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Abstract: We study a mountain pass characterization of least energy solutions
of the following nonlinear scalar field equation in R:

—Au = g(u), u e H'(R"Y),

where N > 2. Without the assumption of the monotonicity of ¢ — @, we show
that the Mountain Pass value gives the least energy level.

0. Introduction

In this note we study the following nonlinear scalar field equations in R :

—Au:g(U), UEHI(RN), (01)
where N > 2. In particular, our aim is to enlighten a mountain pass characterization of

least energy solutions. We recall that a solution w(z) of (0.1) is said to be a least energy
solution if and only if

I(w) = m, where m = inf{I(u); v € H*(R")\ {0} is a solution of (0.1)}. (0.2)
Here I : HY(R”Y) — R is the natural functional corresponding to (0.1)

I(u) = %/RN |Vu|2dm—/RN G(u) da, (0.3)

where G(s) = [, g(7) dr.

In the fundamental papers [BL| and [BGK] the authors establish the existence of
least energy solutions through the minimization problems :

Minimize {/ |Vul? da; / G(u)dx = 1} for N > 3,
RN RN

Minimize {/ |Vu|? da; G(u)dx = 0} for N =2.
R? R2

Precisely, they show
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Theorem 0.1. (BL] for N > 3, BGK] for N = 2). Assume
(g0) g(s) € C(R,R) is continuous and odd.

(g1) —o0 < limiglfﬁ < limsupﬁ =—v <0 for N >3,
s§— S s—0 S
lim 9(5) = —v € (—00,0) for N = 2.

s—0 8

(g2) When N > 3, lim |g}5i)2| =0.

500 o =3

When N = 2, for any o > 0 there exists C, > 0 such that

lg(s)] < C’aeo‘82 for all s > 0.

(g3) There exists & > 0 such that G(&y) > 0, where G(s) = / g(T)dr.
0

Then m > 0 and there exists a least energy solution wg(x) of (0.1) satisfying wy(z) > 0 for
all z € RN and, as any solution u(x) € H'(RY) of (0.1), the Pohozaev identity :

N -2
—_— / Vwo|*dz = N G(wo) dz. (0.4)

Under the conditions (g0)—(g2), it is shown in [BL, BGK] that I(u) is well-defined

on HY(RY) and of class C'. In Lemma 1.1, we show that I(u) has a Mountain Pass
Geometry. Indeed it has the following properties :

(i) I(0) = 0. (0.5)
(ii) There exist pg > 0, dp > 0 such that

I(u) > 6o for all [[ul| g1 gr~) = po- (0.6)

(iii) There exists ug € H'(R"Y) such that

||UO||H1(RN) > pPo and I(Uo) < 0. (07)

Thus if we define the following minimax value (Mountain Pass value, MP value for short)

b= inf Jnax I(~(t)), (0.8)
where
I = {(t) € C([0,1], H'(R™)); v(0) = 0, I(v(1)) < 0}, (0.9)

we have b > 0. At this point it is natural to ask if b is a critical value and whether the
corresponding critical points are least energy solutions, that is, if b = m holds or not.

Our main result is the following theorem which gives a positive answer :
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Theorem 0.2. Assume (g0)—(g3). Then it holds
b=m,

where m, b > 0 are defined in (0.2) and (0.8). That is, the Mountain Pass value gives the
least energy level. Moreover, for any least energy solution w(x) of (0.1), there exists a path
v € I' such that w(zx) € v([0,1]) and

Jnax, I((t)) = I(w).

Remark 0.3. In the case where a least energy solution w(x) of (0.1) satisfies w(z) > 0
for all z € RY, the path v € T of Theorem 0.2 can be chosen such that ~(t)(x) > 0, for
all z € RN, Vt € (0,1] (see Lemma 2.1).

In many non-autonomous semi-linear elliptic problems, it turns out that information
on the least energy level of an associated autonomous problem is crucial in these years. The
least energy level often appears as the first level of possible loss of compactness. Consider,
for example, a problem of the type

—Au = g(z,u), u € H(R"), (0.10)

where g(z,u) — ¢g°°(u) as |z| — oo. We assume the following functionals J(u), J*°(u) are
C! on HY(R") and have a MP geometry.

J(u):%/ Vulde— [ Gla,u) da, Jw(u):%/ yvuyde—/ G (u) da.
RN RN RN RN

Here G(z,s) = [ g(z,7)dr and G*=(s) = [ ¢°°() dr. We denote the corresponding MP

values by ¢ and ¢>*°. Suppose in addltlon that J(u ) has a bounded PS sequence at the level
c. Then, from the work of P. L. Lions on concentration-compactness [L], it is well known
that J(u) has a critical point at the level ¢, if ¢ < m>. Here

m™ = inf{J®(u); u € H*(RY)\ {0} is a solution of (0.10)}.

Thus if one knows that ¢* = m®>, to get a critical point, it is sufficient to show that
¢ < ¢®. Checking this inequality is easier than proving directly that ¢ < m* because of
the minimax characterizations of ¢ and ¢*°. To insure that ¢>* = m®, the standard way
so far is to assume that

9(s)

— ——=: (0,00) — R is non decreasing. (0.11)
s

This property enables to make use of the Nehari manifold: M = {u € H'(RY)\
{0}; J’*°(u)u = 0}. Under (0.11), any non-zero critical point of J>° lies on M and the
least energy level m*™ is characterized as

* = inf J®(u).
m ulen./\/lJ (u)

This readily implies that ¢* = m®. What our Theorem 0.2 is saying is that the equality
> = m always holds without the assumption (0.11).
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Among other applications of our mountain pass characterization of the least energy
solutions of (0.1) we mention singular perturbation problems, i.e., the search of peak
solutions. For this subject we refer, for example, to Ni-Takagi [N'T] and del Pino-Felmer
[DF]. An autonomous problem of the type of (0.1) appears in these problems through a
scaling argument. Precise estimates are necessary on its least energy level in order to get
peak solutions. Usually the condition (0.11) is required for these estimates. In [JT| we
present some results on this topic which relies on our Theorem 0.2.

To give a proof of Theorem 0.2, we make use of properties of the dllatlon ug(z) =
u(z/t) (t > 0) as in [BL, BGK]. Actually, for any least energy solution w(x) of (0.1), we
construct, in Lemma 2.1, a path v € I" such that

w € v([0,1]) and tren[(z)i’)i] I(~(t)) = m.

The existence of such paths implies that b < m. To show that b > m, we introduce the set
P of non-trivial functions satisfying Pohozaev identity (0.4) :

N —2
P={uc H®RY)\ {0}; —/ |Vu|?dz — N G(u)dx = 0}.
RY RY
We will show, in Lemma 3.1, that
= inf [
G S

and, in Lemma 4.1, that
Y([0,1) NP #O forall y€T.

This directly leads to b > m.

Notation : We will use the following notation :

1/p
lull, = ( [ dw) for p € [1, 00),
RN

[ullso = esssup [u(z)],
z€RN

lull e = (lul3 + 1 Vul3)'2.

1. Mountain Pass Geometry

We observe here that under (g0)—(g3) the functional I(u) defined in (0.3) has a mountain
pass geometry.

Lemma 1.1. Assume (g0)—(g2). Then I(u) satisfies (0.5)—(0.6).

Proof. We deal with (0.6). (0.5) trivially holds. First we prove (0.6) for N > 3. By the
assumption (gl)—(g2), for any £ > 0, there exists C. > 0 such that

—g(s) > (v—e)s—C.s N2

for all s > 0.
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Thus, recalling that g(s) is an odd function, we have, for a C > 0

—G(u) > =(v—e)s> = Clls|¥= forallseR.

N | —

It follows from the embedding H'(R") C L% (RY), that for a C” > 0

1 — 2
I(u) > —/ |Vu|? de + Y 6/ lu|? d — C’é/ u| %2 da

1 : 2 ! Jggz

2 g min{l, v —e}flullzn — Ccllull 5y
N -2

L. 2 " 13—2 1 N
> 3 min{1l,v — e}||lul|z: — C||ul| ;1 for all u e H (R").

2

Therefore choosing py > 0 small, we can see that (0.6) holds.
Next we prove (0.6) for N = 2. By the assumptions (gl)—(g2), for any a > 0 there
exists C, > 0 such that

1 2
—g(s) > Jvs— Cnste®”  for all s > 0.

2 2

[ (e —1)dr < %33(6‘“2 — 1), we have

Since [ e dr = =83 (e™ — 1) — 2= [

—G(u) >

3
2c
Ca
s% — %83(6(152 —1) foralseR
and thus, for a C!, > 0,

1 v CO‘ as?
) > GVl + Sl - 52 [ e~ 1y

1 v C
> IVl + 3 - 2—;||u|\2\/ [ et =12

1 v C’
> L vul + Y ul - 2_;||u||;1\/ [ e 1

Also, from the Moser-Trudinger inequality (c.f. Adachi-Tanaka [AT] and references
therein), there exist g > 0, M > 0 such that

/ (600“2 —1)de <M for all ||ul|g: < 1.
R2
Thus for any ¢ > 0 it holds that

/ (eccr_g“2 —1)de <M for all |jul|g <c
R2



and choosing pg > 0 small, we can see that (0.6) holds. i
Remark 1.2. Actually we see, from the proof of Lemma 1.1, that

I(u) >0 for all 0 < [Jul| g1 g~y < po.-

where py is given in (0.6).

Remark 1.3. Modifying slightly the arguments of the proof of Lemma 1.1, it is possible
to show that, for N > 3, there exists pg > 0 such that

—||v I2 - N/ wde >0 forall 0 < [[ull gy, < po.

Lemma 1.4. Assume (g0)—(g3). Then (0.5) (O 7) hold. In particular I(u) has a mountain
pass geometry and the MP value b in (0. 8) (0.9) is well-defined.

Proof. We know, from Lemma 1.1 that (0.5)—(0.6) hold. Also, since I(0) = 0, we see
from Remark 1.2, that proving (0.7) is equivalent to show that T' # (). This will be done

in Lemma 2.1. |
As stated in the Introduction, the proof of Theorem 0.2 consists of 3 steps

Step 1 : Construction of a path v € I' such that

w € ([0, 1]), (L.1)
Jnax I(~(t)) = m, (1.2)

where w(z) is a given least energy solution of (0.1).
Step 2 : mingep I(u) = m. 1.
Step 3 : ([0,1))NP # 0 for all y € T. 1

Step 1 implies b < m and Steps 2 and 3 imply b > m.

2. A path v €T satisfying (1.1)—(1.2)

Let w(x) be an arbitrary least energy solution of (0.1)

Lemma 2.1. Under the assumptions (g0)—(g3), there exists a path v € I satisfying (1.1)—

(1.2).
Proof of Lemma 2.1. We will find a curve v(¢) : [0, L] — H'(R") such that
7(0) =0, I(v(L)) <0, (2.1)
w € ([0, L), (2.2)
I(v(t)) =m. 2.3
ax [(y(1) =m (2.3)

After a suitable scale change in t, we can get the desired path v € T'.
When N > 3, our construction is rather simple. Setting

V() (z) = {g(x/w for t > 0,

for t =0,
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we can see that
L [[y@)IF: = tN 2 Vwll5 + N [lw|2.

tN*Q
= ||Vw||§—tN/ G(w)dz.
RN

2. 1(1(6) = =

Thus (t) € C([0,00), H'(R")). Moreover, Pohozaev identity (0.4) implies [, v G(w) dz >

0, L1(y(t)) > 0for t € (0,1) and LI(y(t)) <0 for t > 1. Thus for sufficiently large L > 1

our path (t) satisfies (2.1)—(2.3).

When N = 2, our construction is more complicated. We choose tg € (0, 1), t1 € (1, 00)
and #; > 1 so that a curve =, constituted of the three pieces defined below, gives a desired
path :

0,1 — H'(R?); 0 — 6wy,
to,t1] — H'(R?); t — wy,
[1,64] —>H1(R2); 0 — Ouwy,.

Here wi(x) = w(z/t).
First we remark that since w(z) satisfies (0.1),

/ g(wwdz = ||Vw|z > 0.
R2
Thus we can find #; > 1 such that

/ g(0w)wdx >0 for all 0§ € [1,6,]. (2.7)
R2

Next we set ¢(s) = g(s)/s. By the assumption (gl) we have ¢(s) € C(R,R). With this
notation (2.7) becomes

/ o(Ow)w? dr >0 for all 6 € [1,6,]. (2.8)
R2
Now we compute -5 1 (0uw;):

d
@I(th) = I'(@wt)wt
0 (vat\l% - [ olower dx)
R2

— 4 (kug —t2/ o(0w)w? da:) .
R2

Choosing to € (0, 1) sufficiently small, we have

Vw3 - tg/ o(Qw)w?dz >0 for all @ € [0, 1]. (2.9)
R2
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By (2.8), we can also choose t; > 1 such that
1
Vw2 — zﬁ/ pl0w)? dr < — Vol forallc[1,e:.  (210)
R? 1=

Thus we can see by (2 9) that along the line (2.4), I (6w, ) increases and takes its maximal at
0 = 1. Since [, G(w)dx = 0 by Pohozaev identity (0.4), we have I(w;) = I(w) = Vw3
along the curve (2. 5) Next by (2.10), I(fw;, ) decreases along the line (2.6) and we have

0
td
I(@lwtl) = I(wtl) + / (thl) d@
. do

1 | )
<5IVeli— [ 5 Ivelgas
< —§||V(.UH§ < 0.

Therefore we get the desired curve. i
As a corollary to Lemma 2.1, we have
Corollary 2.2. b < m. i

3. Proof of (1.3)
In this section we give a proof of (1.3). Namely we show :

Lemma 3.1. m = inf I(u).
ueP

Proof. We argue for the cases N > 3 and N = 2 separately.
For N > 3 we use an idea from Coleman-Glazer-Martin [CGM] as in [BL]. We
introduce a set

S={uec H (R"); / G(u)dr =1}.

RN

There is a one-to-one correspondence ® : & — P between S and P:

(®(w))(z) = u(x/ty), wheret, =1/ %HVUHQ
1(®(u)) = thvm—W/ G(u

1 /N-2 o
—5 (%) vl

For u € S,

and thus




It is observed in [BL] that inf,cs ||Vu||3 is achieved and that the corresponding ®(u) is a
least energy solution. Thus we have

= inf I(u).
G S

For N = 2, we have P = {u € H'(R?) \ {0}; [ G(u) dz = 0}. We remark that I(u) =
+|Vul|3 on P. It is shown in [BGK] that inf,cp |[Vul3 is achieved and the minimizer is
a least energy solution of (0.1) after a suitable scale change u(z/t). Thus m = inf,cp I(u)

also holds for N = 2.
Therefore the proof of Lemma 3.1 is completed. |
4. Proof of (1.4)
In this section we prove the following intersection property :
Lemma 4.1. v([0,1]) NP # 0 for all v € T.

As a corollary to Lemmas 3.1 and 4.1, we have

Corollary 4.2. b > m. |
In the proof of Lemma 4.1 we use the notation :
N —2
P = "5 IVul -V [ Gluds
2 RN
= NI(u) — [[Vul3.

Proof of Lemma 4.1 for N > 3. The proof of Lemma 4.1 for N > 3 is straightforward.
By Remark 1.3, there exists py > 0 such that

0 <||ullgr < po = P(u) >0.

For any v € I we have 4(0) = 0 and P(y(1)) < NI(v(1)) < 0. Thus there exists ty € [0, 1]
such that

17 (to)ll 2 > po,
P(y(to)) = 0.
Since (t9) € v([0,1]) NP we have v([0,1]) NP £ 0. i

When N = 2, P(u) = —2 [, G(u)dz and since our P(u) does not have a V|3
component we can not argue as in Lemma 1.1 and Remark 1.3.
To prove Lemma 4.1 for N=2, we choose p(z) € C§°(R?) such that

p(z) >0 forall x € R,
/ plx)dx =1
R2

and for any given v € I' we set for ¢ > 0

@ = [ o) ay

3

Then it is easily proved that
(i) For any e > 0 and t € [0,1], 7. (¢t) € H}(R?) N L>=(R?).
(i) 7v-(t) : [0,1] — L*°(R?) is continuous.
(iii) maxeio1) [ve(t) —v(t)||gr — 0 as e — 0.
We also remark that



Lemma 4.3. Under (gl), there exists py > 0 such that for u € H'(R*) N L= (R?)
0 < ||ulleo < po = P(u) > 0.

Proof. By (gl), there exists pg > 0 such that —G(s) > 0 for 0 < s < pg. Thus we have
Lemma 4.3. i

Proof of Lemma 4.1 for N = 2. Let v € T be given. First we remark that, because
of (iii), we have P(7:(1)) < 2I(y-(1)) < 0 for any small € > 0. Also, since v.(0) = 0 for
any £ > 0, by Lemma 4.3 and (ii) we have P(v.(t)) > 0 for ¢t > 0 sufficiently small. Thus,
assuming € > 0 small, we can find t. € [0, 1] such that

||7€(tE)HOO > P0,
P('Ye(ta)) = 0.

In particular, ~.(t.) € P.
We extract a subsequence €,, — 0 such that t., — ¢y as n — oo. From (ii)-(iii) it
follows that

Ve, (te,) = v(to)|lzrr — O, (4.1)
P(y(to)) =0

and to conclude we just need to show

Y(to) # 0. (4.2)

To establish (4.2), we recall a result of [BGK] saying that inf,cp ||[Vu||3 = 2m > 0. Thus
|lu|lgr > v2m for all u € P

and in particular ||ve, (tc, )||gr > v2m for all n. Therefore it follows from (4.1) that
I7(to)llgr = v2m > 0. Thus 7(to) € 7([0,1]) NP and ([0, 1]) NP # 0. i

Remark 4.4. In the proof of Lemma 4.1 for N = 2, making use of the continuity of
the path v(¢) in H*(R?) is essential. We give an example. For g(s) = —s + s® we have
P(u) = ||ull3 — %[julli. Now for any uy € H'(R?) with P(up) < 0, the path (t) =
t=4ug(2/t) = [0,1] — H'(R?) is a continuous path in L*(R2?) N L*(R?) (but not in
H'(R?)) joining 0 and ug. However P(y(t)) < 0 for all t € (0, 1].

End of the proof of Theorem 0.2. Combining Corollaries 2.2 and 4.2, we get b = m.
This is the desired result. i
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