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ON THE COARSE GEOMETRY OF JAMES SPACES
G. LANCIEN, C. PETITJEAN, AND A. PROCHAZKA

ABSTRACT. In this note we prove that the Kalton interlaced graphs
do not equi-coarsely embed into the James space J nor into its dual
J*. It is a particular case of a more general result on the non equi-
coarse embeddability of the Kalton graphs into quasi-reflexive spaces
with a special asymptotic structure. This allows us to exhibit a coarse
invariant for Banach spaces, namely the non equi-coarse embeddability
of this family of graphs, which is very close to but different from the
celebrated property Q of Kalton. We conclude with a remark on the
coarse geometry of the James tree space J7T and of its predual.

1. INTRODUCTION

In a fundamental paper on the coarse geometry of Banach spaces ([14]),
N. Kalton introduced a property of metric spaces that he named property Q.
In particular, its absence served as an obstruction to coarse embeddability
into reflexive Banach spaces. This property is related to the behavior of
Lipschitz maps defined on a particular family of metric graphs that we shall
denote ([N]*, dE)ren. We will recall the precise definitions of these graphs
and of property Q in section 2.2. Let us just say, vaguely speaking for the
moment, that a Banach space X has property Q if for every Lipschitz map f
from ([N]¥, d%) to X, there exists a full subgraph [M]* of [N]*, with M infinite
subset of N, on which f satisfies a strong concentration phenomenon. It is
then easy to see that if a Banach space X has property Q, then the family of
graphs ([N]¥, d&)ren does not equi-coarsely embed into X (see the definition
in section 2.1). One of the main results in [14] is that any reflexive Banach
space has property Q. It then readily follows that a reflexive Banach space
cannot contain a coarse copy of all separable metric spaces, or equivalently
does not contain a coarse copy of the Banach space cy. In fact, with a
strengthening of this argument, Kalton proved an even stronger result in
[14]: if a separable Banach space contains a coarse copy of ¢g, then there
is an integer k such that the dual of order k of X is non separable. In
particular, a quasi-reflexive Banach space does not contain a coarse copy
of ¢p. However, Kalton proved that the most famous example of a quasi-
reflexive space, namely the James space J, as well as its dual J*, fail
property Q.

The main purpose of this paper is to show that, although they do not
obey the concentration phenomenon described by property Q, neither J
nor J* equi-coarsely contains the family of graphs ([N]*, d&)yen (Corollary
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5.3). This provides a coarse invariant, namely “not containing equi-coarsely
the Kalton graphs”, that is very close to but different from property Q. This
could allow to find obstructions to coarse embeddability between seemingly
close Banach spaces. Our result is actually more general. We prove in
Theorem 4.1 that a quasi-reflexive Banach space X such that both X and
X* admit an equivalent p-asymptotically uniformly smooth norm (see the
definition in section 3), for some p in (1, 00), does not equi-coarsely contain
the Kalton graphs.

We conclude this note by showing that if the James tree space J7T or
its predual coarsely embeds into a separable Banach space X, then there
exists k € N so that the dual of order k of X is non separable. This extends
slightly Theorem 3.5 in [14].

2. METRIC NOTIONS

2.1. Coarse embeddings. Let M, N be two metric spaces and f: M —
N be a map. We define the compression modulus p; and the expansion
modulus wy as follows. For ¢ € [0,00), we set

ps(t) = inf{dn(f (), f(¥)) : du(z,y) > t},
wr(t) = sup{dn(f(2), f(y)) : da(z,y) <t}

We adopt the convention sup(@) = 0 and inf(@)) = co. Note that for every
r,y € M,

prldu(z,y)) < dn(f(2), f(y) <wpldm(z,y)).

We say that f is a coarse embedding if wy(t) < oo for every t € [0, +00) and
limy—y00 pf(t) = 0.

Next, let (M;);er be a family of metric spaces. We say that the family
(M;)ier equi-coarsely embeds into a metric space NV if there exist two maps
p, w: [0,4+00) = [0,400) and maps f;: M; — N for i € I such that:

(1) limy—yo0 p(t) = 00,

(i) w(t) < oo for every t € [0, 4+00),
(iti) p(t) < py,(t) and wy,(t) < w(t) for every i € I and ¢ € [0, c0).

2.2. The Kalton interlaced graphs and property Q. For £ € N and
M an infinite subset of N, we put [M]S* = {S c M : |S| < k}, M]F =
{ScM:|S| =k} M“={ScCM:Sisinfinite}, and [M]<¥ = {S C
M : Sis finite}. We always list the elements of some m in [N|<“ or in
[N]“ in increasing order, meaning that if we write m = (my, mo,...,my) or
m = (m1,ma,ms,...), we tacitly assume that m; < mo < ---. Note that
[M]=* and [M]<“ contain the empty sequence, denoted .

For m = (mqy,ma,...,my) € [N|<¥ and m = (n1,n2,...,ns) € [N|<¥, we
write m < 7, if r < s < k and m; = ny, for i = 1,2,...,r, and we write
m<nifm<norm=mn. Thus m <7 if m is an initial segment of 7.

Following Kalton [14], for Ml € [N]*, we equip [M]* with a graph structure
by declaring 7 # 7 € [M]* adjacent if and only if

ny<my<ng...<ng <mg or mp <ng <ma... <myg < ng.

For any m,m € [M]F, the distance d(m,7) is then defined as the shortest
path distance in the graph [M]*.
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Remark 2.1. We do not make a reference to M in our notation d%, because
the distance dH’V( is independent of the set M. By this, we mean that if Ml and
L are two infinite subsets of N and 77, @ both belong to [M]* and [L}*, then
the shortest paths from 77 to 7 in [M]* and in [L]* have the same lengths.
In particular, [M]* is a metric subspace of [L]* whenever M € [L]*.

The above remark is intuitively clear, but one could argue that it needs
a justification for distances larger than 1. In any case, it is an immediate
consequence of the following explicit formula for the distance, that we shall
also use in the proof of Proposition 4.3

Proposition 2.2. Let k € N and M € [N]*. Then d%(n,m) = d(n,m) for
allm,m € [M]¥ where d(n,m) = sup{|[nNS|—|mNS|| : S interval of N}.

Proof. It is easily seen that d is a metric on [M]¥. Since df is a graph metric
on [MJ*, in order to show d% = d it is enough to verify that d&(m,m) = 1 if
and only if d(m,m) = 1 and that d is a graph metric.
For A C N let us denote 14 : N — {0,1} the indicator function of A and
let us first observe the following fact.
Fact: For every m,m € [M]F,
d(m,m) = max F (i) — min F(i)

where F(i) = Frm(i) = 22:1 17(j) — 1w(j) (and F(0) =0).

Indeed, we have for any interval S = [a,b] that

saal =15 nml =Y (1) - 1)) = F) = Fla—1).
jes
In particular maxg HS nal—|Sn WH < maxF — minF. On the other
hand if S = [a,b] is such that {F(a — 1), F(b)} = {maxF,minF'} then
[|SNm| —|S Nm|| > max F — min I which finishes the proof of the fact.
It is clear that d&(m,m) = 1 if and only if max F — min F = 1. Thus

it only remains to prove that d is a graph metric. Now given 7,77 in [M]*
such that d(m,/m) > 2, we are looking for £ € [M]* \ {m, 7} such that
d(m,n) = d(@,£) + d(f,m). Without loss of generality we will assume that
max Fip 7 > 0. Notice that the sets arg max(F) and arg min(F) are disjoint.
We select inductively {a; < ... < ap} C argmax(F) and {b; < ... < by} C
argmin(F) (with p > 1 and ¢ > 0) with the property that

e a1 = minarg max(F),

e For i > 1, b; = min ({n > a;} Nargmin(F)), if this is not empty.

e a;y1 = min ({n > b;} Nargmax(F)), if this set is not empty.
Notice that {a1,...,ap} C m\ ™ and {bi,...,b;} C m \ . Notice also
that either p = ¢q or p = ¢ + 1. In the latter case we define b, := r for
some 7 such that r > a, and F(r — 1) > F(r). Such r must exist since
F(max{ny, my}) = 0. Also we have r € m \ . We will set

C=nU{b,....,0p} \{a1,...,ap}.

It is clear that £ € [M]*. We also have max [y = max 7 — 1 and
min Fi,m = min Fy 5. Indeed, the point 7 is constructed in such a way that
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when Fy 7 attains its maximum for the first time (going from the left), I
is reduced by one and stays reduced by 1 until the next time the minimum of
Fj 7 is attained (or until the point r) where this reduction is corrected back;
and so on. Thus d(¢,m) = d(n,m) — 1. Also, since the sets {a1,...,a,} and
{b1,...,bp} are interlaced we have Fym—1 < FZm < Fm. Therefore, since
Fam = F3+ Fyp we have that 0 < F,7 < 1andso finally d(m,{) = 1,

since it is clear that 7 # . O

Note that if X is a Banach space and f: ([M]¥,d%) — X is a map with
finite expansion modulus wy, then wg(1) is actually the Lipschitz constant
of [ as de( is a graph distance on [M].

In [14] the property Q is defined in the setting of metric spaces. For
homogeneity reasons, its definition can be simplified for Banach spaces. Let

us recall it here.

Definition 2.3. Let X be a Banach space. We say that X has property Q
if there exists C' > 1 such that for every k& € N and every Lipschitz map
f: (IN]*,dk) — X, there exists an infinite subset M of N such that:

va,m e MY, [If(7) — f(m)| < Cuwy(1).

The following proposition should be clear from the definitions. We shall
however include its short proof.

Proposition 2.4. Let X be a Banach space. If X has property Q, then the
family of graphs (IN]*, d%)ren does not equi-coarsely embed into X .

Proof. Let C > 1 be given by the definition of property Q. Aiming for
a contradiction, assume that the family ([N]*, d%)kel\l equi-coarsely embeds
into X. That is, there are maps f;: ([NJ*,d%) — X and two functions
p,w: [0,4+00) — [0,+00) such that lim; . p(t) = oo and

VEeN Vt>0 p(t) < py (t) and wy, (t) < w(t) < co.
Thus, for every k € N, there exists an infinite subset M, of N such that

diam (f([M]*))) < Cw(1). Since diam ([M]*) = k, this implies that for all
k€N, p(k) < Cw(1). This contradicts the fact that flim p(t) = 0. O
[—00

A concrete bi-Lipschitz copy of the metric spaces ([N]¥, dk) in ¢ is given
by the following proposition.

Proposition 2.5. Let (s,)32, be the summing basis of cy, that is
Sp = Y €, where (€;)72 is the canonical basis of co.
For k € N, define f : ([N]k,df() —co by fr(Mm) = Ele Sn;. Then

Sk < @) — ) e < )
for all m,m € [N]k.

Proof. Since dﬁg = d, one can show (as in the Fact in the proof of Proposi-
tion 2.2) that dk(m,m) = max(f,(R) — fr(M)) — min(fx(7) — fe(Mm)). The
result then follows easily since min( f () — fr(M)) < 0 < max(fx(7)— fx(M))
for all 7,71 € [NJ*. O
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Remark 2.6. We already explained that ¢y cannot coarsely embed into
any Banach space with property Q (in particular into any reflexive Banach
space) and that Kalton even showed with additional arguments that if ¢g
coarsely embeds into a separable Banach space X, then one of the iterated
duals of X has to be non separable. An inspection of his proof shows that
the uniformly discrete metric spaces

k

M, = {ani x1a:(n,...,n) €[N, Ae [N]w} C ¢
i=1

do not equi-coarsely embed into any Banach space X such that X is

separable for all . Here the notation s, X 14 stands for the pointwise

multiplication of elements in ¢,, when they are seen as functions on N. See

Theorem 6.1 below for more on this subject.

Studying further the property Q in [14], Kalton exhibited non reflexive
quasi-reflexive spaces with the property Q but showed that 7 and J* fail
property Q. It is worth noticing that a theorem of Schoenberg [22] implies
that Ly coarsely embeds into Ls, and therefore L; provides a simple example
of a non-reflexive Banach space with property Q. Let us mention that a
very simple concrete formula for the embedding of Ly into Lo is given in [20]
(Corollary 3.1).

We conclude this section with two propositions that we state here for
future reference. We start with a classical version of Ramsey’s theorem.

Proposition 2.7 (Corollary 1.2 in [10]). Let (K,d) be a compact metric
space, k € N and f: [N]k — K. Then for every € > 0, there exists an
infinite subset M of N such that d(f(@), f(/)) < & for every @, m € [M]*.

For a Banach space X, we call tree of height k in X any family (2(72))zcpy<ks
with z(7) € X. Then, if M € [N]*, (2(7))mepq<r will be called a full subtree
of (z(7))mem<k- A tree (2*(7))zepy<r in X* is called weak*-null if for any
n=(n,...,n;) € [M]=*=1\ {0}, the sequence (z*(n1, ... 3155 1))ty teM 1
weak*-null and the sequence (x})em is also weak*-null.

The next proposition is based on a weak*-compactness argument and
will be crucial for our proofs. Although the distance considered on [NJ* is
different, the proof follows the same lines as Lemma 4.1 in [3]. We therefore
state it now without further detail.

Proposition 2.8. Let X be a separable Banach space, k € N, and f :
([N]hd]lk() — X* a Lipschitz map. Then there exist M € [N]¥ and a weak*-
null tree (z7(M))mepg<r in X* with |5 < wp(1) for all T € [M]=F\ {0}
and so that

k
vae M), f@) =aj+ ) a*(n,...on) = Y a*(m).
i=1 m=n

3. UNIFORM ASYMPTOTIC PROPERTIES OF NORMS AND RELATED
ESTIMATES

We recall the definitions that will be considered in this paper. For a
Banach space (X, || ||) we denote by Bx the closed unit ball of X and by
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Sx its unit sphere. The following definitions are due to V. Milman [19] and
we adopt the notation from [13]. For ¢ € [0, 00) we define
px(t) = sup 1nf sup (Il + tyl| — 1),
zeSx Y

where Y runs through all closed subspaces of X of finite codimension. Then,
the norm || || is said to be asymptotically uniformly smooth (in short AUS)
if

Jim 2x (1)

t—0 ¢
For p € (1,00) it is said to be p-asymptotically uniformly smooth (in short
p-AUS) if there exists ¢ > 0 such that for all ¢ € [0, 00), px(t) < ctP.

We will also need the dual modulus defined by

=0.

Fe(t) = inf sup inf (" + 157 < 1),
where E runs through all finite-codimensional weak*-closed subspaces of X*.
The norm of X* is said to be weak* asymptotically uniformly convex (in short
AUC*) if 8% (t) > 0 for all £ in (0,00). If there exists ¢ > 0 and ¢ € [1,00)
such that for all £ € [0,1] 8y (£) > ct?, we say that the norm of X* is ¢-AUC*.
The following proposition is elementary.

Proposition 3.1. Let X be a Banach space. For anyt € (0,1), any weakly
null sequence (z,)52, in Bx and any € Sx we have:

limsup ||z + tay || < 14 px(t).

n—00

For any weak*-null sequence (x3,)52; C X* and for any «* € X*\ {0} we

have
=% 1 5 *
limsup ||z* + 2} || > ||=*]| (1 +3y (%)) .
noe [l

We will also need the following refinement (see Proposition 2.1 in [18]).

Proposition 3.2. Let X be a Banach space. Then the bidual norm on
X** has the following property. For anyt € (0,1), any weak*-null sequence
()92, in Bx« and any x € Sx we have:

limsup ||z + tz)*|| < 14 px(1).
n—oo

Let us now recall the following classical duality result concerning these
moduli (see for instance [8] Corollary 2.3 for a precise statement).

Proposition 3.3. Let X be a Banach space. Then || ||x is AUS if and and
only if || || x+ is AUC*.

If p,q € (1,00) are conjugate exponents, then || |x is p-AUS if and and
only if || ||x+ is ¢-AUC*.

We conclude this section with a list of a few classical properties of Orlicz
functions and norms that are related to these moduli. A map ¢ : [0, 00) —
[0,00) is called an Orlicz function if it is continuous, non decreasing, convex
and so that ¢(0) = 0 and lim;e (t) = co. The Orlicz norm || |le,,
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associated with ¢ is defined on ¢, the space of finitely supported sequences,
as follows:

Va = (2n)py € coo, 2lle, = inf {r >0, > p(zn/r) <1}
n=1

The following is immediate from the definition.

Lemma 3.4. Let ¢ : [0,00) — [0,00) be an Orlicz function and p € [1,00).

(i) If there exists C' > 0 such that p(t) < CtP, for all t € [0,1], then there
exists A > 0 such that ||z||e, < Allzlle,, for all x € coo-

(1) If there exists ¢ > 0 such that ¢(t) > ct?, for all t € [0,1], then there
exists a > 0 such that ||z||e, > al|z||e,, for all x € coo-

Assume now that ¢ : [0,00) — [0,00) is an Orlicz function which is 1-
Lipschitz and such that lim;_, ¢(t)/t = 1. Consider for (s,t) € R?,

NE(s,t) = {::l ko) i 7 .
Then define by induction for all n > 3:
V(s1,...,8n) ER™, NP(s1,...,8,) = N;(Nf_l(sl, ey Sn—1), sn).
The following is proved in [16] (see Lemma 4.3 and its preparation).
Lemma 3.5.

(i) For any n > 2, the function Ny is an absolute (or lattice) norm on
R", meaning that Nyp(s1,...,sn) < Np(t1,...,t,), whenever |s;| < |t;]
for alli <n.

(i1) For anyn € N and any s € R™:

1
Slsle, < N2Gs) < ellsle,.

When X is a Banach space, it is easy to see that py is a 1-Lipschitz Orlicz
function such that limy_e, p()/t = 1. But due to its lack of convexity, 6y
is not an Orlicz function and we need to modify it. Following [16], we define

o(t) = /Otwds.

S

It is easy to see that 8y (t)/t is increasing and tends to 1 as ¢ tends to oc.
Therefore, ¢ is an Orlicz function which is 1-Lipschitz, such that lim;_,~, §(¢)/t =
1 and satisfying:

Ve [0,00), Bi(t/2) < 6(t) < Bi(t).
The following statement is now a direct consequence of Lemmas 3.4 and 3.5.
Lemma 3.6. Let X be a Banach space and p € [1,00).

(i) If there exists C > 0 such that px(x) < CtP, for all t € [0,1], then
there exists A > 0 such that

Vn e NVz e R, Ni*(z)< Allzlle.
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(it) If there exists ¢ > 0 such that 3y (t) > ct?, for all t € [0,1], then there
exists a > 0 such that

vneNVzeR", Ni(z)> allz|les-

We will also use the following reformulation of Propositions 3.1 and 3.2
in terms of the norms N§ and Nj*.

Lemma 3.7. Let X be a Banach space.
(i) Let (z}) C X* be weak*-null. Then for any x* € X* we have

limsup [|z* + % | > N§(||«*||, limsup ||z*])).
n—oo
(i1) Similarly, if (x}*) C X** is weak™-null and x € X, then
liminf ||z + z}*|| < NZpX(HxH, lim inf ||z}*]).
n—o0

Proof. If z* = 0 there is nothing to do, so we may assume that z* # 0. By
application of Proposition 3.1 we see that

. lims K
limsup ||z* + z; || > ||=”]| (1 +3% (%{M))
nee fl]]

*

N lim sup ||z} || .
> lo”] (1 s (W = Nl limsup [l

The proof of the second claim is even simpler so we leave it to the reader. [

4. THE GENERAL RESULT

Let us first recall that a Banach space is said to be quasi-reflezive if the
image of its canonical embedding into its bidual is of finite codimension in
its bidual. We can now state our main result.

Theorem 4.1. Let X be a quasi-reflexive Banach space, let p € (1,00) and
denote q its conjugate exponent. Assume that X admits an equivalent p-
AUS norm and that X* admits an equivalent ¢-AUS norm. Then the family
(INJ*, @) ren does not equi-coarsely embed into X**.

We immediately deduce the following.

Corollary 4.2. Let X be a quasi-reflexive Banach space, let p € (1,00) and
denote q its conjugate exponent. Assume that X admits an equivalent p-
AUS norm and that X* admits an equivalent g-AUS norm. Then the family
(IN]®, d&)en does not equi-coarsely embed into X, nor does it equi-coarsely
embed into any iterated dual X (r >0) of X.

Proof. Since X is quasi reflexive we infer that X (") admits an equivalent
p-AUS norm when r is even and it admits an equivalent ¢-AUS norm when
r is odd. Indeed, note that when r is even X is isomorphic to X Dp F
where F is finite-dimensional (resp. X" ~ X* @, F when r is odd). Now
it is obvious from Theorem 4.1 that ([N]*)zen do not equi-coarsely embed

into X when 7 is even. When 7 is odd, we just exchange the roles of p
and q. O
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Before going into the detailed proof of Theorem 4.1 let us briefly indicate
the main idea. We assume that there is an equi-coarse family of embeddings
(fx) of [N]¥ into X** with moduli p and w. We fix k sufficiently large and
observe that, up to passing to a subgraph, f can be represented as the sum
along the branches of a weak*-null countably branching tree of height k, say
(27)me|n)<r- Moreover the norms of the elements of this tree stabilize on each
level towards values (K;)% ;| € [0,w(1)]. Applying the existence of a g— AU S
norm on X* one can show that 3% | K” < Pw(1)? where c is a constant
depending only on X. The benefit of this observation is twofold. On one
hand we will be able to construct two elements g, mo € [N]' (with I < k)
such that 22:1 2(ny,mi) — (mi,...,m;) 1S small in norm (say less than 2cw(1))
while dl (7o, i) is large (say p(dk(no, o)) > 3cw(1)). On the other hand
the p — AUS renormability of X together with the quasi-reflexivity allows
to extend these elements to elements 7,7 € [NJ* such that d& (7, ) is still
large and

k k 1/p
H Z Z(n1yeeni) z(ml,...,mi)H ~ < Z Hz(m,...,m} - Z(nzl.,...,nzl)lp)

i=l+1 i=l+1

k
~ (> KPP < ().

i=l+1

Eventually, summing the tree from 1 to k over the branches ending by 7
and m we get the desired contradiction

3ew(1) < p(di(m,m)) < [|fu(@) — fu(m)|| < 3ew(1).

Proof of Theorem 4.1. Let us assume that there are two maps p, w: [0, +00) —
[0,4+00) and maps fi([N]*¥,dk): — (X**,| |) for k € N such that:

(i) lim¢—yoo p(t) = 00,

(ii) w(t) < oo for every t € (0, +00),

(iii) p(t) < pg, (t) and wy, (t) < w(t) for every k € N and t € (0, 00).
Note that all fi’s are w(1)-Lipschitz for || || and so w(1) > 0. Since all the
sets [N]* are countable, we may and will assume that X and therefore, by
the quasi-reflexivity of X, that all its iterated duals are separable.
Let us fix N € N. Pick a € N such that a > g and set k = Nt® ¢ N. We
also fix n > 0. We shall provide at the end of our proof a contradiction if
N is chosen large enough and 7 small enough. We denote || || the original
norm on X, as well as its dual and bidual norms. Let us assume, as we
may, that || || is p-AUS on X. We denote its modulus of asymptotic uniform
smoothness p) | or simply px.

For the first step of the proof we shall exploit the existence of an equivalent
¢-AUS norm | | on X* (we also denote | | its dual norm on X**). It is worth
mentioning that if X is not reflexive, | | cannot be the dual norm of an
equivalent norm on X (see for instance Proposition 2.6 in [7]). Assume also
that there exists b > 0 such that

(4.1) Vz e X* b|lz]| < 2| < ||z
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Then we have that all fi’s are also w(1)-Lipschitz for | |.
By Proposition 3.3, we have that there exists ¢ > 0 such that for all ¢ € [0, 1],

3\* |(£) = ctP. We denote again
- 1) 4
0 S

Recall that Lemma 3.6 ensures the existence of a > 0 such that for all n € N,
N; > 24| lle-

First, using the separability of X* and Proposition 2.8, we may assume
by passing to a full subtree, that there exist a weak*-null tree (2(7))meq <

in X** with |zm| < w(1) for all @ € [N]=#\ {#} and so that

vi e N, fu@) =D 2, ... oni) = Y 2(m).
i=0 m=n
For 7 € N we denote F, = {m = (m1,...,m;) € [NJSF\ {0}, m; = 7"}
and F, = |J;_; Eu. Fix a sequence (A,)22; in (0,1) such that []°2, A, > 1.
We now use Lemma 3.7 (i) and the fact that (z(m ))mE[N]<" is a weak*-null

tree to build inductively n; < ... < n, so that for all 7! ,ak € F,, 1,
for all e,...,eL € {—1 1} and all @ € E,,,, we have

+Zslzn >)\N2<Zazn zn})

Therefore, using the fact that Ng is an absolute norm and after passing to a
full subtree, we may assume that for all r; < --- <rp in Ny all e1,...,ep €
{~1,1} and all @', ..., A" so that @' € E,, for 1 <1 < L, we have

L L
42 3] 2 GV () @) 2 o 3 Jaa?)
=1 i1

Assume now that @ = (ng,...,n;) € N* is such that n; < --- < ng are even
and choose 0 = (my,...,myg) so that n; < my < -+ < ng < my. It follows
from (4.2) that
k
|f@) — f@m)| = )Zz(nl,.“,ni)fz(ml,...,mi)
i=1
k
> a(Z z(ny, ... nl)|p + |z(m1, .. ,mi)}p)l/p.
i=1

We now use the fact that d& (7, m) = 1 and f is w(1)-Lipschitz, to deduce

(i e, m)) T < L)
i=1

So replacing N with 2N and setting A = 1/a, we may assume that

(4.3) va e [NJ¥, (Z|z ni)| >l/p§Aw(1).
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By Ramsey’s theorem (Proposition 2.7), we may also assume, after pass-
ing again to a full subtree, that for all i € {1,...,k} there exists K; €
[0,w(1)] such that

Y(ng,...,n;) € [N, K; <|z(n1,...,n)| < K; +7.
The estimate (4.3) yields
k

(4.4) DK< AP(1)P.

i=1
Therefore, since k = N1+ there exists j € {0, N,..., N(N®—1)} such that

J+N o Ar(1)P
Z i = Na

i=j+1
Then we deduce from Hoélder’s inequality that

4 5 K< N2 g
1s) > s wn )y
i=j+1
We now use the assumption that X is quasi-reflexive, so that X** = X F,
where F is of finite dimension. Thus, for each (ny,...,n;) € [N]*, we can
decompose z(n1,...,n;) = x(n1,...,n;)+e(n,...,n;), with z(ny,...,n;) €
X and e(ny,...,n;) € F. Then, the compactness of bounded sets in F' and

another application of Proposition 2.7 allows us to assume, after passing to
a full subtree, that

Vie{l,....k} va,v € [N, |le(m) - e(v)] < n,
Which implies that for all i € {1,...,k} and all 7, v € [N]’ we have

(4.6) 12(7) = 2(@)[| = l|lz(7) — z(@)|]| < n-

We are now ready for the last step of the proof, where we shall build m
and @ in [NJ* so that dk(m,@) = N, but |f(m) — f(@)| is bounded by a
constant depending only on w(1) and on X. This will yield a contradiction
with the fact impy_y00 p(N) = o0.

First, we set m; = u; =i, for all 1 <4 < j. Then, for j+1<i<j+ N,
we set m; = ¢ and uw; = ¢ + N. Finally, we shall build m; = w; inductively,
for j + N < i < k. Note, that when this will be done, we will indeed have
dk (m,u) = N.

First, we obviously have

J

(4.7) Zz(m17...7mi)—z(ul,.‘.,ui):(l

i=1
The next estimate follows from (4.5).
J+N J+N
(4.8) ‘ Z z(may .o my) — 2z(ug, )| < Z 2(K; + 1) < 3Aw(l),
i=j+1 i=j+1

if n was initially chosen small enough.
We now select the remaining coordinates of 7 and @ inductively using the
fact that || || is p-AUS. To shorten the notation for the end of the proof, we
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shall now denote z; = x(m1,...,m;), zi = z(m1,...,m;), @ = x(u1,...,u;)
and 2z} = z(up,...,u;). First, we simply set mjini1 = ujyns1 = J +
2N + 1. We now use the fact that the tree (z(7))men <+ is weak*-null and
Lemma 3.7 (ii) to find mjyni2 = ujin42 > j + 2N + 1 such that

24841 = Ty gy + ZjeN+2 = Zpngall
S NEX(llwjener — @yl [Z4 842 — 2 nall) +1
It follows from (4.6) that

24841 = Zjngr + 2+ N42 = Zjnvaell
< fo (HZJ'+N+1 - Z_{/+N+1 I+ n llzj4n2 — Z}+N+2H) +2n

5 (2 2
< NyX (g(Kj+N+1 +n) 40,3 (Kjnee + n)) +21.
Similarly, we can inductively find m;ni2 = uj N2 < -+ < my =y such
that,
2

< ENEf]‘,N(KjJJ\H»lv e 7Kk) + w(l)

k
(INCEE!

i=j+N+1
provided 7 is chosen small enough. Since Lemma 3.6 ensures the existence
of C' > 0 such that N;X < C| [len for all n € N the above inequality yields

H i (2 — 2) S%( i Kf)l/p-‘rw(l)S(%-‘rl)w(l).

i=j+N+1 i=j+N+1

Finally, combining the above estimate with (4.7) and (4.8), we get that

_ _ 3A+2CA+D
o) — sy < 2L )

As announced at the beginning of the proof, this yields a contradiction if N

was initially chosen, as it was possible, so that p(IN) > Ww(l) O

Unlike reflexivity, quasi-reflexivity itself is not enough to prevent the
Kalton graphs from embedding into a Banach space. We thank P. Motakis
for showing us the next example.

Proposition 4.3 (Motakis). There ezists a quasi-reflexive Banach space X
such that the family of graphs ([N]F,dE)ren equi-Lipschitz embeds into X .

Proof. The proof relies on the existence of a quasi-reflexive Banach space
X of order one which admits a spreading model, generated by a basis of
X that is equivalent to the summing basis (s,)52; of ¢y. This is shown
in [9] (Proposition 3.2) and based on a construction given in [6]. We refer
the reader to [5] for the necessary definitions. Consequently, there exists a
sequence (z,)52; in Sx and constants A, B > 0 such that for all £ < n; <
---<niandalle,...,e, in {—1,0,1} one has

k k k
@ Al sl < I el < BIY cl.,
i=1 i=1 i=1
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For k € N and @ = (n1, .. .,n3) € [N]* we define

k
gk(M) = Z oktn; -
i=1

It follows easily from Proposition 2.5, the inequality (4.9) and the fact that
(sn)22; is a spreading sequence that

A
5%’2(@@ < llge(m) — gu(m)llx < B (7, m)

for all @, m € [N]*.
O

Remark 4.4. Let us mention that, more generally, it is proved in [2] that
for any conditional normalized spreading sequence (e,)2 ;, there exists a
quasi-reflexive Banach space X of order 1 with a normalized basis (z;)52,

which generates (e,)2, as a spreading model.

5. THE JAMES SEQUENCE SPACES

Let p € (1,00). We now recall the definition and some basic properties of
the James space J,. We refer the reader to [1](Section 3.4) and references
therein for more details on the classical case p = 2. The James space J), is
the real Banach space of all sequences z = (2(n))nen of real numbers with
finite p-variation and verifying lim, o 2(n) = 0. The space J}, is endowed
with the following norm

k-1
1
lzllz, = SUP{( E lz(pit1) — z(pi)[P) Pol<p<p<... <pk}-
P

This is the historical example, constructed for p = 2 by R.C. James in [11], of
a quasi-reflexive Banach space which is isomorphic to its bidual. In fact J;*
can be seen as the space of all sequences = (z(n))nen of real numbers with
finite p-variation, which is J, @ Re, where e denotes the constant sequence
equal to 1.

The standard unit vector basis (e,)5%; (en(i) = 1if ¢ = n and e,(i) = 0
otherwise) is a monotone shrinking basis for 7,. Hence, the sequence ()72,
of the associated coordinate functionals is a basis of its dual ;. Then the

weak” topology o(J,, Jp) is easy to describe. A sequence ()5 in VA
converges to 0 in the (7, J,) topology if and only if it is bounded and
limy, o0 2 (i) = 0 for every i € N.
For x € Jp, we define suppz = {i € N : z(i) # 0}. For z,y € Jp, we
denote: z < y whenever maxsupp z < minsupp y.
Similarly, an element z* of J will be written 2* = >7°2 x*(n)e;, and
suppz* = {i € N : 2*(i) # 0} and we shall denote z* < y* whenever
max supp z* < min supp y*.

The detailed proof of the following proposition can be found in [21]
(Proposition 2.3). This a consequence of the following fact: there exists

C > 1 such that || 327 a4l < O30 |laill7,, for all 21 < ... < @, in .
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Proposition 5.1. There ezists an equivalent norm | | on J, such that its
dual norm | |, has the following property. For any x*,y* € J; such that
z* < y*, we have that

2% + "¢ > |27 + [y L.

In particular, | |« is ¢-AUC* for the weak* topology induced by J, and there-
fore | | is p-AUS on Jp.

There is also a natural weak® topology on [J,. Indeed, the summing
basis (sr)22; (sn(i) = 11if ¢ < n and s,(i) = 0 otherwise) is a monotone
and boundedly complete basis for J,. Thus, J, is naturally isometric to
a dual Banach space: J, = X* with X being the closed linear span of
the biorthogonal functionals (ej, — ey, 1)7%; in J, associated with (sn )5 ;.
Note that X = {z* € J, 02, #*(n) = 0}. Thus, a sequence ()52, in
Jp converges to 0 in the o(Jp, X) topology if and only if it is bounded and
limy, o0 (20(i) — 2n(j)) = 0 for every i # j € N. The next proposition is
easy (see Proposition 2.3 in [17] for the case p = 2).

Proposition 5.2. The usual norm on J, is p-AUC* for the weak* topology
induced by X. In other words, the restriction to X of the usual norm on J;
is q-AUS.

Then, since X is one codimensional in ', we have that J is isomorphic
to X @ R and therefore also admits an equivalent ¢-AUS norm.

The above remarks combined with Corollary 4.2 immediately yield the
following.

Corollary 5.3. Let p € (1,00). Then, the family ([N]*,dE)ren does not
equi-coarsely embed into [y, nor does it equi-coarsely embed into J,, .

6. A REMARK ON THE JAMES TREE SPACE

Let us recall the construction of the James tree space J7. We denote
T = 2<% the tree of all finite sequences with coefficients in {0, 1} equipped
with its natural order: for s,t € T, we say that s < t if the sequence t
extends s. The set of all infinite sequences with coefficients in {0,1} will
be denoted 2¥. For s € T, the length of s is denoted |s|. We call segment
of T any set of the form {s € T, t < s <} with ¢t < in T. For a map
z: T — R, we define

Jellor = sup { (32 (X at6))?) "},

i=1 s€S;

where the supremum is taken over all pairwise disjoint segments S1, . .., S, of
T. Then the James tree space is the space JT = {z: T = R, |z|l77 < oo}
equipped with the norm || || 77. For s € T, we denote es : T — R defined
by es(t) = dst, t € T. If ¢p : N — T is a bijection such that [¢(n)] < |¢(m)|
whenever n < m, then (ew(n));’f:l is a normalized, monotone and boundedly
complete basis of J7T. For s € T', the coordinate functional e} is defined by
e*(z) = x(s), v € JT. Then the closed linear span of {e*, s € T} in JT*

is denoted B and B* is isometric to J7. The space JT was built by R.C.
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James in [12] to serve as the first example of a separable Banach space with
non separable dual, which does not contain an isomorphic copy of ¢;.

In [14] it is shown that if a Banach space X coarsely contains ¢y then there
exists k € N such that X®| the dual of order k of X, is non separable. A
close look at the proof of Theorem 3.5 in [14] allows to state the following.

Theorem 6.1 (Kalton). Let X and Y be two Banach spaces such that X
coarsely embeds into Y. Assume moreover that there exist an uncountable
set I and for everyi € I and k € N, a 1-Lipschitz map fF : (N]¥,d%)) — X
such that

lim inf inf su k k@) = oc.

Jim it nt s |k~ )
Then there exists r € N such that Y ") is not separable.

As an application, we can show the following.

Theorem 6.2. Let Y be a Banach space such that B or JT coarsely embeds
into Y. Then there exists r € N such that Y ") is not separable.

Proof. For ¢ € 2*, we denote o}, = (01,...,0y). Then, for k € N, we define
fEINJ* — B as follows. For 7 = (ny,...,n;) € [N]* let

f’“n ZZF

i= 15<d‘n

Assume for instance that n; < mj; < ---ng < myg. Then we can write

i m) - Z >oel
i=1 ses;
where Si,...,S; are pairwise disjoint segments in 7. Note that for any
segment .S; the sum > ¢, e} belongs to the unit ball of J7~. It then follows
from the Cauchy-Schwarz inequality that f¥ is 1-Lipschitz on ([N]¥,dk).
Assume now that o # 7 € 2¥. Pick r € N such that o, # 7. Then for any
M € [N and any 7 = (n1,...,ng) € [M]* with ny > r, we have

15 @) = 7 @)s > |(f5 () — ff(ﬁ)ve(f\n1>’ > Vk.

By Theorem 6.1 and the uncountability of 2¢, this finishes our proof for B.
For o € 2* and k € N define now ¢¥ : [NJ* — JT by

v = (ni,...,ng) € [N]k7 go m) r Z €01, -

It is easily checked that g¥ is 1-Lipschitz on ([N] ,dﬂ@. Assume now that
o # 1 € 2% Pick r € N such that o, # 7. Then for any M € [N]* and any
n=(ni,...,n) € [M]* with ny > r, denote S = {s € T,0},, <5 < 0, }-
The set S is a segment in 7" and z* = ) __q e} is in the unit ball of J7*.
Therefore

lgk@) — gk @)l 77 = (k@) — g5 (), ") >

S5

This concludes our proof for J7. O
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