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Abstract
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fact that the “Problem at infinity” is autonomous, in contrast to just periodic, can
be used in order to regain compactness.
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1 Introduction

In this paper we study the existence of a positive solution v € H'(IRY) for an equation
of the form

—Au+V(x)u = f(u), r € RY, (1.1)

where N > 2 and we assume on the potential V € C(IRY,IR)

(V1) There exists a > 0 such that V(z) > o for all x € IRY,

(V2) limjg|—eo V(z) = V(00) € (0,00)
and on the nonlinear term f € C(IR™,IR)

(f1) f(s)s™' —0as s — 0+.
(f2) There is a €]0, co[ such that f(s)s™' — a as s — 400 and
a>info(—A+V(x)),

where 0(—A+ V(x)) denotes the spectrum of the self-adjoint operator —A + V' (z) :
H*(IRN) — L2(IRM).

The main features of problem (1.1) is that the nonlinearity is asymptotically linear and
that the associated problem at “infinity” is autonomous. Our main results are the follow-
ing :

Theorem 1.1 Assume that (V1)-(V2), (f1)-(f2) hold and that for F(s) = [; f(t)dt,
(f3) There exists § > 0 such that 2F(s)s™2 < V(o0) — 6§ for all s € IRT.

Then (1.1) has a positive solution.

Theorem 1.2 Assume that (V1)-(V2) hold with
(V3) V(z) < V(c0) for all z € IRV

and that (f1)-(f2) hold with

(f4) Defining G : IRT — IR by G(s) = 3 f(s)s — F(s),
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(i) G(s) >0 for all s > 0.
(ii) there exists 6 > 0 such that

2F(s)s™2 > V(00) — 6 = G(s) > 6.
Then (1.1) has a positive solution.

Remark 1.3 1) The condition G(s) > 0,Vs > 0 implies that 2F(s)s~?2 is a non-decreasing
function. Thus as a special case, (£3) holds under the conditions : G(s) > 0,Vs > 0 and
a < V(c0).

2) Condition (f4) holds if f(s)s~! is a non-decreasing function of s > 0. In fact, if f(s)s™!
is non-decreasing, (f1) implies G(s) > 0, Vs > 0 and G(s) is a non-decreasing function of
s> 0.

3) Under the setting of Theorem 1.2, we can also show the existence of a least energy
solution. See Theorem 4.5 in Section 4. O

Theorems 1.1 and 1.2 will be proved by a variational approach. Because we look for
positive solutions, we may assume without restriction that f(s) = 0 for all s < 0. We
associate with (1.1) the functional 7 : H'(IR™) — IR defined by

1 2 2
I(u) = 5 /IRN(\VU\ + V(z)u®) do — /]RN F(u) dz.
We shall work on H'(IRY) = H with the norm
ll? = [ (Vul + V(z)d)d
IE{N

which, because of (V1), is equivalent to the standard H'(IR") norm. We also use the
notation :

1/p
lul|, = </IRN |ul? dm) for all p € (1,00).

Under conditions (f1) and (f2) we are able to prove, this is the contents of Lemmas 2.1
and 2.3, that I has a Mountain Pass geometry (MP geometry for short). Namely setting

I'={y e C([0,1], H),7(0) = 0 and I((1)) < 0},

we have I' # () and

= inf 1 )
¢ = Inf max I{y(t)) > 0

The value ¢ € IR is called the Mountain Pass level (MP level for short) for I. Ekeland’s
principle implies that there exists a Cerami sequence at the MP level ¢, namely a sequence
{u,} C H such that

I(u,) — cand |[|I'(up)||g-1 (1 + [|un]]) = 0 as n — oc.
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At this point to get an existence result it clearly suffices to show that {u,} is bounded and
then that {u,} has a convergent subsequence whose limit is a non-trivial critical point of
I. These two steps constitute the heart of the proofs of Theorems 1.1 and 1.2.

The difficulty to prove that {u,} is bounded is linked to the fact that we are considering an
asymptotically linear problem. To get boundedness of {u,}, in most works the following
superlinear condition is assumed :

Ju>2: 0<pF(s) < f(s)s foralls>0. (1.2)

This condition is introduced by Ambrosetti and Rabinowitz [1]. We remark that (1.2)
implies liminf, ., f(s)/s*"! > 0 and thus our equation does not satisfy (1.2).

There are very few works on asymptotically linear problems on unbounded domains. We
believe that the first result is due to Stuart and Zhou [11]. They study a problem of the
type of (1.1) assuming that it has a radial symmetry. Thanks to this assumption, the
problem is somehow set in IR and possesses a stronger compactness.

More closely related to the present paper is the work of the first author [7] in which a
problem of the form
—Au+ Ku = f(z,u), z € IR

is studied, where K > 0 is a constant and f(z,s) is asymptotically linear in s and
periodic in = € IR™Y. Subsequently, taking advantages of some techniques introduced in
7], an extended study of radially symmetric problems on IR™ was done in [12]. Finally
we wish to mention [13] where a first order Hamiltonian system with an asymptotically
linear part is studied.

As in [7] our proof of the boundedness of {u,} relies on the work of P.L. Lions [8] on
the concentration compactness principle. It is however more delicate now because of the
spectral structure of (1.1) and the fact that (1.1) is not enjoying a translation invariance.
The argument roughly goes as follows. We assume, by contradiction, that ||u,| — oc.
Then setting w,, = u,||u,||~" there is a subsequence of {w,} with w, — w > 0 in H
satisfying the alternative :

1. (non-vanishing) There exist a > 0, R < oo and {y,} C IR" such that

lim w? dr > o > 0.
n=0 Jyn,+Br

2. (vanishing) For any R > 0

lim sup / w? dx = 0.
y+Br

T yemN

Here we use the notation : Br = {z € IR"; |z| < R}.
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We prove that neither of the two cases can occur and this gives us the desired contradic-
tion. To show that non-vanishing (1) cannot occur, we need to distinguish the cases {y, }
is bounded and |y,| — co. When {y,} is bounded, we show that w # 0 and satisfies the
equation

~Aw +V(z)w = aw, v € RN,

Namely w > 0 is an eigenvector associated to an eigenvalue strictly above the infimum of
the spectrum of —A + V' (z). We show, by a spectral argument, that this is impossible.
When |y,| — oo, we show that the sequence w,(-) = w,(- — y,) weakly converge to a
function w # 0 satisfying
—Aw + V(co)w = aw.

Here again we get a contradiction since the operator —A has no eigenfunction in H'(IR™).
Next we show that either (f3) or (f4) permit us to rule out the vanishing (2). This is quite
straightforward when (f3) holds. When (f4) is satisfied, we need a more delicate argument.
On one hand, since {u,} is a Cerami sequence we have that

/]RN G(uy,)dx

is bounded uniformly. On the other hand, condition (f4) will imply that these integrals
must go to +00 as n — oo.

Concerning the second difficulty, namely to prove that our bounded sequence {u,} con-
verges to a non-trivial critical point of I, we need to show a strict inequality between the
“energy” of our problem and the one of the associated “problem at infinity”. To be more
precise, let I : H — IR be the functional defined by

Fu) = ; | Vel +Vieop?)do— [ F(u)de

and set . .

m = inf{I(u); u # 0 and I'(u) = 0}.
We set m = oo if I has no non-trivial critical points. We shall prove that u, — u # 0
with I'(u) = 0 if

c < m. (1.3)

If I has no non-trivial critical points, (1.3) is trivially satisfied. We will see that it takes
place if (f3) holds. When I has non-trivial critical points, the following fact is important
to show (1.3) : 3

m > inf max I(~(t)),

> inf max I(v(#))

where T' = {y € C([0,1], H); 7(0) = 0, I(y(1)) < 0}. These types of estimates are usually
shown under the assumption that s — f(s)s™! is non-decreasing. Under this condition
we can use the “natural constraint”:

M = {ue H\{0}; I'(w)u = 0}.
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M is somehow radially homeomorphic to the unit sphere and it is then easy to see that,
in addition,
m = inf I(u) = inf max I (tu).
ueM weM >0
For results in that direction we mention, for example, [10]. Also in [9] an existence result,
Theorem 4.27, comparable to our relies, although indirectly, on the presence of a smooth
natural constraint.

In contrast to these works, we do not use the monotonicity of f(s)/s but instead we take
advantage of dilation t — u(x/t) properties. Key to our approach is the use of results on
autonomous problems established by Berestycki-Lions [2] when N > 3 and Berestycki-
Gallotiet-Kavian [3] when N = 2. In particular we use their result saying that, under an
almost necessary condition on h, any autonomous problem of the form

—Au = h(u)

possesses a least energy solution satisfying Pohozaev identity. Roughly speaking we use
the fact that the problem at infinity is autonomous to show the existence of a path v € T’
satisfying maxep1 I(v(t)) < m.

We remark that the approach we present here works for general nonlinearities f, not
simply for the asymptotically linear ones. Also we believe it could be proved fruitful in
other situations as, for example, singular perturbation problems.

Acknowledgement

The first author thanks Professor C.A. Stuart for providing him a simpler proof of Step
3 of Lemma 3.1. The authors also thank Professor Z.QQ. Wang for pointing to them the
interest to show the existence of a least energy solution in Theorem 4.5.

Notation

Throughout the article the letter C' will denote various positive constants whose exact
value may change from line to line but are not essential to the analysis of the problem.
Also if we take a subsequence of a sequence {u,} we shall denote it again {u,}.

2 A Mountain Pass Geometry for [

In this section we prove that, under the assumptions (V1), (f1)-(f2), I possesses a MP
geometry. Since I(0) = 0, it is a consequence of the two following results :

Lemma 2.1 Assume that (V1), (f1)-(f2) hold. Then I(u) = %|[ul|* + o(||ul|?), I'(u)u =
l|u|[? + o[|ul]?) asuw — 0 in H.



Proof. We fix a p €]2, 2% [. For any € > 0 it follows from (f1) and (£2) that there exists
a C. > 0 such that

|f(s)] <els| +Ccls|P~! for all s € IR (2.1)
or also
€ 9  C:
|F(s)| < 5]3\ + —|s|? for all s € IR. (2.2)
p
Hence, for any u € H, we have

€ o Ce
< gllullz + ==lulp

’ /]RN F(u) dz

Recalling the Sobolev embedding H'(IRY) — LP(IRY), this implies that [~ F(u) dr =
o(|lul|*) as w — 0 in H. In a similar way, we have [p~ f(u)udz = o(||ul]*) as u — 0 in
H. This gives the conclusion of Lemma 2.1. ®

Corollary 2.2 Under the assumptions (V1), (f1)-(f2) there exists po > 0 such that

(i) For any non-trivial critical point u of I,
[|ull = po.

(i) For any Palais-Smale sequence {u,} at level b # 0,

lim inf [[u, | > po.

Lemma 2.3 Assume that (V1), (f1)-(f2) hold. Then we can find a v € H, v # 0
satisfying 1(v) < 0.

Proof. The operator —A + V(z) being self-adjoint, the infimum of its spectrum can be
characterized as (see [4] Proposition VI.9)
info(-A+V(z)= inf <-Au+V(z)u,u>= inf ||u|]? (2.3)
ueH:||ul|2=1 u€H:||u||2=1

where < -, - > is the scalar product of L?(IRY). Since by assumption inf o(—A+V (2)) < a,

we thus can find @ € H such that ||a||s = 1 and ||@||?> < a. Replacing if necessary @ by

|@|, we can suppose without restriction that @ > 0 a.e. on IRY. To prove the lemma, it
suffices to show that

I(tu

lim (ta)

t—-+o0 t2

<0. (2.4)



First, let us establish that

_ F(tu) 1
R dx = 50 (2.5)

To prove (2.5), it is convenient to separate the cases @(z) > 0 and @(x) = 0 (without loss
of generality we can assume that @ is defined everywhere on IRY). Let x be such that
u(z) > 0. We have, by (£2),

L Flaz) o Fla) oo e 1o
Jm ——p— = lim_ W(U@)) = ia(u(x)) : (2.6)
Now let = be such that @(z) = 0. Then
W =0= ;a(ﬂ(x))z for all ¢ > 0. (2.7)

Thus combining (2.6) and (2.7) we obtain that

T
—~
~
=g
8

) = ;a('&(a:))Q a.e. on IRV (2.8)

t——+00 t2
On the other hand, by (f1),(f2), there exists a constant C' > 0 such that

0§®§C for all s € IR (2.9)
s
and thus
F C
0< (25) <~ forall s €IR. (2.10)
s 2
Consequently
F(tu
o< I ;‘2("”)) < g(a(:p))Q a.e. on RV, (2.11)
Now, (2.8) and (2.11) allow us to apply Lebesgue’s theorem to get
. F(ta(z)) , 1 NN
tLleroo 2 dx = 54 IRN(u(x)) dx = 5% (2.12)
that is (2.5). Then, we easily deduce that
I(tu) EHQHZ ~ lim F(tu(x)) s
t—+oo  t2 2 t—+oo JRN 12
[
= Sl —a) <o
and the lemma is proved. ®

Remark 2.4 As we shall see in Section 4, if there exists sy > 0 such that 2F(sq)sy > >
V(00), Lemma 2.3 can be proved in a simpler way. O

Since the functional I has a MP geometry, we deduce (see [6]) the existence of a Cerami
sequence at the MP level ¢, namely of a {u,,} C H such that

I(Un)—>c and HII(Un)HH—l(l-l-HunH)—>0 as n — 00.



3 Boundedness of {u,}

In this section we establish that {u,} is bounded. Seeking a contradiction, we assume,
throughout this section, that a subsequence of {u,} (still denoted by {u,}) satisfies
lu,|| — oo and we set w, = u,||u,||~!. Clearly, {w,} is bounded and, up to a sub-
sequence, satisfies the alternative :

1. (non-vanishing) There exist a > 0, R < oo and {y,} C IR" such that

lim wi dr > o > 0.
n—oo yn+Br

2. (vanishing) For all R > 0

lim sup / w? dx = 0.
y+Br

n—00 yEIRN

We prove that none of the two cases can occur, getting so the desired contradiction.

Lemma 3.1 Assume that (V1)-(V2), (f1)-(f2) and either (f3) or (f4) hold. Then the
vanishing of {w,} is impossible.

Proof. We develop a contradiction argument assuming that {w,} vanishes. Then we
immediately get, using (V2), that

/RN(V(x) — V(oo))widz — 0 asn — .

Thus
lim [ IVw,|* +V(c0)w? dr = lim ||w,|]* =1
R n—oo

n—oo

and, in particular,

1
. 2

Also, since I(u,) — ¢, we have that I(uy,)||u,||™ — 0 which can be written as

_ F(u,) 1
Combining (3.1) and (3.2), we immediately get a contradiction when (f3) holds. Now
assuming that (f4) holds, we set for § > 0 given in (f4)

Flun(@) _

1
Q, = RY . —
{we Up ()2 2

(V(c0) = 0)}-
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Then, for all n € IN,

Fun) 1 2
/n a2 w;, dr < §(V(oo) —9) o w;, dx

and, passing to the limit, we deduce using (3.1)—(3.2) that necessarily

. F(uy)
1 f 2 dw > > 0. 3.3
oo RM\Q, U3 o 0 = 2V (00) (3:3)
We claim that
lim sup |IRV\Q,| = oc. (3.4)

To check this we assume by contradiction that limsup,, . [IR"\Q,| < co. On one hand,
using (2.10) it follows that

/ F(Zn)wi dx < C w? d. (3.5)
RM\Q, Uz RM\Q,

On the other hand we recall that any bounded vanishing sequence {v,} C H satisfies
v, — 0 strongly in L(IRY) for any ¢ €]2, <[ (a proof of this result is given in Lemma
2.18 of [5] and is a special case of Lemma 1.1 of [8]). Thus, using Holder inequality, we
get under the assumption limsup,_ . [IR¥\Q,| < oo that

lim w? dx = 0.
n—oo IRN\QTL

Then (3.5) contradicts (3.3) and this proves (3.4). Now observe that since, G(s) > 0, Vs €
IR

v

/IRN G(uy,) dx -/IRN\Qn G(uy,) dx

> [IRM\Q,|.

Thus limsup,,_, . /gy G(uy,) dx = +o00. But, because {u,} is a Cerami sequence,

1
/]RN G(uy) dx = 1(u,) — 5[’(un)un — .
This contradiction proves the lemma. ®

We now have to prove that the non-vanishing of {w,} can not occur either. Still by
contradiction we assume that {w,} is non-vanishing. At this point it is convenient to
distinguish the cases {y,} bounded or unbounded.

Lemma 3.2 Assume that (V1)-(V2), (f1)-(f2) hold and that {y,} is bounded. Then the

non-vanishing of {w,} is impossible.
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Proof. The sequence {w,} being bounded, up to a subsequence, w, — w € H.
Step 1: The weak limit w is non-negative.

Since {w,} is non-vanishing and {y,} bounded, we have w # 0. Also since {u,} is a
Cerami sequence

—Auy, + V(2)u, = f(un) + &, in HH(IRY)
with €, — 0 in H~'(IR"). Thus

—Aw, + V(x)w, = f(un)wn b (3.6)
Multiplying (3.6) by w,, = max{—w,, 0} and integrating, we get
o e En  _
S (V0 P4 V@ P o= [ o da,
that is
£
g = [ o da. (3.7)
RY ||ty ]]

Since {w;, } is also bounded, we have

/ 57nw; dz — 0.
R

N lun|
Therefore, by (3.7), ||w; || — 0. We deduce that w, — w = w* a.e. on IR".
Step 2: w is an eigenvector of —A + V() associated to the eigenvalue a.

To prove that —Aw + V(x)w = aw it is sufficient to show that for any o € C3°(IR™)
/IRN [VuVe + V(z)wyg|de = a /IRN wep dx. (3.8)

Let ¢ € C'SO(IRN ) be arbitrary but fixed. Multiplying (3.6) by ¢ and integrating, we
obtain

/]RN [Vw, Vo + V(x)w,p| dr = /IRN fgzn)wncp dx + /}RN ||Z||go d. (3.9)
Clearly
En
/1RN Hun|‘g0dx—>0 (3.10)
and also since {w, } converges weakly to w in H,
/IRN [Vw, Vi + V(x)w,p] de — /IRN [VwVe + V(z)we] d. (3.11)
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We claim that

RY Uy

If (3.12) holds, then combining (3.9), (3.10), (3.11), (3.12), we get (3.8) and the proof of
Step 2 is completed. Thus let us prove (3.12). First, we shall establish that

Unp

wpp dr — a /IRN we dz. (3.12)

w, — aw, a.e. in IRV, (3.13)

In this aim, it is convenient to distinguish the two cases w(x) = 0 and w(x) # 0 (without
restriction we can suppose that w is defined everywhere on IRY ). Let z € IRY be such
that w(z) = 0. By (2.9),

[ (un())

R TS

wn(x)

< Clwn(x)],

and since wy,(x) — w(z) = 0, we get
Let z € IRY be such that w(z) # 0. Then necessarily u,(z) — 4oc. Thus by (f2)
fluale)

wy(x) — 0 = aw(x).

Consequently, also in this case,

and this proves (3.13).

Denote by € IRY a compact set such that suppe C Q. The compactness of the Sobolev
embedding H*(Q2) — L'(Q2) implies w,, — w strongly in L'(2). Thus in particular, after
taking a subsequence if necessary, there exists h € L*(§2) such that

lwn ()| < h(z) ae. x €2

(see Theorem IV.9 in [4]) and using again (2.9) we have for all n € IN,
|f (un)

Now (3.13) and (3.14) allows to apply Lebesgue’s theorem and we get
(un)w o dr f(un)

N n = Wy dx
RY Uy, Q Uy

— a/wgodx:a/ wep dz,
Q RY

12

wy| < Clw,| < Ch, ae. z €. (3.14)




namely (3.12). This ends Step 2.

Step 3: When a > info(—A + V(x)), the operator —A + V(x) has no non-negative
eigenvector associated to the eigenvalue a.

Seeking a contradiction, suppose that u € H is non-negative and satisfies
—Au+V(z)u =au in IR",

First, we fix a constant A such that
info(—A+V(z)) <A<a.

By the variational characterization of inf o(—A + V' (x)), there exists v € H satisfying

Thus, since C¢(IRY) is dense in H, we may assume v € C°(IRY). Now, let R > 0 be
such that supp v C Bg and consider the Dirichlet problem for —A + V' (x) on Bg. Denote
by [ the infimum of the spectrum of —A + V' (z) on Bg. By construction,

1

[ll13

[\

[|v]

< A.

NN

]

I <

< A<a. (3.15)

On the other hand, [ is an eigenvalue of —A + V(z) associated to an eigenvector vy > 0
on Bgr. Note that, moreover, we have 8(;’—5 < 0. Then, integrating twice by parts.

[l <u,vg >Bp = <u, (—A + V(I))UR >Br

= VuVug dx — / %u do+ | V(x)uvgdx

Br 9Br On Br

> VuVug dr + / V(z)uvg dx
Bgr

Br

= / (—Au)vg dr — / @’UR do+ | V(x)uvgdz
Br

OBr ON Br
= / (—Au)vg dx+/ V(z)uvg dx
Br Br

= < (-A+V(2))u,vg >p,=a < u,vg >p,,

where < -,- >p. denotes the scalar product of L?(Bg). But since v > 0 and vg > 0, we
have < u,vp >p,> 0, and thus the above calculation shows that [ > a in contradiction
with (3.15). This completes Step 3.

Combining Steps 1, 2 and 3, Lemma 3.2 is proved. [ )

Lemma 3.3 Assume that (V1)-(V2), (f1)-(f2) hold and that, up to a subsequence, |y,| —
oo. Then the non-vanishing of {w,} is impossible.
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Proof. Setting @, (z) = u,(z + y,) and w,(z) = w(x + y,) we have, from (3.6), that,

_Awn + V(I + yn)UN}n = f(~UN)U~)n + o

(3.16)

with €, — 0in Hﬁl(]RN). Up to a subsequence, w,, — w weakly in H and by construction
w # 0. We shall prove that @ satisfies

— AW+ V(o) = a (3.17)

and, since —A has no eigenvector on IR”, this will provide us the desired contradiction.
To prove (3.17), it is sufficient to establish that for any ¢ € C§¢(IRY),

/ L VoV + V(co)up| de = a/ L Wy dz.
R R

Let ¢ € C°(IRY) be arbitrary but fixed. Multiplying (3.16) by ¢ and integrating, we
obtain

En

/(i) pdx.

/ Vo,V + V(x4 y,) ] de = / W, dx + /
RN RY U R

N fual|

We clearly have

/ on pdr — 0 and / Vw,Vp d:r;—>/ VoV dz.
R RN RN

N funl|

Next we show [pv V(2 + yn ) dz — [gy V(00)i,p dr. Denote by Q € IRY a compact
set such that suppp C Q. By (V2), we see V(z + y,) — V(c0) uniformly on Q. Thus

/Q (V(2 + yn) — V(00))ibnp dz — 0.

Therefore
lim . V(z+ yp)Wnpdr = lim V(o0) /IRN Wy dx
= V(o0) /]RN W dx

At this point to end the proof we just need to show that

f(jin)ﬁincp dr — a/ wep dz.
RN Uy RN

This is done exactly as in Lemma 3.2. o

Remark 3.4 The proof that {u,} is bounded carries on to any Cerami sequence i.e. to
any sequence {u,} C H such that {I(u,)} is bounded and ||I'(u,)||g-1 (14 ||u,||) — 0. O
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4 A non-trivial critical point for [

In this section we prove that, up to a subsequence, our bounded Cerami sequence {u, }
converges weakly to a non-trivial critical point of I. For this we shall study autonomous
problems and make use of classical results due to Berestycki-Lions [2] when N > 3 and
Berestycki-Gallouét-Kavian [3] when N = 2. For the convenience of readers, we state
their results here. We remark that we do not state them in their full generality. We
consider the equation

—Au = h(u) in IR (4.1)

where it is assumed on A that

(h0) h: IR — IR is continuous and odd.

(h1) There exists a limit limg .o, h(s)/s €] — 00, 0].

(h2) When N > 3, it holds that lim,_. |h(s)|s™ ¥ = 0.
When N = 2, for any a > 0 there exists a C, > 0 such that |h(s)| < Cne®” for all

s € IR.

Associated to (4.1) is the functional J : H — IR given by

T = [ | ;|Vu|2 ~ H(u)da,

where H(u) = [3' h(s) ds. We say that a solution w of (4.1) is a least energy solution if
J(w) = m, where
= inf{J(u);u # 0 and J'(u) = 0}.

Proposition 4.1 ([2], [3]) Assume (h0)-(h2). Then J is well defined and we have

(1) (4.1) has a non-trivial solution if and only if H(so) > 0 for some sy > 0.

(2) If H(sg) > 0 for some so > 0, then m > 0 and there exists a least energy solution w
of (4.1) which satisfies w > 0 on IR™ and, as any critical point of J, the Pohozaev
wdentity :

(N — 2)/ Vw|2dz = QN/ H(w) da.
RY RY

The key to our compactness result is the following observation, which complements the
results of Proposition 4.1 :
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Proposition 4.2 Assume (h0)-(h2) and H(sg) > 0 for some sy > 0. Let v be a critical
point of (4.1) with v(x) > 0 for all x € IRY. Then, there exists a path v € C([0,1], H)
such that y(t)(x) >0 for all v € RN, t € (0,1], v(0) = 0, J(v(1)) < 0, v € ([0,1]) and

max J(v(t)) = J(v).

te[0,1]
In particular, for the least energy solution w obtained in Proposition 4.1, we have

inf max J(y(t)) < J(w).

€l te€l0,1]

The proof of Proposition 4.2 will be given in the Appendix.

Now we return to our problem (1.1) and we consider the associated “problem at infinity”,
i.e., the autonomous problem :

—Au+V(co)u = f(u) in IRV, (4.2)

Since any solution of (4.2) is non-negative, we can regard it as a solution of (4.1) with

hs) = { —V(c0)s + f(s), for s >0,
L —h(-s), for s < 0.
Thus we can observe that a least energy solution for (4.1) — which we may assume

positive — is also a least energy solution of (4.2) and the converse is also true.

Remark 4.3 Applying Proposition 4.1 (i) to h(s) = =V (00)s + f(s), we see that under
condition (f3), I has no non-trivial critical points. O

Lemma 4.4 Assume that (V1)-(V2), (f1)-(f2) hold. Let {u,} C H be a bounded PS
sequence for I at the level c. Then, up to a subsequence, u, — u # 0 with I'(u) = 0 if
either one of the following conditions hold :

(1) (f3) is satisfied.
(i1) (f4) holds and
V(z) < V(o) forall € RN and V(z) # V(00). (4.3)
Proof. Since {u,} is bounded in H, we can assume that, up to a subsequence, u, — u.
Let us prove that I’(u) = 0. Noting that C3°(IR") is dense in H, it suffices to check that

I'(u)p = 0 for all ¢ € CP(IRY). Let (-,-) denote the inner product on H associated to
our chosen norm. Then

I'un)p = I'(we = (u, =) = [ (F(un) = f(w) o dr =0
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since u,, — u weakly in H and strongly in L{, (IR") for ¢ € [2, 2%5[. Thus recalling that
I'(u,) — 0 we indeed have that I'(u) = 0. At this point if u # 0 the lemma is proved.
Thus we assume that v = 0. We claim that in this case {u,} is also a PS sequence for I

at the level c. Indeed, as n — oo,

[(up) — I(uy) = /RN(V(OO) V(@) dr — 0

2

2 (IR™). Also, for the same reasons, we

since V(z) — V(o0) as |z] — oo and u,, — 0in L
have )
sup |(I'(un) = I'(up),v)] = sup | | (V(o0) = V(z))uyv dz| — 0.
R

llv]|<1 llvf|<1

Next we claim that {u,} does not vanish. Indeed on one hand by (2.1) we have for any
ue

Sy 1l de < llull3 + Cllull

and thus, if {u,} vanishes, we get that

/ f (up)up dz — 0.
RN

On the other hand, since I'(u,)u, — 0, we have

laal = [, £l d 0.

So if we assume that {u,} vanishes, we arrive at the conclusion that ||u,|| — 0 in a
contradiction with Corollary 2.2 (ii).

Thus {u,} is a non-vanishing sequence. Namely there exist o > 0, R > 0 and {y,,} ¢ IRY
such that

lim ui dez > o > 0.

= Jyn+Br
Let 1, (x) = un(z + yn). Since {u,} is a PS sequence for I, this is also the case of {,}.
Arguing as in the case of {u,} we get that @, — @, up to a subsequence, with I’(@) = 0.
Since {1, } is non-vanishing we also have that @ # 0.

At this point if (i) is satisfied, I has no non-trivial critical points (See Remark 4.3) and
we obtain a contradiction. If (ii) holds, we have that G(s) > 0 for all s € IR and we get
from Fatou’s lemma that

. 1.
¢ — limsup [I(an)—zr(an)an

n—oo



Namely @ # 0 is a critical point of I satisfying I() < ¢. By the strong maximum principle
@ > 0 on IR". Then, by Proposition 4.2, we can find a path ~(t) € C([0,1], H) such that
¥(t)(z) >0, Vo € RY, Vt € (0,1, 7(0) = 0, I(y(1)) <0, @ € ([0, 1]) and

max I0(0) = 1(q),

Since we have assumed (4.3), we have
I(y(t)) < I((t)) forall t € (0,1].

Thus

< [ <ec.
¢ < max I(v(t)) < max I(y(t)) < ¢

This is a contradiction. &
End of the proofs of Theorems 1.1 and 1.2

Except for a special case V(x) = V(00) in Theorem 1.2, Theorems 1.1 and 1.2 follow from
Lemma 4.4. Thus we consider the case V(z) = V(00).

Since, in this case, o(—A + V(c0)) = [V(00),00), we have a > V(o0) from (f2). Thus
H(s) = F(s) — $V(oc0)s? satisfies H(sy) > 0 for sufficiently large so > 0 and we deduce
the existence of a non-trivial critical point from Proposition 4.1. &

At the end of this section, we show the existence of a least energy solution in the setting
of Theorem 1.2.

Theorem 4.5 Under the assumptions of Theorem 1.2, (1.1) has a least energy solution.
More precisely, there exists a solution w € H such that I(w) = m, where

m = inf{I(u); u# 0 and I'(u) = 0}.

Proof. First we observe that m = inf{I(u); u # 0 and I'(u) = 0} satisfies
0<m<c,

where ¢ is the MP level for /. In fact, by (f4)-(i), we have for any critical point u of I

1
I(u) = I(u) — ~I"(u)u = / G(u)dz > 0
2 RY
and thus m > 0. On the other hand, in Lemma 4.4 we obtained a non-trivial critical
point u of I as a weak limit of a bounded PS sequence {u,} for I at level ¢. Thus again

from (f4)-(i) and Fatou’s lemma we have

1
Iw) = I(w)= 50w = /}RN G(u) dz
< liminf G(uy) dx = liminf I(u,) — ;I'(un)un
n— o0 RrRY n—oo

= C.
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Therefore we have m € [0, ¢].

Next let {v,} be a sequence of non-trivial critical points of I satisfying
I(v,) = m € [0,].

By Corollary 2.2 (i), we have liminf, . ||v,|| > po > 0. Repeating the arguments in the
previous sections, we can see that {v,} is bounded and v,, weakly converges to a function
w # 0. It is easy to see that w is a non-trivial critical point of I and thus /(w) > m. On
the other hand, using (f4)-(i) and Fatou’s lemma again, we can see that

I(w) < liminf I(v,) = m.

n—oo

Therefore we have I(w) = m. )

5 Appendix : Proof of Proposition 4.2

In this appendix we give a proof of Proposition 4.2. In the proof the following scale change
plays an important role. For a non-trivial critical point v € H 1(IRN ) of J, we set

v(z) =v(x/t) fort > 0.

For any ¢t > 0, v; has the following properties which can be checked through direct
calculation.

Lemma 5.1 (i) ||Vul3 =tV 72||Vol[3.

(ii) For any continuous function F satisfying limsup,_ o, |F(s)|/s* < co.
/1RN F(v)dx =tV /]RN F(v)dz.
(i1i) |[ve||2 = tN[[v]|¢ for all q € [2,00).

Proof of Proposition 4.2 for N > 3. By the Pohozaev identity, we have [z~ H(v) dz =
X2)VoB. Thus

tN72 ) N

) = Vel =t [ H()de
1 N-2 N -2 N) 2
(50 1) 1903

We can see easily that
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(1) maxesg J(ve) = J(v).
(ii) J(vy) — —o0 as t — oc.
(i) ||Ut||f:[1(]RN) = |Vue||3 + [|vel|2 = V2| |Vl |3 + tN||v]|2 — 0 as t — 0.

We choose L > 1 such that J(vg) < 0 and set y(t) = wy, for t € (0,1], v(0) = 0. This is
the desired path. &

Next we deal with the case N = 2. First we observe
Lemma 5.2 Assume N = 2. Then, for any t > 0,

(i) [[Vuell3 = [IVoll3.

(ii) For any continuous function F(s) satisfying limsup,_, F(s)/s* < occ.

/11—‘{N F(v)dx = t2/ L F(v)de.

R
(i7i) [grz H(v¢) dx = 0.

(iv) J(ve) = J(v).
(v) Jre h(ve)vy dz = t2|| Vo) |3.
Proof (i)—(ii) are special cases of (i)-(ii) of Lemma 5.1. (iii) is a consequence of Pohozaev

identity and (ii). (iv) is obtained directly from (i) and (iii). To see (v), we remark that v
is a solution of (4.1). Thus

[Vv||3 = /]R2 h(v)v dx

and, as a special case of (ii), we have

/]R2 h(ve)vy do = t* /IR2 h(v)vdz = t*[|Vv]]3.

Proof of Proposition 4.2 for N = 2.

When N = 2, construction of a path (t) is rather complicated. First we join v to 0.
Step 1 : A path v joining v to 0.

Recalling the conditions (h1)-(h2), we can find constants «, C' > 0 such that

|h(s)] < Ce®’|s| for all s € IR.
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Now we compute -%.J(fv;), assuming that 6 € [0, 1],

d
—J(Ov) = 0 ||Vull3 —/ h(Ovi)ve dx
do R?
> 0 ||Vu|5 — HC/IRZ 0?2 dx
> 0 ||Vu2 - ec/IRQ e? dy
0 (HVUH% — Ctz/ 2 dx) :
IR2

We choose ty € (0,1) sufficiently small so that

V]2 — C’t%/ e v? dx > 0.

IR,Q
For such a ty, we have

d
— > .
o Bv,) 20, Voe0,1]

Thus first we join v and vy, along the curve ¢ — v, and next v;, and 0 along a line 6 — 6v,,,
we can easily see that this is a desired path.

Step 2 : A path joining v and oo.

We fix ¢; > 1 and first compute % i J(6vy,) and d%‘ozl Jr2 H(Ovy,) dex.

d

do

J(Ov,) = HV%!@—/RZ h(ve, )y, dz = [|Vo][3 — 1%Vl ; <0,
0=1

d
il /IR2 H(Ov,)de = /th(vtl)vtl dz = ,2||Vo|2 > 0.

Thus for a #; € (1, 00) sufficiently close to 1, we have
J(Ov,) < J(vy)=Jw) VOe€]L0],
/IR2 H(Ov,)de > /R2 H(v,,)dx = 0.
Next we consider (6yvy,); = 61vy,, for t > 1. We have
07
JOrwne) = SV l§— ¢ [ H(Ow,) do,

R
Thus J(6,v,;) is a decreasing function of ¢ and J(0yvy,4) — —o0 as t — oco. Therefore we
join v and v, along a curve t — vy, next join vy, to 6yvy, along a line 6 +— v, , finally join

010y, to O1v4,4, (to > 1) along a curve ¢ — 61v;,;. We can easily see that this is a desired
path. &
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