
Boundary controlled port Hamiltonian systems

Y. Le Gorrec,

FEMTO-ST AS2M, Besançon, France
Joint work with : B. Maschke, H. Zwart, J. Villegas, H. Ramirez, A. Macchelli

February 18th, 2014



Outline

1. Introduction

2. Boundary controlled port Hamiltonian systems

3. Asymptotic stability

4. Exponential stability

5. Conclusion and future work

µ-Φ Seminar 2 / 46



Recent technological progresses and physical knowledges allow to go toward the use
of complex systems :

• Highly nonlinear.
• Involving numerous physical domains and possible heterogeneity.
• With distributed parameters or organized in network.

New issue for system control theory

Modelling step is important→ the physical properties can be advantageously used for
analysis, control or simulation purposes
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Example 1 : Ionic Polymer Metal CompositeParcours

Activités
d’enseignement

Activités de
recherche

Projets
d’intégration
•ENSMM
•FEMTO-
ST/AS2M/SAMMI

Candidature au Poste de Professeur des Universités PU 61 - 0843, 2008 ENSMM p. 15/15

! Exemple de projet support: Projet
Franco-Japonais SAKURA

! Mise en oeuvre pratique - Pilote

• Electromechanical system.
• 3 scales : Polymer-electrode interface, diffusion in the polymer, beam bending.
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Example 2 : Adsorption process

Parcours

Activités
d’enseignement

Activités de
recherche
•Motivation
•Développements
théoriques

•Projets -
Encadrements
- Publications

Projets
d’intégration

Candidature au Poste de Professeur des Universités PU 61 - 0843, 2008 ENSMM p. 9/15

Procédé d’adsorption par modulation de pression (A. Baaiu PHD)

Objectif : séparation par adsorption

(coll. IFP)

A

B

A B

B

! Système hétérogène

multi-échelles, régi par

thermodynamique irréversible

! EDP non linéaires

     
Microporous crystal

    Bidisperse
pellet

rp z

rc

L¼25 cm

R    ¼1,24 mm

R   ¼1 µmc

p

Extra granular 
phase

Macropore scale

Micropore scale

R       ¼1 cmint

• Multiscale heterogeneous system.

• Dynamic behavior driven by irreversible thermodynamic laws
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thermodynamique irréversible

! EDP non linéaires

     
Microporous crystal

    Bidisperse
pellet

rp z

rc

L¼25 cm

R    ¼1,24 mm

R   ¼1 µmc

p

Extra granular 
phase

Macropore scale

Micropore scale

R       ¼1 cmint

• Multiscale heterogeneous system.

• Considered phenomena :

• Fluid scale : convection, dispersion.
• Pellet scale : diffusion (Stephan-Maxwell).
• Microscopic scale : Knudsen law.
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Example 3 : Nanotweezer for DNA manipulation

!! !!!

Introduction
Biocharacterizations on DNA

Control of tweezers
Conclusions

Single molecule techniques
Silicon nanotweezers for DNA experiments

Design of the silicon nanotweezers

[Yamahata2008]

lafitte@iis.u-tokyo.ac.jp PhD defense (Nicolas LAFITTE) 11 / 57
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Example 3 : Nanotweezer for DNA manipulation
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Port Hamiltonian framework

Port Hamiltonian systems

Class of non linear dynamic systems derived from an extension to open physical
systems (1992) of Hamiltonian and Gradient systems. This class has been generalized
(2001) to distributed parameter systems.

x(t) :

(
ẋ = (J(x)− R(x)) ∂H(x)

∂x + B(x)u
y = B(x)T ∂H(x)

∂x

x(t , z) :

8<: ẋ = (J (x)−R(x)) δH(x)
δx„

f∂
e∂

«
= δH(x)

δx |∂

• Central role of the energy.
• Additional information coming from the geometric structure.
• Multi-physic framework.
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A simple example ...
Let consider the mass spring damper system :!

"!

#!

$!

%&'(!

)&'(!*&'
(!

+&'(!,+-'./!

From the second Newton’s law :

Mẍ = −kx − f ẋ + F

which is usually treated using the canonical state space representation :„
ẋ
ẍ

«
=

„
0 1
− k

M −f

«„
x
ẋ

«
+

„
0
1

«
F

An alternative representation consist in choosing the energy variables (extensives
variables) as state variables i.e (x , p = Mẋ)„

ẋ
ṗ

«
=

„
0 1
−1 −f

«
| {z }

J−R

„
kx
ẋ

«
| {z }
∂x H

+

„
0
1

«
| {z }

B

F

with H(x , p) = kx2 + 1
M p2

Defining y s.t. :8>><>>:
„

ẋ
ṗ

«
=

„
0 1
−1 −f

« „
∂x H(x , p)
∂pH(x , p)

«
+

„
0
1

«
F

y =
`

0 1
´ „

∂x H(x , p)
∂pH(x , p)

«
dH
dt

=
∂H
∂x

T dx
dt

=
∂H
∂x

T
(J − R)

∂H
∂x

+
∂H
∂x

T
Bu ≤ yT u
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ẋ
ẍ
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A second example ....

Vibrating string :
!

!"
#"

u(t,z) 

The classical modelling is based on the wave equation : Newton’s law + Hooke’s law
(restoring force proportional to the deformation)

∂2u(z, t)
∂t2

=
1

µ(z)

∂

∂z

„
T (z)

∂u(z, t)
∂z

«

The structure of the model is not apparent. How to choose the boundary
conditions ? ? ?
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The classical modelling is based on the wave equation : Newton’s law + Hooke’s law
(restoring force proportional to the deformation)

∂2u(z, t)
∂t2

=
1

µ(z)

∂

∂z

„
T (z)

∂u(z, t)
∂z

«

The structure of the model is not apparent. How to choose the boundary
conditions ? ? ?

Usually : x =

»
u
u̇

–
→
»

u
u̇

–
=

"
0 1

1
µ(z)

∂
∂z

“
T (z) ∂.

∂z

”
0

# »
u
u̇

–
first order diff

equation in time
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A second example ...

Let choose as state variables the energy variables :

• the strain ε = ∂u(z,t)
∂z

• the elastic momentum p = µ(z)v(z, t)

The total energy is given by : H(ε, p) = U(ε) + K (p)

• U(ε) is the elastic potential energy :

U(ε) =

Z b

a

1
2

T (z)

„
∂u(z, t)
∂z

«2
=

Z b

a

1
2

Tε(z, t)2

where T (z) denotes the elastic modulus.
• K (v) is the kinetic energy :

K (p) =

Z b

a

1
2
µ(z)v (z, t)2 =

Z b

a

1
2

1
µ(z)

p2(z, t)

where µ(z) denotes the string mass.
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A second example ...

From the conservation laws :

∂

∂t

„
ε
p

«
+

∂

∂z

„
v
σ

«
= 0

where v(z, t) is the velocity and σ(z, t) = T (z)ε(z, t) the stress.
The vector of fluxes β may be expressed in term of the generating forces :„

v
σ

«
=

„
0 1
1 0

«
| {z }

 
δH
δε
δH
δp

!
| {z }

canonical generating
inerdomain coupling forces

Consequently
∂

∂t

„
ε
p

«
= −

∂

∂z

„
0 1
1 0

« δH
δε
δH
δp

!
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v
σ

«
=

„
0 1
1 0

«
| {z }

 
δH
δε
δH
δp

!
| {z }

canonical generating
inerdomain coupling forces

PDEs :

∂

∂t

„
ε
p

«
=

„
0 − ∂

∂z
− ∂
∂z 0

« δH
δε
δH
δp

!
⇔

∂2u(z, t)
∂t2

=
1
c2

∂2u(z, t)
∂z2

if c = cte

+BC
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Port Hamiltonian structure
Underlying structure :

∂

∂t

„
ε
p

«
| {z } =

„
0 − ∂

∂z
− ∂
∂z 0

«
| {z }

 
T (z) 0

0 1
µ(z)

!„
ε
p

«
| {z }

f J = matrix e = driving
differential operator force

Hamiltonian operator J is skew-symmetric only for function with compact domain
strictly in Z :Z b

a

`
e1 e2

´
J
„

e′1
e′2

«
+
`

e′1 e′2
´
J
„

e1
e2

«
= −

ˆ
e1e′2 + e2e′1

˜b
a

Power balance equation :

d
dt H(ε, p) =

R b
a

“
δH
δε

∂ε
∂t + δH

δp
∂p
∂t

”
dz

= −
R b

a

“
δH
δε

∂
∂z

δH
δp + δH

δp
∂
∂z

δH
δε

”
dz = −

h
δH
δε

δH
δp

ib

a

If driving forces are zero at the boundary, the total energy is conserved, else there is a
flow of power at the boundary. Define two port boundary variables as follows :„

f∂
e∂

«
=

 
δH
δε
δH
δp

!
|a,b
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Port Hamiltonian structure

The linear space D 3 (f1, f2, e1, e2, f∂ , e∂)

•
„

f1
f2

«
=

„
0 − ∂

∂z
− ∂
∂z 0

«„
e1
e2

«
•
„

f∂
e∂

«
=

„
e1
e2

«
|a,b

defines a Dirac structure :D = D⊥ with respect to the pairing :Z b

a
e1f1dz +

Z b

a
e2f2dz − f T

∂ e∂

Port Hamiltonian system „
∂

∂t
α,
δH
δα

, f∂ , e∂

«
∈ D
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µ-Φ Seminar 13 / 46



Outline

1. Introduction

2. Boundary controlled port Hamiltonian systems

3. Asymptotic stability

4. Exponential stability

5. Conclusion and future work

µ-Φ Seminar 14 / 46



Boundary controlled port Hamiltonian systems

Considered class of PDEs (1D)

∂x(t , z)

∂t
= J δxH(x(t , z)), with J skew sym. diff. operator

Considered class of PDEs (1D)

∂x
∂t

= P1
∂

∂z
(L(z)x)(t , z)) + (P0−G0)L(z)x(t , z)

P1 = P>1 , P0 = −P>0 , G0 ≥ 0, x ∈ Rn, z ∈ (a, b), L(z) = L(z)> > 0. State space
X = L2(a, b; Rn) with 〈x1, x2〉L = 〈x1,Lx2〉 and the norm ‖x1‖2

L = 〈x1, x1〉L.

The norm ‖ · ‖2
L is equivalent to the energy of the system

Applications

• Mechanical systems, magneto-electro-mechanical, chemical, etc...
• Some beam and wave equations, Maxwell equations, transmission lines, vibrating

strings, Saint-Venant equations, ...
• But also by using appropriate extension + closure relations : heat transmission,

diffusion systems, tubular reactors, etc...

Boundary port variables

Let Lx ∈ H1(a, b; Rn). Then the boundary port variables are the vectors
e∂,Lx , f∂,Lx ∈ Rn,»

f∂,Lx
e∂,Lx

–
= U

1
√

2

»
P1 −P1
I I

– »
(Lx)(b)
(Lx)(a)

–
= R

»
(Lx)(b)
(Lx)(a)

–
.

Where

UT ΣU = Σ, Σ =

»
0 I
I 0

–
, Σ ∈ M2n(R)
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Boundary controlled port Hamiltonian systems

Boundary controlled port Hamiltonian systems [Le Gorrec et al., 2005]

Let W be a n × 2n real matrix. If W has full rank and satisfies W ΣW> ≥ 0, then the
system ∂x

∂t = P1
∂
∂z (L(z)x)(t , z)) + (P0 − G0)L(z)x(t , z)with input

u(t) = W
»

f∂,Lx (t)
e∂,Lx (t)

–
is a BCS on X . The operator Ax = P1(∂/∂z)(Lx) + (P0 − G0)Lx with domain

D(A) =


Lx ∈ H1(a, b; Rn)

˛̨̨ » f∂,Lx (t)
e∂,Lx (t)

–
∈ ker W

ff
generates a contraction semigroup on X .
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Boundary controlled port Hamiltonian systems

Boundary controlled port Hamiltonian systems [Le Gorrec et al., 2005]

Let W̃ be a full rank matrix of size n× 2n with
h

W
W̃

i
invertible and let PW ,W̃ be given by

PW ,W̃ =

 »
W
W̃

–
Σ

»
W
W̃

–>!−1

=

»
W ΣW> W ΣW̃>

W̃ ΣW> W̃ ΣW̃>

–−1

.

Define the output of the system as the linear mapping C : L−1H1(a, b; Rn)→ Rn,

y = Cx(t) := W̃
»

f∂,Lx (t)
e∂,Lx (t)

–
.

Then for u ∈ C2(0,∞; Rk ), Lx(0) ∈ H1(a, b; Rn), and u(0) = W
h

f∂,Lx (0)

e∂,Lx (0)

i
the

following balance equation is satisfied :

1
2

d
dt
‖x(t)‖2

L =
1
2

»
u(t)
y(t)

–>
PW ,W̃

»
u(t)
y(t)

–
−〈G0Lx(t),Lx(t)〉 ≤

1
2

»
u(t)
y(t)

–>
PW ,W̃

»
u(t)
y(t)

–
.
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Closed loop control

Impedance passive case

As it has been pointed out in [Villegas, 2007], if the matrices W and W̃ are selected
such that PW ,W̃ =

ˆ 0 I
I 0

˜
= Σ, then the BCS fulfills

1
2

d
dt
‖x(t)‖2

L ≤ u>(t)y(t).
!

"! #! $!

#%!$%!

&!'!

!!

!

ABOUT TWEEZERS

Y. LE GORREC

DNA is first approximated by a spring+damper system. The tweezer is approx-
imated by a linear second order system. The parametric identification of the open
tweezers (without trapped DNA) leads to:

• Mass: M = 360 . 10−9Kg
• Stiffness: k = 24.9 n/m
• Friction coefficient: ν = 10−4 N.s/m

The resonance frequency and the damping factor of the open tweezers are given by:
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Static controller

• Asymptotic stability :
α > 0+(compacness condition)

• Exponential stability : sufficient
condition on the choice of the
closed loop BC
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Dynamic controller

• Asymptotic stability : G(s) strictly
positive real +(compactness
condition)
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Closed loop control

Impedance passive case

As it has been pointed out in [Villegas, 2007], if the matrices W and W̃ are selected
such that PW ,W̃ =

ˆ 0 I
I 0

˜
= Σ, then the BCS fulfills

1
2

d
dt
‖x(t)‖2

L ≤ u>(t)y(t).
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ẋ = JLx

r =
“

W + α eW”„ f∂
e∂

«
y = eW „

f∂
e∂

«

!

"! #! $!

#%!$%!

&!'!

!!

!

ABOUT TWEEZERS

Y. LE GORREC

DNA is first approximated by a spring+damper system. The tweezer is approx-
imated by a linear second order system. The parametric identification of the open
tweezers (without trapped DNA) leads to:

• Mass: M = 360 . 10−9Kg
• Stiffness: k = 24.9 n/m
• Friction coefficient: ν = 10−4 N.s/m

The resonance frequency and the damping factor of the open tweezers are given by:

fR =
1
2π

�
k

M
− ν2

4M2
, Q =

√
kM

ν

After DNA bundle trapping

fR−DNA =
1
2π

�
k + kDNA

M
− (ν + νDNA)2

4M2
, QDNA =

�
(k + kDNA)M
(ν + νDNA)

From experiments we have:

fR = 2477, 75Hz , Q = 59.75 , fR−DNA = 2479, 5Hz , QDNA = 56, 80

Then
4π2f2

R−DNA =
k + kDNA

M
− (k + kDNA)

4MQ2
DNA

Then

kDNA = 4Mπ2f2
R−DNA

�
1− 1

4Q2
DNA

�−1

− k

and

νDNA =

�
(k + kDNA)M

QDNA
− ν
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Static controller

• Asymptotic stability :
α > 0+(compacness condition)

• Exponential stability : sufficient
condition on the choice of the
closed loop BC
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• Asymptotic stability : G(s) strictly
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νDNA =

�
(k + kDNA)M

QDNA
− ν
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�
f∂

e∂

�
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�
f∂

e∂

�
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»
ẋ
v̇

–
=

»
JL 0
BcC Ac

– »
x
v

–

with D(Ae) =

(»
x
v

–
∈
»

x
v

– ˛̨̨
Lx ∈

HN (a, b; Rn),

24 f∂,Lx
e∂,Lx

v

35 ∈ ker W̃D

)
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ABOUT TWEEZERS

Y. LE GORREC

DNA is first approximated by a spring+damper system. The tweezer is approx-
imated by a linear second order system. The parametric identification of the open
tweezers (without trapped DNA) leads to:

• Mass: M = 360 . 10−9Kg
• Stiffness: k = 24.9 n/m
• Friction coefficient: ν = 10−4 N.s/m

The resonance frequency and the damping factor of the open tweezers are given by:
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�
(k + kDNA)M
(ν + νDNA)

From experiments we have:

fR = 2477, 75Hz , Q = 59.75 , fR−DNA = 2479, 5Hz , QDNA = 56, 80

Then
4π2f2
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and

νDNA =
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Dynamic controller

• Asymptotic stability : G(s) strictly
positive real +(compactness
condition)
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Dynamic boundary feedback
Consider a strictly passive linear finite dimensional system

v̇ = Acv + Bcuc , yc = Ccv + Dcuc .

with storage function Ec(t) = 1
2 〈v(t)Qcv(t)〉Rm , Qc = Q>c > 0 ∈ Rm × Rm.

Theorem [Villegas, 2007]

Let the open-loop BCS satisfy 1
2

d
dt ‖x(t)‖2

L = u(t)y(t). Consider a LTI strictly passive finite
dimensional system with storage function Ec(t) = 1

2 〈v(t),Qcv(t)〉Rm . Then the power preserving
feedback interconnection

u = r − yc , y = uc ,

with r ∈ Rn the new input of the system is a BCS on the extended state space x̃ ∈ X̃ = X × V with
inner product 〈x̃1, x̃2〉X̃ = 〈x1, x2〉L + 〈v1,Qcv2〉V . Furthermore, the operator Ae defined by

Ae x̃ =

»
JL 0
BcC Ac

– »
x
v

–
, D(Ae) =

(»
x
v

–
∈
»

X
V

– ˛̨̨
Lx ∈ HN (a, b; Rn),

24 f∂,Lx
e∂,Lx

v

35 ∈ ker W̃D

)

where
W̃D =

ˆ
(W + DcW̃ Cc)

˜
generates a contraction semigroup on X̃ .
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Asymptotic stability

Finite dimensional port Hamiltonian controller

v̇ = (Jc − Rc)Qcv + Bcuc , yc = B>c Qcv , Ec(t) = 1
2 v(t)>Qcv(t)

where we assume that Qc = Q>c > 0, Jc = −J>c , Rc = R>c ≥ 0 and Bc are real
constant matrices of proper dimensions. Furthermore, the controller is assumed to be
exponentially stable, i.e., Ac := (Jc − Rc)Qc is Hurwitz.

Theorem

Consider the above controller connected to the impedance passive system through
u = r − yc , uc = y . Then the operator Ae described in the previous theorem has
compact resolvant.

Theorem

Consider the feedback system u = r − yc , uc = y where the controller is chosen
satisfying the condition above. Then the closed loop system such that r = 0 is globally
asymptotically stable.
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Sketch of proof

• Let first consider that ω(0) ∈ D (Ae). By the aforementioned Theorem
[Villegas, 2007], Ae generates a contraction semigroup.

• Let now consider the energy as Lyapunov function Ec(t) = 1
2 〈ω(t), ω(t)〉X̃ . Since

ω(0) ∈ D (Ae) and :

dEc(t)
dt

= 〈ω̇(t), ω(t)〉X̃ = 〈Aeω(t), ω(t)〉X̃ = −vT Qd v (1)

where Qd > 0. Since (λI −Ae)−1 is compact and the semigroup is a contraction
it follows from LaSalle’s invariance principle that all solutions asymptotically tend
to the maximal invariant set Oc =

n
x̃ ∈ X̃ |Ėc = 0

o
.

• Let E be the largest invariant subset of Oc . We can prove that E = {0}. From
Ėc(t) = 0 and (1) we have v(t) = 0 and then v̇(t) = 0. Let η < n be the rank of
ker(Bc). Form the controller structure yc = 0 and n − η > 0 components of uc
equal 0. It follows that Oc reduces to the solution of a first order PDE of dimension
n with 2n − η boundary variables set to zero. It follows from Holmgren’s Theorem
that x̃(t) = 0, hence the asymptotic stability. The same hold for ω(0) ∈ X̃ by using
denseness argument John78.
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Energy shaping

From the power preserving interconnexion :

Ẽ(x , v) = E(x) + Ec(v)

We are looking for Casimirs on the form :

C(x , v) = v + F (x)

then
v + F (x) = κ

And
Ẽ(x , v) = Ẽ(x) = E(x) + Ec(−F (x) + κ)

It remains to choose Ec s.t.
∂Ẽ
∂x

(x∗) = 0
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Casimirs

Let consider the structural invariants of the closed loop system i.e. Casimirs, of the
form :

C(x(t), v(t)) = Γ>v(t) +

Z b

a
Ψ>(z)x(t , z)dz (2)

with Γ ∈ Rm, Ψ(z) ∈ Rn and Ψ>(z)x(t , z) ∈ H1(a, b; Rn).

Casimirs

Consider the previously defined BCS with r = 0, where the controller is a dissipative
port Hamiltonian controller. Then (2) is a Casimir function for the extended system if :

P1
∂

∂z
Ψ(z) + (P0 + G0)Ψ(z) = 0, (3)

(Jc + Rc)Γ + BcW̃R
»

Ψ(b)
Ψ(a)

–
= 0, (4)

B>c Γ + WR
»

Ψ(b)
Ψ(a)

–
= 0. (5)
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Example : DNA manipulation

Example : DNA manipulation

!! !!!

Introduction
Biocharacterizations on DNA

Control of tweezers
Conclusions

Single molecule techniques
Silicon nanotweezers for DNA experiments

Design of the silicon nanotweezers

[Yamahata2008]

lafitte@iis.u-tokyo.ac.jp PhD defense (Nicolas LAFITTE) 11 / 57
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Example : DNA manipulation

! "#!

$#!

%&'()!*+,!
-&'./)!

012!#/+,3)!
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6*7835&+8*+!
9&+5'&33)'!

-'*+:;)':)!*+,!*+</3*'!
;)3&(858):!*!

7*!

"=*!

$=*!

>*!7*!

?@/553)!A!
?/:B)+:8&+!
:C:5)7!

!

7#!
D#!

FIGURE: Simplified model

• PDE+ODE, BCS
• Casimirs
• Asymptotically stable,
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Example : DNA manipulation

Timoshenko beam

ρ(z)
∂2w
∂t2

(z, t) =
∂

∂z

»
K (z)

„
∂w
∂z

(z, t)− φ(z, t)
«–

, z ∈ (a, b), t ≥ 0,

Iρ(z)
∂2φ

∂t2
(z, t) =

∂

∂z

„
EI(z)

∂φ

∂z
(z, t)

«
+ K (z)

„
∂w
∂z

(z, t)− φ(z, t)
«
,

Port-Hamiltonian model

∂

∂t

264x1
x2
x3
x4

375 =

2640 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

375
| {z }

P1

∂

∂z

2664
Kx1
1
ρ x2

EIx3
1
Iρ

x4

3775 +

2640 0 0 −1
0 0 0 0
0 0 0 0
1 0 0 0

375
| {z }

P0

2664
Kx1
1
ρ x2

EIx3
1
Iρ

x4

3775

E =
1
2

Z b

a

„
Kx2

1 +
1
ρ

x2
2 + EIx2

3 +
1
Iρ

x2
4

«
dz =

1
2
‖x‖2
L
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Example : DNA manipulation

Boundary port variables :

h
f∂,Lx
e∂,Lx

i
=

2666664
(ρ−1x2)(b) − (ρ−1x2)(a)

(Kx1)(b) − (Kx1)(a)

(I−1
ρ x4)(b) − (I−1

ρ x4)(a)

(EIx3)(b) − (EIx3)(a)

(ρ−1x2)(b) + (ρ−1x2)(a)
(Kx1)(b) + (Kx1)(a)

(I−1
ρ x4)(b) + (I−1

ρ x4)(a)

(EIx3)(b) + (EIx3)(a)

3777775 .

Interconnexion with DNA bundle at point
b and full actuation at point a

u =
ˆ
v(b) ω(b) −v(a) −ω(a)

˜
,

y =
ˆ
Γ(b) T (b) F (a) T (a)

˜
,

u = W
h

f∂,Lx
e∂,Lx

i
, y = W̃

h
f∂,Lx
e∂,Lx

i
where

W =

2664
1 0 0 0 0 1 0 0
0 0 1 0 0 0 0 1
1 0 0 0 0 −1 0 0
0 0 1 0 0 0 0 −1

3775 ,

eW =

2664
0 1 0 0 1 0 0 0
0 0 0 1 0 0 1 0
0 −1 0 0 1 0 0 0
0 0 0 −1 0 0 1 0

3775 .
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Finite dimensional system

• At point b : vb = (xb,mb ẋb, θb,mbωb)T , ub =
ˆ
F (b) T (b)

˜T and

yb =
ˆ
v(b) ω(b)

˜T :

v̇b = (Jb − Rb)
dEb

dvb
+ gbub, yb = gT

b
dEb

dvb

with Eb(xb,mb ẋb, θb, Jbωb) =
kb
2 x2

b + 1
2M (Mẋc2)2 +

kθb
2 θ2

b + 1
2Jb

(Jbωb)2 and

Jb =

"
0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

#
, Rb =

" 0 0 0 0
0 fb 0 0
0 0 0 0
0 0 0 fθb

#
, gT

b =
ˆ 0 1 0 0

0 0 0 1

˜
,

• At point a :

v̇a = (Ja − Ra)
dEa

dva
+ gaua, ya = gT

a
dEa

dva

with Ea(xa,maẋa) = 1
2 (−k + kc) x2

a + 1
2mb

(maẋa)2 and

Ja =
h

0 1
−1 0

i
, Rb =

h
0 0
0 fa+fc

i
, gT

a =
ˆ 0 1 0

0 0 0

˜
.
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Casimirs

C(x , v) = κ = ΓT v +

Z b

a
Ψ(z, t)T x(z, t)dz

satisfy :
• from condition (3) :

Ψ1 = C1

Ψ2 = C4z + C2

Ψ3 = −C1z + C3

Ψ4 = C4

where Ci , i ∈ [1, · · · , 4] are constants.
• from condition (4) :

Γ2 = Γ4 = Γ6 = 0 (6)

Γ1 = −Ψ1(b) (7)

Γ3 = Ψ3(b) (8)

Γ5 = −Ψ1(a) (9)
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Casimirs

• from condition (5) :

Γ2 = −Ψ2(b) (10)

Γ4 = −Ψ4(b) (11)

Γ6 = −Ψ2(a) (12)

Ψ3(a) = 0 (13)

Then the Casimir functions are defined as :

κ = −C1xb − C1(a + b)Θb + C1xa +

Z b

a
C1 (x1 − (z + a)x3) dz (14)
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Control design

The goal of the control law is to shape the total energy Ed (vb, x , va) such that it
presents a minimum in the desired position of the tip of the arm, i.e. :

x∗b = x∗b,c andẋ∗b = 0, θ̇b
∗

= 0, φ∗a = 0, φ̇∗a = 0.

The degrees of freedom we use for control design are the programmable "stiffness"
and "damping" kc and fc .
From the equilibrium conditions and Casimirs we compute

kc(x∗b )

and then :
Fc = −kc(x∗b )xa − fc ẋa
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Exponential stability : assumptions

!
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ABOUT TWEEZERS

Y. LE GORREC

DNA is first approximated by a spring+damper system. The tweezer is approx-
imated by a linear second order system. The parametric identification of the open
tweezers (without trapped DNA) leads to:

• Mass: M = 360 . 10−9Kg
• Stiffness: k = 24.9 n/m
• Friction coefficient: ν = 10−4 N.s/m

The resonance frequency and the damping factor of the open tweezers are given by:

fR =
1
2π

�
k

M
− ν2

4M2
, Q =

√
kM

ν

After DNA bundle trapping

fR−DNA =
1
2π

�
k + kDNA

M
− (ν + νDNA)2

4M2
, QDNA =

�
(k + kDNA)M
(ν + νDNA)

From experiments we have:

fR = 2477, 75Hz , Q = 59.75 , fR−DNA = 2479, 5Hz , QDNA = 56, 80

Then
4π2f2

R−DNA =
k + kDNA

M
− (k + kDNA)

4MQ2
DNA

Then

kDNA = 4Mπ2f2
R−DNA

�
1− 1

4Q2
DNA

�−1

− k

and

νDNA =

�
(k + kDNA)M

QDNA
− ν

ẋ = JLx

u = W

�
f∂

e∂

�
, y = �W

�
f∂

e∂

�

1
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Exponential stability : assumptions

Finite dimensional port Hamiltonian controller

v̇ = (Jc − Rc)Qcv + Bcuc , yc = B>c Qcv + Scuc , Ec(t) = 1
2 v(t)>Qcv(t)

where we assume that Qc = Q>c > 0, Jc = −J>c , Rc = R>c ≥ 0, Sc = S>c > 0 and Bc
are real constant matrices of proper dimensions. Furthermore, the controller is
assumed to be exponentially stable, i.e., Ac := (Jc − Rc)Qc is Hurwitz.
The system is a strictly input passive port-Hamiltonian system, i.e. there exists a σ > 0
such that

Ėc(t) ≤ uc(t)>yc(t)− σ‖uc(t)‖2.

Input and output of the BCS

We also assume that the BCS satisfies

‖u(t)‖2 + ‖y(t)‖2 ≥ ε‖Lx(t , b)‖2 (15)

for some ε > 0.
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Exponential stability [Ramirez and Le Gorrec, 2013]
The proof follows the same steps as in [Villegas et al., 2009] including the energy
contribution of the finite dimensional controller :

Lemma

Consider the controlled BCS with r(t) = 0, for all t ≥ 0. Due to the contraction property
the energy of the system Ẽ(t) = 1

2‖x(t)‖2
L + 1

2 v(t)T Qcv(t) satisfies for τ large enough

Ẽ(τ) ≤ c(τ)

Z τ

0
‖(Lx)(t , b)‖2dt + 2c(τ)

c1

Z τ

0
Ec(t)dt ,

Ẽ(τ) ≤ c(τ)

Z τ

0
‖(Lx)(t , a)‖2dt + 2c(τ)

c1

Z τ

0
Ec(t)dt ,

where c is a positive constant that only depends on τ and c1 a positive constant.

Theorem

Consider the BCS previously defined with r(t) = 0, for all t ≥ 0. It is exponentially
stable as soon as the finite dimensional boundary controller is exponentially stable and
strictly input passive and ‖u(t)‖2 + ‖y(t)‖2 ≥ ε‖Lx(t , b)‖2, ε > 0⇐ we used the
Lemma, the total energy as Lyapunov function, and the properties of the controller
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the energy of the system Ẽ(t) = 1
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Proof (1)
In order to prove the exponential stability we need the following lemmas

Lemma

There exist strictly positive constants κ2, κ3 and κ4 such that for all τ > 0 the energy of the PH controller satisfies :

Ec (τ) ≤ κ1(τ)Ec (0) + κ3

Z τ
0
‖uc (t)‖2dt (16)

where κ1(τ) = κ4e−κ2τ .

Lemma

There exists positive constants ξ1, ξ2 and τ0 such for all τ > τ0 the energy of the PH controller satisfies

Z τ
0

Ec (t)dt ≤ ξ1

Z τ
0

v>(t)Qc Rc Qc v(t)dt + ξ2

Z τ
0
‖uc (t)‖2dt

Lemma

For every δ1 > 0 there exists a δ2 > 0 such that for all τ > 0 the energy of the PH controller satisfies the relation

Z τ
0
δ1Ec (t) + ‖yc (t)‖2dt ≤ δ2

Z τ
0

Ec (t) + ‖uc (t)‖2dt. (17)
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Proof (2)

Let σ > 0 be such that Sc ≥ σI. The time derivative of the total energy satisfies

˙̃E = −v>QcRcQcv − u>c Scuc

≤ −v>QcRcQcv − σu>c uc , since Sc ≥ σI

= −v>QcRcQcv − σε1u>c uc − σε2u>c uc

= −v>QcRcQcv − σε1‖uc‖2 − σε2
“
‖y‖2 + ‖u‖2

”
+

σε2‖u‖2

with ε1 + ε2 = 1 and where we have used that uc = −y .
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Proof (3)
Using our main Assumption we have

˙̃E ≤ −v>QcRcQcv − σε1‖uc‖2 − σε2ε‖Lx(t, b)‖2 + σε2‖yc‖2
.

Integrating this equation on t ∈ [0, τ ] we have

Ẽ(τ)− Ẽ(0) ≤ −
Z τ

0
v>(t)QcRcQcv(t)dt

+

Z τ

0
− σε1‖uc(t)‖2 − σε2ε‖Lx(t, b)‖2 + σε2‖yc(t)‖2dt.

Next choose τ sufficiently large such that Lemmas 2 and 3 hold. Using the latter lemma we have

Ẽ(τ)− Ẽ(0) ≤ −
Z τ

0
v>QcRcQcv + σε1‖uc‖2dt

+
σε2ε

c(τ)

„
2c(τ)

c1

Z τ

0
Ec(t)dt − Ẽ(τ)

«
+ σε2

Z τ

0
‖yc‖2dt.

Grouping terms we have that

Ẽ(τ)

„
1 +

σε2ε

c(τ)

«
− Ẽ(0) ≤

−
Z τ

0
v(t)>QcRcQcv(t)dt − σε1

Z τ

0
‖uc(t)‖2dt

+σε2

„Z τ

0

2ε
c1

Ec(t) + ‖yc(t)‖2dt
«
.
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Proof (4)

Using Lemma 3 with δ1 = 2ε
c1

we have

Ẽ(τ)

„
1 +

σε2ε

c(τ)

«
− Ẽ(0) ≤ −

Z τ

0
v(t)>QcRcQcv(t)dt

+ σε2δ2

Z τ

0
Ec(t)dt + σ(ε2δ2 − ε1)

Z τ

0
‖uc(t)‖2dt. (18)

Now, using Lemma 2 we obtain

Ẽ(τ)

„
1 +

σε2ε

c(τ)

«
− Ẽ(0) ≤

(σε2δ2ξ1 − 1)

Z τ

0
v(t)>QcRcQcv(t)dt+

σ(ε2δ2(1 + ξ2)− ε1)

Z τ

0
‖uc(t)‖2dt.

Since ε2 may be chosen to be arbitrarily small, i.e, ε2 � 1 and since ε1 = 1− ε2, we finally have
that Ẽ(τ) ≤ c2Ẽ(0) with c2 = 1„

1+
σε2ε
c(τ)

« < 1 which proves the theorem.
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Example : DNA manipulation - extension
• Discretization scheme in order to preserve the structure of the model.
• Measurement and control at point a (static feedback on the velocity).
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FIGURE: Open loop simulation
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FIGURE: Closed loop simulation
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Example : DNA manipulation - extension
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FIGURE: Simplified model
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FIGURE: Control diagram

• PDE+ODE
• BCS
• Exponentially stable,
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Conclusion and future work

• A large class of boundary control system are exponentially stable if they are
interconnected in a power preserving manner with an input strictly passive and
exponentially stable finite dimensional linear controller.

• We have extended the exponential stability proof of [Villegas et al., 2009] for static
control of BCS for the case of dynamic boundary control.

• The approach has been illustrated on the physical example of a partially actuated
micro-gripper for DNA manipulation.

Ongoing and future work

• Extend the results to the use of non-linear boundary controllers.
• Include the interaction with the liquid medium and liquid meniscus.
• Perform Energy Shaping methods.
• Generalization to 2D and 3D cases.
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Thank you for your attention !
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