lemma 18 Let f(r) = e ~"(r)?"'. Then f(r), fo(r) and fu.(r) are
bounded on (0,400) and exponentially decaying at infinity.

Proof First, we prove that there exist constants Ry > 0 and C' > 0 such that
0 < =, (r) < Cotp(r) for all r € [Ry, 00). (55)
Let W(r) =1 —r~%)(r)?~1. Then 1(r) satisfies

() =~ R () 4 W) = 0 (56)

and defining R(r) and 6(r) by
rVl(r) = R(r)sind(r),
rN"(r) = R(r)cosf(r)
it follows that 6(r) verifies

N -1
r

0,(r) = cos® O(r) — W (r)sin*0(r) + sin (r) cos 6(r). (57)
It is standard (see [11]) that ¢,.(r) < 0, Vr € (0,00). Thus 6(r) C [7/2,x]. In
addition, since W(r) — 1 as r — oo, the right hand side of (57) is negative
in a neighbourhood of 7/2" and positive in a neighbourhood of 7~, for r > 0
sufficiently large. This shows that 0(r) stays, for » > 0 large, confined in a
interval [a,b] C (7/2, ). This implies (55). Now we have, for r > 0 large,

0
§¢(T)p_1| = (p— DY)y, (r)] < (p = 1)CY(r)"~,
and we can easily deduce that f,.(r) is exponentially decaying. Also, we have
82
S = (0= DR ) + (0= 1o — ()

The term (p — 1)(p — 2)1(r)P~34,(r)? can be treated as previously and thanks
(56) we have

DO 2rr) = =L ) £ W),

which allows us to conclude that f,..(r) is also exponentially decaying.
Finally, since ¢ € C([0,400)) N C*((0,400) and lim, o7, (r) = 0, it is

clear that f(r) and f,.(r) are bounded on (0,+400), and using the equation for

¥, we also see that f,.(r) is bounded on (0, +00). O
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The conditions (A1), (A2) and (C1) are clearly satisfied. For (C2), we have
G(r,N —2) = —r""YS(rf.(r) +2f(r)) + 2).

Thanks to Lemma 18, ¢ — (rf.(r) + 2f(r)) is bounded on (0, +00), therefore,
for 6 > 0 small enough (C2) is verified. For (C3), we distinguish two cases. If
N —3—m >0, then a; <0, ap > 0 and we have

G(r,m) = 1" (—r§f.(r) — a1 f(r) — ay) + agr™ 1.

Thanks to Lemma 18, —rdf,(r) — aydf(r) — a3 > 0 for 6 > 0 small enough,
and consequently G(r,m) > 0 for all r € (0,00). If N—3—m < 0 then oy > 0,
ay > 0 and thus we have

) (G(r, m)

) — G0,(r) = 76 fur(r) — a6, (r) — 2057 < 0

E rm+1
for 0 > 0 sufficiently small. Thus (C3) also hold. Now
2b 20 -1 26 -1 1
H 0) = — N 1-b _ T 2 —r7t—r _ Se " T
(r,0) <ﬁ+p+1)r +p+1€ p+1re Broe

We remark that § > 0 and that, for ¢ small enough,
20 ~1 2b
—r t—r < (6+ )le,

e
p+1 p+1
thus we see that (C4) holds. Let m € (0, N — 2]. We have

H(r,m) 20 2(r —r™t) b o1,
W——(ﬂ+m>—(5( b1 + 3|7’ .

Since the function r — [2(r — r~1)/(p 4+ 1) + Blr’e™ =" is bounded, when
B+2b/(p+1) # 0 the sign of H(r,m) is constant for ¢ > 0 small enough. When
B+2b/(p+1) = 0 we see that there exists F(m) := (—=b + Vb? +4)/2 such
that the function r — —]% (r2+b—1)rPle™" =" is positive on (0, 3(m))
and negative on (8(m), co0). Therefore, in both cases H(r, m) satisfies (C5).
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