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ApsTtrRACT. Let ¥ >0, >0, a>0and 0 <oN <4. In the present paper, we study, for ¢ > 0 given, the constrained
minimization problem

:= inf E(u),
mic) uérsl(c) (u)
where 5
_7 24 P 2, @ 2042
E(u):= ZJ]RN |Au|”dx 2J]RN [Vul”dx ZU+2JRN|M| dx,
and

S(c):= {u EHZ(RN):JNlulzdx:c}.
R

The aim of our study is twofold. On one hand, this minimization problem is related to the existence and orbital
stability of standing waves for the mixed dispersion nonlinear biharmonic Schrédinger equation

i0pp = yA%Y =AY +alpP P =0, P(0.x)=o(x), (1) eRxRY.
On the other hand, in most of the applications of the Concentration-Compactness principle of P.-L. Lions, the dif-
ficult part is to deal with the possible dichotomy of the minimizing sequences. The problem under consideration
provides an example for which, to rule out the dichotomy is rather standard while, to rule out the vanishing, here

for ¢ > 0 small, is challenging. We also provide, in the limit ¢ — 0, a precise description of the behavior of the
minima. Finally, some extensions and open problems are proposed.

1. INTRODUCTION

In this paper we consider a constrained minimization problem which is motivated by the search of stand-
ing waves solutions for the biharmonic NLS (Nonlinear Schrédinger Equation) with mixed dispersion

(1.1) i0,p—yA* Y - BAY +alpl* 7P =0, (0,x) = Po(x), (t,x) e RxRY.

Here y >0, p € R and a > 0 are given parameters and 0 < ¢N < 4* where we define 4* := 4N/(N - 4)",
namely 4" = +oo if N <4 and 4" =4N/(N —-4)if N > 5.

About twenty years ago, equation (1.1) was introduced for several distinct physical motivations, see
in particular [22,23] and [18]. It has been since then the object of intensive studies, some dealing with
dynamical issues such as local or global well-posedness, others dealing with the existence and properties of
certain kind of solutions. We refer to the introductions of the papers [5, 6,10, 28] for a presentation of the
more recent results concerning (1.1).

Of particular interest are the so called standing waves solutions, i.e. solutions of the form (t,x) =
e'Mu(x) with A > 0. The function u then satisfies the elliptic equation

(1.2) yA?u + BAu+ Au = alul*u, ueH*(RV).

A possible choice is to consider that A > 0 in (1.2) is given and to look for solutions as critical points of the
functional

)4 2 B 2 A 2 a 20+2
1. E = = A _c - _ :
(1.3) (u) 5 JIRNl ul“dx > JIRN [Vul|”dx + > J;RN |u|”dx Yo 12 JIRNIMI dx
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Then, for physical reasons, one usually focus on the so-called least energy solutions, namely solutions which
minimize E on the set

(1.4) N = {u € HARN)\(0} : E'(u) = 0}.
This is the approach followed in [5,9].

Alternatively, one can consider the existence of solutions to (1.2) having a prescribed L?>-norm. Since
solutions to (1.1) conserve their mass along time, it is natural from a physical point view to search for such
solutions. We shall focus on this issue. For ¢ > 0 given, we consider the problem of finding solutions to

(P,) yAzu +BAu+ Au = alul*®u, uweH*RN) with J- lul?dx = c.
RN
It is standard to show that a critical point of the energy functional
Y 2 P 2 1 20+2
1.5 E(u):= = Aul“dx - = dx - dx,
(1.5 =2 [ suPax=8 [ wuPax-ss [ wporas
restricted to
(1.6) S(c):= {ueHz(IRN):f |u|2dxzc},
RN

corresponds to a solution of (P.). The value of A € R in (FP,) is then an unknown of the problem and it
corresponds to the associated Lagrange multiplier.

In [5, 6] the authors study this problem assuming that f < 0. First, in [5] the mass subcritical case
0 < oN < 4 was considered. In this case, the functional E is bounded from below on S(c) for any ¢ > 0.
Hence, it is possible to search for a critical point of E restricted to S(c) as a global minimizer. Setting, for
¢ >0 given,

(1.7) m(c) := uiersl(fC)E(u),

the following result was obtained.

Theorem 1.1. [5, Theorem 1.1] Assume >0, B <0and a > 0. If 0 < oN < 2, then m(c) is achieved for every
c¢>0. If 2 < 0N <4 then there exists a critical mass ¢ € [0, 00) such that
i) m(c) is not achieved if ¢ < ¢;
ii) m(c) is achieved if ¢ > ¢ and 0 = 2/N;
iii) m(c) is achieved if c > ¢ and o # 2/N.

Moreover if o is an integer and m(c) is achieved, then there exists at least one radially symmetric minimizer.

Remark 1.1. Let us point out that, for g = 0, it follows that ¢ = 0 while, for g < 0, it holds that ¢ > 0. The
appearance of a critical mass when f <0 and 2 < 0N < 4 is linked to the fact that each term of E behaves
differently with respect to scaling. Such a phenomenon was first observed in [16] and has now been revealed
in several distinct settings, see for instance [13,17, 21] for related results.

In [6] the authors considered, still assuming 8 < 0, the mass critical case cN = 4 and the mass supercrit-
ical case 4 < 0N < 4*. In particular, it was shown in [6, Theorem 1.2] that standing waves do not exist if
oN = 4 and that, assuming ¢ > 0 sufficiently small, they do exist when 4 < ¢N < 4%, see [6, Theorem 1.3].
Note that in the mass supercritical case 4 < 0N < 4* the functional E is not more bounded from below on
S(c). The critical points obtained in [6] are of saddle point type. In [6], some multiplicity results for radial
solutions were also derived.

Very recently, the case where g > 0 started to be considered in [26, 27]. The paper [26] is devoted to
the mass subcritical case 0 < ¢N < 4 and the mass critical case 0N = 4 while [27] deals with the mass
supercritical case 4 < 0N < 4" and the Sobolev critical case oN = 4*. We shall come back later, in some
details, to these two papers.

In the present work we also deal with the case f > 0 and restrict ourselves to the mass subcritical case
0 < oN < 4, see however Section 7 for a result in the mass critical case o N = 4. Our first main result reads
as follows
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Theorem 1.2. Assume y >0, §>0, a > 0and 0 <oN < 4. For m(c) defined as in (1.7), there exists ¢y € [0,00)
such that:
i) If ¢ > ¢y, any minimizing sequence of m(c) is precompact in H*(RN) up to translations. In particular,
m(c) is achieved.
ii) If0<o < max{ﬁ, 1}, then we have that cy = 0.

In addition, if u € S(c) is a minimizer of m(c), the associated Lagrange multiplier A € R satisfy A > %.

Remark 1.2.

a) In the case where f <0 and 2 < oN <4, see Theorem 1.1, there exists a critical mass ¢ > 0 such that
m(c) is not achieved if ¢ < &. The situation is now different. In the case f > 0 considered in Theorem
1.2, we may find o > % such that, for every ¢ > 0, m(c) is achieved.

b) It is known from [31], see also [4], that the Cauchy problem associated to (1.1) is locally well-posed
in HZ(IRN) as soon as 0 < oN < 4*. Also, in the mass subcritical case 0 < oN < 4 that we are
considering in Theorem 1.2, the global existence for the Cauchy problem holds, see [18,31]. Thus,
having at hand the precompactness up to translations of any minimizing sequence, it is standard to
show the orbital stability of the set of global minima following the strategy laid down in [14].

¢) When ¢ > 0 is an integer, using a very recent result of L. Bugiera, E. Lenzmann and J. Sok [12], it
is possible to obtain symmetry properties for the global minimizer of m(c). In view of Theorem 1.2,
we shall benefit from these results when N =1, 2. More details will be given in Section 7.

Let us now provide some elements of the proof of Theorem 1.2. First, assuming that 0 < oN < 4, it is
straightforward to show that the functional E is bounded from below on S(c) and coercive, see Lemma 2.2.
In particular, m(c) is well defined for any ¢ > 0. Then, using a convenient version of the Concentration
Compactness principle of P.-L. Lions, we deduce that, for any c > 0, either the vanishing of a minimizing
sequence occurs or it is precompact up to translations, see Lemma 2.5. Namely, the ruling out of the
vanishing also exclude the possibility of dichotomy for the minimizing sequences. Then, in Lemma 4.1,
we show that a necessary and sufficient condition to avoid the vanishing is that

ﬁ2
(1.8) m(c) < ——-c.

8y
This condition is derived through the study of an associated minimization problem, see Section 3, which
has also an interest by itself. More precisely, for all ¢ > 0, we consider

(1.9) my(c):= inf I(u),
ueS(c)

I(u)::zj |Au|2dx—ﬁj |Vu|? dx,
2 RN 2 RN
2

and we show that m;(c) = —g—yc, that the infimum is never achieved and that any minimizing sequence is

where

vanishing. See Lemma 3.1.

When ¢ > 0 is large, it is direct to show that (1.8) holds. However, when ¢ > 0 is small, the situation is
surprisingly much more complex and the treatment of this case is a central part of this paper. Under the
assumption 0 < 0 < max{4/(N +1),1}, we manage to check (1.8) for all ¢ > 0 through the construction of
suitable testing functions. We refer to Section 5 for more details. Our choice of testing functions is inspired
by the following result which provides a description of the behavior of the minima, when they exist, as
c—0.

Theorem 1.3. Assume y >0, >0, @« >0and 0 <oN < 4. Let {(uy,,c,)} C S(c,) xR be such that ¢, — 0 as
n — oo and u, € S(c,) be a minimizer of m(c,) for each n € IN. Then:
i) There exists {e,,} C R* with ¢, — 0 such that

2 2
_5_7/(1 +ey)cy = (1 +€)my(c,) <m(c,) <my(cy,) = _gcw VnelN.
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ii) Letting A, € R be the Lagrange multiplier associated to u,, it follows that

2\ +
/\n—>(—) as n-— oco.
4y

iii) It holds that

Wwde B WVuds [

luall 2y lluanll2 2y
iv) Setting v, = ”;—"” we have that v, — 0 in LP(RN) for any p € (2,4"). Also

nll2
2 BV~ e
(1.10) J (|5| ——) TP dE >0 as n— oo
RN 2y

Remark 1.3.

a) From i) we see that the slope of m(c) at the origin is precisely —g. This clearly shows that to check
(1.8) for ¢ > 0 small is not an easy task.

b) From (1.10) we see that the L>~norm of {v;,} C S(1) concentrate near the sphere of radius /8/2y
centered at the origin when n — co. This was one of the keys to find the test functions that allow to
show that, under the assumption 0 < 0 < max{4/(N + 1), 1}, the strict inequality (1.8) holds for every
c>0.

Let us now turn back to the works [26,27] and try to locate our results with respect to the ones presented
in these papers. In [26], in the mass subcritical case and mass critical cases, assuming that the non vanishing
holds it is shown that any minimizing sequence is precompact, up to translation (and thus that the set of
global minima is orbitally stable, see Remark 1.2 b)). Instead of using the approach laid down by P.-L. Lions,
the authors rely on a Profile Decomposition of bounded sequences in H?(IRN) which was established in [36].
In [26] is derived an explicit lower bound on ¢ > 0 above which the non-vanishing holds (this corresponds
in [26] to the case p < 0,|y| small). There are not results in [26] when ¢ > 0 is small. The work [27] is
devoted to the mass supercritical case 4 < 0N < 4" and also the Sobolev critical case cN = 4". In both cases,
assuming that ¢ > 0 is small enough, it is shown that E presents a so-called convex-concave geometry. Thus,
one can hope to find two critical points: one as a local minimizer and another one of mountain pass type.
Such geometry and corresponding multiplicity results had been observed recently in a series of papers.
In [1, 3], this geometry is created by the presence of an external potential. In [15,32,33] it results from the
presence of two non linearities having a different behavior under scaling. Such phenomena has also been
observed in the case of systems in [19] (see also [30] for results on bounded domains). The set of critical
points which are obtained as local minima is then clearly expected to be orbitally stable and that is what
is proved in [1,3,19,30,32,33]. In [27], concerning the existence of a critical point as local minimizer, the
authors seem to have overlook the possibility that the expected local minima may not exists (because of the
possible vanishing of any minimizing sequence). This point requires clearly a special care since, to insure
the convex-concave geometry, it is necessary to assume that ¢ > 0 is small.

We end this paper, in Section 7, with some remarks and open problems. First we show, when o € IN, that
properties of the minima of m(c) can be obtained exploiting a result from [12]. Also, it should be clear that
the condition 0 < 0 < max{4/(N + 1), 1} is the consequence of two particular trials of test functions. Nothing
guarantees that we have obtained, in Theorem 1.2, the sharpest conditions for the existence of a minimizer
for ¢ > 0 and deriving necessary and sufficient conditions to insure that it is the case is worth of study.
In addition, we indicate how our test functions also prove useful in the cases where the problem is mass
critical or mass supercritical. Finally, we note that the existence of a minimizer of m(c) for any ¢ > 0 small
can be interpreted as a bifurcation result, in the Hz(IRN) norm, from the bottom of the essential spectrum
of the operator u > yAu + Au defined on H(RY). It would be interesting to see if such phenomena is
also present for the ground states solutions obtained from the functional [E in [5, 9].

We now describe the organization of the paper. In Section 2, we present some preliminary results. In
particular, we present the proof of Lemma 2.5 which shows that, if the vanishing do not occurs, then m(c) is
reached. In Section 3, we study in details the associated minimization problem (1.9). In Section 4, we derive
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the sufficient and necessary condition (1.8) which guarantees that the vanishing does not occur. Section 5 is
devoted to the construction of our two families of testing functions which permit to rule out the vanishing
under the conditions on ¢ > 0 given in Theorem 1.2. At this point the proof of Theorem 1.2 is completed.
In Section 6, we give the proof of Theorem 1.3, which deals with the behaviour of the minima as ¢ — 0.
Finally, in Section 7, we present some additional results and state some open problems.

In the rest of the paper, unless it is stated the contrary, we assume that N > 1, y >0, § >0, @ > 0 and
0<oN <4.

Notation. For 1 < p < oo, we denote by LP(RN) the usual Lebesgue space with norm

lJullh ;:J [ulP dx.
]RN

The Sobolev space H*(RN) is endowed with its standard norm
[Jul|? ::f |Aul? +|Vul® + [ul* dx.
RN

We denote by " —’, respectively by —’, the strong convergence, respectively the weak convergence in corresponding
space and denote by Bg(x) the ball in RN of center x and radius R > 0. We use the notation o,,(1) for any quantity
which tends to zero as n — oo. Finally, we shall denote by C > 0 a constant which may vary from line to line but
is not essential to the problem.

2. PRELIMINARY RESULTS

We shall make use of some inequalities that we now present. First, we recall (see [29, Theorem in Lecture
I1]) that, forall 0 <0 <4/(N-4)*,ie. 0<o if N<4and 0 <0 <4/(N —4)if N > 5, there exists a constant
Bn(0) > 0 such that

2+2
(2.1) 1B 3 < By (o)Al Il ™™, v u e H2RY)

This is precisely the so-called Gagliardo-Nirenberg inequality. Having at hand (2.1), by interpolation and
using the Sobolev inequality, one may infer (see [29, Theorem in Lecture II]) that, for all 0 < 0 < 2/(N - 2)7,
namely 0 <o if N <2and 0 <o <2/(N —2)if N > 3, there exists a constant Cx (o) > 0 such that

2+0(2-N

(2.2) 112333 < Ca(@IVullgN I3, v u e HARY).
We also use the following interpolation inequality that can be easily proved using the Fourier transform

1 1

2 2
(2.3) f [Vul>dx < (J- |Au|2dx) (J- |u|2dx) , YueH*RV).

RN RN RN
Lemma 2.1. Forany y >0, €Randu € H2(IRN), it follows that
2 2, B
ylIIAullz = BlIVull; + yllullz
Thus
A 2 _ \vi 2 2
- or (V10M1E- uuz)z_ 5
ueH?(RN) llull3 4y

Proof. 1t directly follows from (2.3) that

2 2 2
115 = BVl + Sl > = il + ol = (V7laul = 5l | > 0

\/_

ending the proof. O
Lemma 2.2. The functional E is coercive on S(c) and in particular m(c) > —oo for any ¢ > 0.

Proof. The claim follows directly using (2.1) and arguing as in Lemma 2.1. O
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Let us now introduce a scaling that will be useful for the rest of the work. For any u € S(c) and any s > 0,

we define
N

(2.5) uy(x) =54 u(Vsx).

This definition is clearly motivated by the fact that ||u||, = ||u||, for all s > 0. One then easily obtain that
7/52 2 Bs 2 as"N/2 2042

(2.6) E(MS):TL [Au|“dx — — f [Vul dx-2 P J [u| dx, Ys>0.

Having at hand this suitable rescaling, we prove several properties of m(c) that will be needed to rule out
the possibility of dichotomy for the minimizing sequences.

Lemma 2.3.

i) m(c) <0, Vc>0;

ii) m(tc) <tm(c), YT>1,V¥c>0;

iii) Assume that there exists a global minimizer u € S(c) of m(c) for some ¢ > 0. Then m(tc) <tm(c)V ©>1;

iv) m(cy +cy) <m(cy)+m(cy), Y c1,¢0 > 0;

v) Assume that there exists a global minimizer u € S(cy) with respect to m(cy) for some ¢y > 0 and let ¢, > 0.
Then m(cy + ¢p) < m(cy) +m(cy).

Proof. i) Taking an arbitrary u € S(c) and considering u; as defined in (2.5), we see from (2.6) that E(u;) — 0~

as s — 0 and i) follows.

ii) For any ¢ > 0, there exists u € S(c) such that E(u) < m(c) + €. Defining #(x) = T%u(x) we observe that

2 2 2 2 2 2 20+2 1 20+2
113 = tllull; = Te;  NlAully = TllAully; Vil =lVul;  and  [illy033 =t llullsg s

Hence, we have that
(ce) < B(@) = o] Saul - Evat - 22 ||§gi%]

(2.7) <r[y||Au||2—ﬁ||wu2 il ||§g:§]
=1E(u) < t(m(c)+¢).

Since € > 0 is arbitrary, we see that ii) holds.

iii) If m(c) is achieved, for example, at some u € S(c), then we can let ¢ = 0 in (2.7) and thus the strict
inequality follows.

iv) Assume first that 0 < ¢, < ¢y. Then, by ii), we have that

c1+¢y

mic) = micr)+ Zm(ey) = mey) + 2m(Ley)

m(q + C2) <
a € 1 €

<micy)+ 2L m(cy) = micy) + m(cy).
C1 C2

The case 0 < ¢; < ¢, can be treated reversing the role of ¢; and c,.

v) Assume first that 0 < ¢; < ¢q. Then, using iii), observe that, if m(cy) is reached, we can write

C2 € O
m(cy) = m(cy)+ —m(cy) = m(cy) + —=m(—=cy)
€1 1 €1 2

c1+c
m(c1+cz)<1 2

€20
<m(cy) + —=—m(cy) = m(cy) + m(cy).
€162
As in iv), the case 0 < ¢; < ¢, can be treated reversing the role of ¢; and c,. O

Then

Lemma 2.4. Let {u,} C H*(RN) be a bounded sequence such that ||u,1||2 —c¢>0and let u, = c? i “
Unll2

i) u, €S(c), VneN.
11) limn—>c>o |E(un) - E(F'In)l =0
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Proof. Point i) is obvious. Hence, we concentrate on point ii). We directly observe that

9,03 and 7R = () el
nll2 nll2g+2 — nll2g+2°

=112 =12
AT = — Au,ll5; IVl = 3
[l

llu n||2 [lu n||2

Hence, we have that

IE (1) — E(,)| = ‘7(1 gL L et A " 202

- (—( I i

" S PR TPEY A 2/ T 2042 llu nu% aer
7/ c 2 B 2 20+2
|- A3+ % Va3 + 1- ||| |12+2.
=2 2] "2 2 w2 2042 || n||2 Hnllao

Since lim,,_,, W =1 and {u,} ¢ H*(RN) is bounded, the result follows. O

nllp

Our next result shows that either a minimizing sequence is vanishing or it is precompact up to transla-
tions. In other words, the non-vanishing rules out the possibility of dichotomy.

Lemma 2.5. Let ¢ > 0. If {u,} C S(c) is a minimizing sequence with respect to m(c) then one of the following
alternative holds:

i) Forall R>0,
lim sup J |u,|>dx = 0.
®)

n—
© peRN

ii) Taking a subsequence if necessary, there exists u € S(c) and a family {y,} C RN such that u,,(- —y,) > uin
H*(RN). In particular u is a global minimizer.

Proof. Suppose that {u,} C S(c) is a minimizing sequence with respect to m(c) that do not satisfy i). Then,
there exists Ry > 0 such that

0 < lim sup f lu,|?dx <c,
Bgry(®)

and so, up to a subsequence, there exists a family {y,} € RN such that
(2.8) 0< lim |un(x—y,,)|2dec.
n—ee BRO (yn)
Since {u,} is a minimizing sequence, by Lemma 2.2, we deduce that {u,} is bounded in H?(IRY) and so, up

to a subsequence, that there exists u € H?(IRY) such that

(2.9) u,(-—v,) = uin H*RN) and u,(- —y,) — uin Lfoc(IRN), forl<p< %
Observe that (2.8) implies that u # 0. Now, we define v, := u, (- —y,) — u and, by (2.9), we have that v,, = 0
in H*(RV) and so, that

A, 113 = 1A +v,)[15 = |Aull3 + [1Av, |13 + 0,(1),
V1,113 = IV (1 + 0,113 = IVull3 +IV,]13 + 0,,(1),
and
(2.10) lleall3 = M1+ v,l13 = ull3 +[vall3 + 0,(1).

On the other hand, by the Brezis-Lieb lemma [11, Theorem 1],

20+2 _

20+2 20+2 20+2
llunllogis = Il +vallg 15 = llullzgh o1z +on(1).

042 Tvullzgis +o

Hence, we have that

(2.11) E(uy) = E(uy(- = yn)) = E(u +vy) = E(u) + E(vy,) + 0, (1).
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Claim: ||vn||% — 0 as n— oo.

In order to prove this, let us denote ¢; = ||u||§ > 0. By (2.10), if we show that ¢; = ¢, the claim follows. We
assume by contradiction that ¢; < c and we define

1
7 = (c—cp)?
" vl

vy,
By Lemma 2.4 and (2.11), it follows that
E(u,) =E(u)+E(v,)+0,(1) = E(u)+ E(v,)+0,(1) = E(u) + m(c—c1) + 0,,(1).
Hence, by Lemma 2.3, iv), we have that
(2.12) m(c) = E(u)+m(c—cy) = m(cy)+m(c—cy) =m(c),
and so, E(u) = m(cy), namely u is global minimizer with respect to ¢;. Thus, by Lemma 2.3, v), we have that
m(c) < m(cy)+m(c—cy),

which contradicts (2.12). Hence, the claim follows and ||u||% =c.

At this point, since {v,} is a bounded sequence in H(RYN), it follows from (2.1) and (2.3) respectively that

||vn||§g1% — 0 and [|Vv,|5 — 0 as n — co. Thus, we obtain that

(2.13) liminf E(v,) = nggf%nmnng > 0.

n—-o0
On the other hand, since ||u||% = ¢, we deduce from (2.11) that
E(uy) = E(u) + E(vy,) +0,(1) 2 m(c) + E(v,) + 0,,(1),

and so, that

(2.14) limsupE(v,) <0.
n—o0
From (2.13) and (2.14) we deduce that ||Av,||3 — 0 as n — co and so, that u,(-—y,) — u in H*(RN). O

3. AN ASSOCIATED MINIMIZATION PROBLEM

In this section we present a result that we shall use in the proofs of Theorems 1.2 and 1.3 but that we
believe is also interesting by itself. Moreover, it enlightens the difficulty of the minimization problem for

m(c). Let us introduce
I(u)::ZJ |Au|2dx—EJ [Vul? dx,
2 RN 2 RN

and consider the constrained minimization problem

= inf I(u).
my(c) ugSl(c) (u)

Lemma 3.1. For all ¢ > 0, it follows that:

. B2
i) my(c) = —gy C
ii) The infimum is never achieved.

iii) All minimizing sequences present vanishing.

. . . C e 172,
Proof. First observe that if, for some ¢ > 0, u is a minimizer of mj(c), then, for any ¢; > 0, (%1) uisa
minimizer of my(c;). Hence, if a minimizer exists for some ¢y > 0, it exists for any ¢ > 0.
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Let ¢ > 0 arbitrary but fixed, for u € S(c) arbitrary, let us first minimize I along the ray defined by u;.
From the definition (2.5) we see that the restriction of I is given by

2
(3.1) I(u,) = ﬁj |Au|2dx—ﬁj IVul? dx.
2 RN 2 RN
Then, computing the minimum of the function on s, one easily gets that
2 ||\Vu|
infI(uy) =L ”g
5>0 8Y llAull;
Thus, we deduce that
[ 2 |\Vu 4
(3.2) my(c) = inf —ﬁ—” ”5],
ues(c)| 8y lAull5

or equivalently

2 4
nir(c) = B IVull3

i 2 vu 4 2
= in [——Cﬁ} = inf P cu} = b ¢ R(u),
uese)| 8y ||Aull3llull; ] ueH2RN)\(0

£ - sup
|8y lAulBllull3 87 uem2mN\(0)

where we have set

Ry 9l (VP )
T NAUBIB ([ 1 ) ([ luPd)

At this point we deduce that u is a minimizer of m;(c) if and only if it is a maximizer of

sup  R(u).
ueH2(RN)\{0}

Let us then show that this supremum is equal to 1 and never achieved. Using the Fourier’s transform we get

(Jw lEPIR(E)P )
(frow €141 dxe ) fron 1(£)PP )

Because of the Cauchy-Schwartz inequality

(5.3 ([ irsiae) <[ veae) ([ | spac)

it follows that R(u) < 1 (note that this information is precisely (2.4)). Let us now construct a sequence
{u,} € H?(RN) such that R(u,,) — 1. This will prove that

(u) =

2
my(c) = _2/33_7/ C.
For ¢ € CSO(JRN)\{O} we define the sequence ¢, (x) = n ¢(n(x — 1)) and we note that ||<j)n||§ = ||(i)||§, for all
n € IN. Now, we define {u,} as 1,,(§) = ¢,,(§), namely

1

)= F 6,10 = g [ P pueas,

and we get that
(o 11+ 22920 dy)’
(f 11+ 21402 @) d) 13

It is then clear that R(u,) — 1 as n — co. Hence, {u,,} is the desired sequence and i) follows.

R(uy,) =
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Next, let us show that R(u) = 1 never holds. If we assume by contradiction that there exists a u € H?(RN)
such that R(u) = 1, this corresponds to the equality case in (3.3) and thus

[E[412(&)? = i (&)]? a. e. for some w > 0.

This may only happen if the support of il is contained into a sphere {|&| = const} but then, we have a
contradiction with the fact that 7 € L>(RN)\{0}.

At this point, i) and ii) have been established. To conclude the proof it remains to show that any minimiz-
ing sequence of mj(c) is vanishing. Indeed, if for some ¢ > 0, we assume that there exists a non-vanishing
minimizing sequence, then, following the proof of Lemma 2.5, we get that there exists a 0 < ¢; < ¢ such that
mp(cy) is reached. By ii) we know this cannot happen. Hence, the vanishing always holds. 0

Remark 3.1.

a) Let us consider the operator S = yA? + A defined in H?(IRN). As a consequence of Lemma 3.1, see
also Lemma 2.1, we deduce that the infimum of the spectrum of S is given by —f%/4y and that it
belongs to the essential spectrum.

b) The proof of i) and ii) of the previous lemma relies on the fact that there does not exist a maximizer
for the interpolation inequality (2.3). This fact was already observed in [2, Example 2.1].

4. A NECESSARY AND SUFFICIENT CONDITION FOR THE EXISTENCE OF A MINIMIZER

The aim of this section is to give a necessary and sufficient condition for the existence of a minimizer
of m(c). In particular, this condition will show that a minimizer always exists if ¢ > 0 is sufficiently large.
Defining

ﬁZ
(4.1) o ::inf{c>0:m(c)<—gc},

we have the following result.

Lemma 4.1.
1) Co < +o0.
2
ii) If cg =0, then m(c) < —g—yc and it is reached for any ¢ > 0.
iii) If ¢g > 0, then:
2
a) m(c) = —g—yc and it is not reached for any c € (0, cq).
2
b) m(c) < —g—yc and it is reached for any ¢ > cy.
Proof. Let us first prove that ¢y < co. We fix an arbitrary u € S(1) and we define u" = T%u(x) with 7 > 0.

Then, we have that u® € S(t) and

% /3 aToJrl
Eu") = | SlAully - SIVally| - 5 lul3513.

Since 0 +1 > 1, we easily deduce that

for T > 0 large enough and so, that ¢y < co.

Now observe that, if for some ¢ > 0 the vanishing occurs for a minimizing sequence {u,} C S(c), then,
by [25, Lemma I.1], we have that ||u,,||§gj:§ — 0 as n — oo and so, that m(c) > m;(c). Hence, the strict

inequality m(c) < my(c) = —%c guarantees that the vanishing does not happen. Applying then Lemma 2.5,
we deduce that m(c) < mj(c) implies the existence of a global minimizer.
ﬁQ
8y
hand, if ¢ € [0,¢q], then m(c) = m;(c) and so, any minimizing sequence of m(c) is a minimizing sequence of
mp(c). Thus, by Lemma 3.1, it must be vanishing and m(c) is not reached. O

To end the proof just observe that Lemma 2.3, ii) guarantees that m(c) < ¢ for any ¢ > ¢y. On the other
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5. SOME CLASSES OF TESTING FUNCTIONS

This section is devoted to find sufficient conditions on ¢ > 0 ensuring that ¢y = 0 in Lemma 4.1, i.e.
guaranteeing that a minimizer exists for any ¢ > 0.

We start with an observation which, although not essential in our proofs, simplifies some computations.
To that end, let us introduce the constrained minimization problem

= inf D(u),
mg(c) ug;(c) (u)

where N
2 20+2
) =(A+Dully - 57— 2||u||2g12,
and S(c) is given in (1.6).
Proposition 5.1. Let ¢y € [0, +00) given in (4.1). We have that ¢y = 0 if and only if mg(c) < 0 for all ¢ > 0.

Proof. Let us introduce

1 N
o 2 2 a 2042 AN
(5.1) E(u) = AulB - 2IValB - -2 luli3g:3 and 7= (?) (5) .
As a first step we prove that, for a given ¢ > 0, the problem of minimizing E on 5(c) is equivalent to minimize
E on S(tc). Indeed, letting v(x) := bu(ax) with
1
8y\¥
? ’

1
2 2
a= (—7/) and b
By a Py -
E(u)=b"229N [HAVH% ~2|IVoll5 - mllvllﬁgié] =b229NE(v),

p

we obtain that

and

tllull3 = %aNlull3 = [[v]3.
Hence, the mentioned equivalence follows. This being proved, we can assume without loss of generality
that ¥ = 2 and = 4, namely that

a
E(u)= ||A”||% - 2||V14||§ - m”””%ﬁ%-

2
Accordingly, the condition m(c) < —g—yc derived in Lemma 4.1 now corresponds to m(c) < —c. The result then

follows recognizing that ®(u) = E(u) + ||u||§. O

Now, we give sufficient conditions on ¢ > 0 ensuring that mg(c) < 0 for all ¢ > 0. Then, as a consequence
of the previous proposition, these conditions guarantee that ¢y = 0 in Lemma 4.1.

Proposition 5.2. Assume that 0 < o < max{ﬁ, 1}. Then mg(c) < 0 for all ¢ > 0.

Let us split the proof into two lemmas. The proof of both lemmas consists in finding a suitable test
function u € S(c) such that ®(u) < 0. As mentioned in Remark 1.3, we will look for functions such that
the L?—norm of their Fourier transform concentrates around the unit sphere. In our first construction, we
consider a function whose Fourier transform is a perturbed Gaussian centered at e; = (1,0,...,0).

Lemma 5.3. Assume that 0 <o < Niﬂ. Then mg(c) <0 for all ¢ > 0.

Proof. We fix an arbitrary ¢ > 0 and, for any 7 > 0, we define

N 1 N+1 T4X12+T2X%+"'T2X12\]
-7 — 1 < 0N

U (x)=m Fcar 2 Mg 2
It is clear that u, € S(RN) and an easy computation gives

4.2, .22 2,2
_N I A R N _N _l?
lluell3 =7 2CTN+1J e 2 dx=m ch Pl dy =c.
RN RN
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Also, we have that

4.2..2,.2 2,2
I S R N1

N(o+1)
2042 _ , ——5— 0+l (N+1)(o+1 B
lucll3gi3 =m 7 ¢ W )LNE T dx

(5.2)
= n*w(o + l)I\ZICNIT(N“)"j e v dy = n*%(a + 1)7%6‘7“1’(1\”1)0.
RN

It is well-known that the Fourier transform of f(x) = e’ Rl g given by

N
7 _l?

- i
=|— e 402 .
fie) (a2 )
Using this fact and the basic properties of the Fourier’s transform we get
_1\2
N N 1 _N+l _(élf 1) RG]
U (&)=22m4c2t" 2 ¢ 272

Hence, by Plancherel’s formula, it follows that

1
(2m)N

2 2 2
AUl = 20Vauelly +[luclly =

fIRN(|<z|4—z|<z|2+1)|a:<a>|2d<z

N B '3 )+f§%+~-+§§]
:n_2cr_(N+1)J (€ =12 < d&.

Now, using the changes of variables
51:1+T27]1, (E]‘:TTI]‘,].ZZ,...,N,
we obtain that

2 2 2 -N 4 2 2 2.2 2.2.\2 —|n?
Au3 = 20 Vite |3 + el = 7 chN(r nZ+ 202 + 0202+ k) 2e M dy

(5.3) - cr4J (121712 +2m + 175 +eeet ryﬁ,)ze’l'”qu
IRN

<At*,  Vr1e(0,1],
for some constant A > 0 (independent of 7). Then, by (5.2) and (5.3), it follows that

D(u,) < At - . (o + 1)_% O oW+ = Agt — Bro(N+)
2042
with A and B positive constants independent of 7. Since 0 < (N +1) < 4, we may choose t € (0, 1] sufficiently
small so that At* — BtN*1)9 < 0 and then mg(c) < P(u,) < At* - BrN+1o <, O

Now, using a different construction based on the fact that

(5.4) P(x) = ™7 Tz (1),
satisfies
(5.5) (A+1)p=0, inRN,

we enlarge the range on ¢ > 0 obtained in Lemma 5.3. Here J, denotes the Bessel function of the first kind
and order v and we refer for instance to [20, Appendix B.4] for a proof of (5.5).

Since the asymptotic behavior of ¢ will play an important role in our construction, we describe it in the
following lemma.

Lemma 5.4. Assume that N > 2 and let 1 as defined in (5.4). Then:

N-2

i) ¥(x)~ (%)T %%) as x| — 0.
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-1 (N-1)m

i) ¢<x>~|x|-’“2cos(|x|— - )as|x|a+oo.

Proof. The result immediately follows from the asymptotic behavior of J,(¢) for v > 0 and t > 0. We refer
for instance to [24, Formula (5.16.1) page 134]. O

Lemma 5.5. Assume that N >4 and 0 <o < 1. Then mg(c) <0 for all ¢ > 0.

Remark 5.1.

a) The construction we do here may also be used for N < 3. Nevertheless, since, for N < 3, the results
we are able to obtain do not improve the ones contained in Lemma 5.3, we focus on N > 4.
b) Note that, for N > 4, we cover the full mass subcritical range 0 <oN < 4.

Proof. First of all observe that, for N > 4, ﬁ < %. Hence, having at hand Lemma 5.3, we can assume
without loss of generality that o > ﬁ Then, for all m € IN, we define

(56) Pl = p ()

where ¢ is given in (5.4) and ¢ € C®(RN) is such that ¢(x) = 1 if |x| < 1, ¢p(x) = 0 if [x[ >2and 0 < Pp(x) < 1,
for all x € RN. Note that, in this proof, for any 6 > 0, Bs denotes the ball Bs(0). We now split the rest of the
proof into several steps.

Step 1: There exist my; € N and Dy > 0 such that, for all m > my, it follows that ||1,bm||% < D;m.
First observe that, by Lemma 5.4, ii), there exists R € N such that, for all x € RN with |x| > R,
_N-1
[p(x)l < Clx[~ 77,

and so, that, for all m > R,

puld = | |pe(>) [ dx <
RN m B

Hence, there exist m; > R and D; > 0 such that, for all m > m;,

2
lmll; < Dym.

()P lx = L ()P dx +L B < Gyt Colom R

2m

Step 2: There exists my € N and D, > 0 such that, for all m > m,, it follows that ||(A + 1)1,[)m||§ <D,m™L.
First of all, using (5.5), one can easily check that

A+ 1Dnlx) = A (5 ) gt + —V(2)- i),

and so, that

1 2 4
as 1l =g [ [ (2 o] x5 [ oo () v dx
4
A T ozl v
1 X 2 4 X 2
(5.7) <oi A({)(E)l,b(x) s W’(E) Vip(x)| dx
4 2 % 2 %
+ﬁ(ﬁRN A({)(%)lp(x) dx) (L{N V({)(%)-le(x) dx)
= %Il + %12 + %(Il)%(b)%-
Then, arguing as in Step 1, we obtain that, for all m > R,
(5.5) <G | ptidxs Com
BZm\Bm
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Now, since
, v
Jo(t) =]y (t) + ?]v(t)f
for all v > 0 and all ¢ > 0, see for instance [35, (4) page 45], we obtain that

Vi) = -2l 2 (g Y

el =% x T () + |l

z 2z (xh). VxRV \fo)

and so, similarly as in Lemma 5.4, there exists R, € IN such that, for all x € RN with |x| > Ry,
_N-1
[Vip(x)| < C(N = 2)Ix|" 7.

Hence, we deduce that, for all m > R,,

(5.9) I< ||V¢||i,j

Gathering (5.7)-(5.9), we obtain that
A+ 1),ll5 < Cym™3 +4Cym™! +4C2CY2m 2,
and so, that there exist m, > max{R,R,} and D, > 0 such that, for all m > m,,
(A +1)ll3 < Dy~

Step 3: There exists D3 > 0 such that, for all m € IN, it follows that ||1pm||§g1§ > D;s.

2042
dx > J l(x)|>2dx.
By

Vptofdx < CN-DIVgIE [ O Vs Com

2m \Pm 2m \Bm

Directly observe that, for all m € IN,

etz 3= | oo ()

m

The claim then follows directly from Lemma 5.4, i).

Step 4: Conclusion.

We fix an arbitrary ¢ > 0 and, for any m € IN, we define Jm = c% ”l;’}b o It is clear that gbm € S(c) for all

m € IN. Then, by Steps 1, 2 and 3, we deduce that there exists m3 > max{mj,m,} such that, for all m > m3,

_ c CU+1 2642
D () = ——[[(A+1)ylI5 - s Ymllzg 1>
13 2‘7"'2”4) 15+ o
c 4 o Ca+1
< p Do = o 20203
mll3 iz

1 [ _1 aDsctt 1 ]
1mll3 2042 |lg,l157

1 D o+l

S 5 [CDzml — &gm ] 2 [ )

mll3 (20 +2)Dy IIIPmII

with A and B positive constants independent of m. Arguing as in Step 3, one can easily see that ||,,[I5 >

Dy > 0 for all m € IN. Thus, since 0 < 0 < 1, we may choose m > mj sufficiently large so that Am ' —=Bm™% <0
and then mq(c) < P(,,) < Am™t —=Bm™ <0. 0

Proof of Proposition 5.2. It follows directly from Lemmas 5.3 and 5.5. O
At this point we can give the proof of our first main result.

Proof of Theorem 1.2. The existence part of Theorem 1.2 is a direct consequence of Lemma 4.1 and Propo-
sitions 5.1 and 5.2. Hence, to conclude we just need to obtain the lower bound on the Lagrange multiplier.
We recall that if u € S(c) is a global minimizer of m(c) (or more generally a constrained critical point), there
exists a A € R such that E’(#) = —Au, namely a A € R such that

(5.10) yA?u + BAu — alul*"u = —Au.
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Multiplying (5.10) by u and integrating it follows that
(5.11) = Ac = yllAullz = BlIVull3 - allull35:3.
Then, from (5.11) and Lemma 3.1, we deduce that

2‘10 2042
5 lull2g 2

~Ac=2E(u)-

2042
= Zm( ) Yo+ 2” ||2g12 < 2m(c) < 2m1(c) = —EC,
2
and thus A > ~—. O
4y
6. BEHAVIOR OF THE MINIMIZERS AS ¢ — 0, PROOF OF THEOREM 1.3

In the section we give the proof of Theorem 1.3. Recall that {(u,,c,)} C S(c,) X R is such that ¢,, — 0 and,
for each n € N, u, € S(c,,) is a minimizer of m(c,) and A, € R is the associated Lagrange multiplier. Hence,
without loss of generality we may assume that ¢, < 1.

Proof of Theorem 1.3. Let us start with some preliminary observations.

llall2

Indeed, using (2.1), (2.3) and Lemma 2.3, i), we have that

A
Claim 1: {” Mn||z} remains bounded.

2+2
(6.1) 0 2E(1t,) > 1Ay 3 = BlAM ol =~ Bro(@Aaty |5 1377
and so,
2+2
(6.2) ||Aun”%—ﬁHAunl|2||unl|2+C”Aun” > fluglly
Dividing (6.2) by ||un||%, it follows that
2 oN oN

A A A A A 2
63 ! unnz) Bl ()T o Vil 1Al

lleanll2 v lunll2 lltanll2 7/ Nl lluanll2
Since 0 < oN < 4, from (6.3), the boundedness of the left hand side follows and thus the claim is proved.

20+2
Claim 2 H lnllzg 2 — 0asn— co.
lluall3
By (2.1) we know that
N 242
linl13535 < B (@) 1Ay lly” lually™
Then, dividing by ||un||§ one gets
oN oN
lal53 (uAunnz)z > (nAu ||2)2
——=22 < By (o) +—F= u,|l57 =By(o)| —=| ¢J
R T o B E ) W ) B

From Claim 1 and the fact that ¢, — 0 as n — oo, the claim follows. Now, we split the rest of the proof into
several steps:

Step 1: Proof of i)

It just remains to prove the first inequality. The other statements have already been established, see
Section 4. Directly observe that

20+2
o 2 2 2 [24 ||Mn||2 2
m(cn) = E(un) I(un) 20 + 2||un||zg12 = ml(cn) ” n”zgiz (Cn) - 20 + 2”u—|c|rz+cn_
nll2

The desired inequality then follows from Claim 2.
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Step 2: Proof of ii).
2
By Theorem 1.2 we know that A, > f—y. Now, recording that

(6.4) = A = PIAuyll5 = BlIVu,l5 — allugl3575,

and using Lemma 3.1 and Claim 2, one can write

1 >2 ( ) ” ||2U+2 ﬁz ||Mn||§g1% ﬁz
—AnCp 2 eMp(Cy) — A|[Uyllo540 = — 7 Cn— Cn=—"7"Cn— UnCn
7 4y llunll3 4y
for a sequence p, — 0 as 1 — oo. Thus, we have that
ﬁZ
— <A, <
4y n 4)/ + Hn

for a sequence p,, — 0 and ii) follows.
Step 3: Proof of iii)
By [7, Lemma 2.1], we know that u,, € S(c,,) satisfies the Pohozaev type identity

oN 20+2

B
(6.5) 7/||A”n||§—EHVMnH%—Z(T_’_Z)”MnHzﬁz =0.

Dividing (6.5) by ||u,||3 and using Claim 2 we get that
1Au,ll3 B “Vunllz

llall3 2 13

Also, by i), we know there exists p,, — 0 as 1 — co such that

(6.6)

) = 208~ 210~ 33253 =~ o - 53
20 + 8y 20+2
Then, using again Claim 2, we deduce that
y Al pIVully g2
2 fluallz 2 Nuall3 8y
Having at hand (6.6) and (6.7) one easily deduce iii).
Step 4: Proof of iv).

(6.7)

2

Let us define v,, = ” ” for all n € IN. Since u,, € S(c,,) satisfies (6.4) and by ii) we know that A, — fy’ as
n— oo, we get
2 2, B || n||§gi%
(6.8) YIAvII5 = BIVDI5 + = llvall5 = + pullvally
4y [l
for some p,, — 0. On the other hand, by Plancherel’s formula, it follows that
(69) P =10+ = Lo (et - g+ £ )mopae.
R FTTa ay )"

Gathering (6.8) and (6.9) we have that,
20+2

1 luullzg 2

e Jo (VPP 5 iR ac =il o,

where p,, — 0 as n — co. Using Claim 2 we see that the right hand side goes to 0 as n — co. This proves that
(1.10) holds. Now, from (1.10) and (6.9), we deduce that

(6.10)

2
1(0,) = S, 13- 51w, - £
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In view of Lemma 3.1, 1), we have that {v,} C S(1) is a minimizing sequence for m;(1). Then, by Lemma 3.1,
iii), it follows that {v,} is a vanishing sequence. Applying then [25, Lemma I.1], we deduce that v,, — 0 in
LP(RY) for all p € (2,4"). This completes the proof of the theorem. O

7. SOME EXTENSIONS AND RELATED PROBLEMS.

In this last section we make some additional remarks and discuss possible extensions of our results.

7.1. Symmetry of the minimizers in Theorem 1.2.

As a consequence of the arguments developed in the very recent preprint [12], when ¢ € IN, we can obtain
the following description of the minima obtained in Theorem 1.2.

Proposition 7.1. Let 0 € IN and, for any arbitrary ¢ > 0 such that m(c) is reached, let Q be a minima for m(c).
Then, it follows that

Q(x) = €' Q"(x +xo),
with some constants T € R and xo € RN. Here, Q* : RN — C is a smooth bounded and positive definitive function
in the sense of Bochner. As a consequence, it holds that

Q*(—x)=Q*(x) and Q°(0)>|Q°(x)| forall xeRN.

Remark 7.1. Our proof is a essentially a consequence of [12, Theorem 2]. We provide some details for the
benefit of the reader in trying to keep the notation introduced by the authors in [12].

Proof. First note that our operator u > yA?u + pAu falls within the class of pseudo-differential operators
considered in [12]. Indeed, our symbol, which is given by p(&) = |&|* - BI&|?, satisfies the Assumption 2
of [12] with s = 2.

Now, let Q be a minima for m(c) and let A € R be the associated Lagrange multiplier. By Theorem 1.2, we
know that A > ?/4y. Hence, by [5, Theorem 3.10], we have that ¢*I'lQ € L?>(RN) for some a > 0. Note that
such decay may be also obtained as in [12, Theorem 3]. Now, defining

Q*:=FY(FQl),
we observe, from [12, Lemma 2.1], that

IAQ%I =1IAQIL,  [IVQ®I2 =1IVQIl, 1R =Rl and  [|Q%l26+2 = 1Qll26-+2-

Thus, we easily deduce that Q® is also a minima for m(c). Having at hand the suitable exponential decay of
Q and the fact that Q® is also a minima for m(c), the rest of the proof follows repeating almost verbatim the
proofs of [12, Lemma 4.1] and the first part of [12, Theorem 2]. O

Remark 7.2. The conclusions of Proposition 7.1 hold for any ¢ > 0,if N =1 or N =2 and ¢ = 1. In particular,
we cover the physical relevant case N = 2 for the Kerr nonlinearity.

7.2. Optimal range of .

The condition 0 < ¢ < max{4/(N +1),1} is the consequence of two particular trials of test functions. It
would be nice to put in light an optimal upper bound on ¢ > 0, which permits a minimizer to exists for
every c > 0. See Figure 1.

More generally, the question to consider seems to be the following : Let 0 < 0N < 4* and define
A1) :={u e S(c): |Aull3 < 1.
Which condition on ¢ > 0 guarantees that, for any ¢ > 0,

inf  I(u)< inf E(u)?
ueS(c)NA(1) ueS(c)NA(1)

We conjecture that the optimal bound is o < 2.



18 N. BOUSSAID, A. J. FERNANDEZ AND L. JEANJEAN

I I I . = 4/N

N
N=1 N=2 N=3 N=4 N=5 N=6

Ficure 1. The existence of a global minimizer on S(c) for ¢ > 0 small is open in the smaller region.

7.3. The mass critical and mass supercritical cases.

As already mentioned, the results we have derived in the mass subcritical case are also useful in the mass
critical and mass supercritical cases. First, concerning the mass critical case, we note the following

Lemma 7.2. Assume y >0, § >0, a >0, oN =4 and N > 1. There exists c}‘\] > 0 such that m(c) € (—o0,0) if
c€(0,cy) and m(c) = —oo if c > c},. Actually
N
T

(7.1) ¢y = (7C( )) where C(N):= —*2_
NBn (%)
and By (o) is the smallest constant satisfying (2.1). In addition, E is coercive on S(c) if ¢ € (0,cy).

Proof. First note that, when oN = 4, one has

4
2+N

c \N 2
(7.2) ol ||2+8_(C;V) YlIAulB, ¥ uese)

N+4

Indeed, (7.2) follows from the Gagliardo-Nirenberg inequality (2.1) using the definition of c}; givenin (7.1).
Now, using (2.3) and (7.2), we have that

2
E(u )_7/||Au||2 ﬁIIAuIIzIIuIIz || I, +N
v p
)4 c 1
25[1—(6;\]) ]llAuH%—EﬂllAullz, Y ueS(c).

Therefore, we deduce that E is coercive if ¢ < ¢}, and then, in particular, that m(c) > —co. The fact that
m(c) < 0 when ¢ € (0, cy) follows directly from (2.6) letting, for an arbitrary u € S(c), s — 0.

Now, let us prove that m(c) = —co for ¢ > c};. It follows from [10], see also [2], that the best constant
BN(%) in (2.1) is achieved, i.e. there exists U € H*(RV) satisfying
2+ 8 4 3
(7.3) U1, 5 =B (3 IV IAUIE.
Choosing
U
wi=ct —— ¢ S(c),

U1l
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and taking (2.6) and (7.3) into account, we get

1 \2+x§
c N c2 2+ 8
E(wy) = ———s*YAUIE - ———spIVUI3 - s | == | s%allUll Y
ST oot 2||U||2 PIVUI2 = o5 | o, 2+
4
7.4 c c \N
7.4) LY —( : ) LAV - —S—spIvUI
2||U|| N || 112
<- spIvVUII3
2||U||2
which implies that E(w;) — —co as s — co for any ¢ > cj,. O

In view of Lemma 7.2 we obtain the following result on the line of Theorem 1.2.

Theorem 7.3. Assumey >0, >0, @ >0, 0N =4and N > 5. Then for any c € (0,cy;), any minimizing sequence
of m(c) is precompact in H*(RN) up to translations. In particular, m(c) is achieved. In addition, if u € S(c) is a

minimizer of m(c), the associated Lagrange multiplier A € R satisfy A >

Proof. We know, from Lemma 7.2, that E is coercive on S(c) for any c € (O, cy)- Thus, the arguments devel-
oped in the proof of Theorem 1.2 remain valid. Note also that, when N > 5, we have o0 < 1 and it guarantees
that the minimizing sequences do not vanish. O

Remark 7.3. It should be possible, when N < 4, to derive a lower bound ¢y > 0 such that, for any ¢ € (éy, c}y),
the conclusions of Theorem 7.3 holds. We refer to [26] for elements in that direction.

Turning now to the mass supercritical case dN > 4, one see directly by considering (2.6), for an arbitrary
u € S(c), and letting s — +oo, that m(c) = —co for any ¢ > 0. However, by taking c¢ > 0 sufficiently small, it is
possible to explicit a local minima structure, More precisely, setting
A(R) :={u e S(c): ||Aull} < R}
one can prove, for a R > 0 suitably chosen, that

inf  E(u)< inf  E(u).
ueS(c)NA(R) ueS(c)NIA(R)

See [27] in that direction. The presence of such geometry opens the possibility to search for a critical point
as a local minima. Following the arguments developed in the proof of Theorem 1.2 it should be the case if

€ (&, 1).
7.4. Bifurcation from the infimum of the essential spectrum.

First observe that, by Theorem 1.3, iii), we know that, when the minimizers for m(c) exist, they converge to
0 in the H?>(RN) norm as ¢ — 0. Also, by Theorem 1.3, ii), we know that the associated Lagrange multipliers
converge to 2/4y. Hence, in view of Lemma 3.1 and Remark 3.1, we can speak of a bifurcation phenomenon
from the bottom of the essential spectrum of the operator u > yA2u + fAu.

In [5, Theorem 1.2], see also [9], the authors show that when 0 < oN < 4* the equation
(7.5) yA?u + BAu+ Au = |u|*u,

admits a ground state solution u, € H*(RN) whenever g < 24/yA, namely if A > - 5 Bya ground state it is
intend here a least energy solution for the free functional

“ ||20+2

B(w) = Ll ~ Eivul + 2l - 3

2042
Note also that, when A < %, it is expected that (7.5) has no solutions in H?(IRY), see [8] in that direction.
Worth of interest, in our opinion, would be to investigate if, and under which conditions on ¢ € (0,4*/N), the
ground states solutions u, to (7.5) satisfy uy — 0 in H*(RN) as A — ﬁ2/47/ from the right, thus presenting a
bifurcation phenomenon.
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This kind of questions were first addressed in the 80’s by C. A. Stuart [34] for equations whose model is
given by

(7.6) —Au—Au=u*u ueH (RY).

Here the bottom of the essential spectrum is A = 0. For (7.6), the existence of a sequence of solutions
(4, A,;) € HY(IRN) x (0, +00) with u,, — 0 in H'(IRN) and A,, — 0 was established under the condition that
0 < oN < 2. Note that this condition is somehow optimal since, for (7.6), it corresponds to the range for
which the associated functional is coercive and no local minima structure is present if cN > 2. C. A. Stuart
analysis relies on the control of the ground state level by the use of suitable testing functions. We conjecture
that such bifurcation phenomenon will take place for (7.5) not only when 0N < 4, under the the conditions
that guarantee the existence of a global minimizer for m(c) when ¢ > 0 is small, but also when 0N > 4 at
least when o € (%, 1). In this second case our conjecture is supported by what has been observed in [1].
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paper would not have been the same. Part of this work was done during a visit of the second author to the
Université Paul Sabatier (Toulouse). He thanks his hosts for the warm hospitality and the financial support.

REFERENCES

[1] J. Bellazzini, N. Boussaid, L. Jeanjean, and N. Visciglia. Existence and stability of standing waves for supercritical NLS with a
partial confinement. Comm. Math. Phys., 353(1):229-251, 2017.

[2] J. Bellazzini, R. L. Frank, and N. Visciglia. Maximizers for Gagliardo-Nirenberg inequalities and related non-local problems.
Math. Ann., 360(3-4):653-673, 2014.

[3] J. Bellazzini and L. Jeanjean. On dipolar quantum gases in the unstable regime. SIAM J. Math. Anal., 48(3):2028-2058, 2016.

[4] M. Ben-Artzi, H. Koch, and J.-C. Saut. Dispersion estimates for fourth order Schrédinger equations. C. R. Acad. Sci. Paris Sér. I
Math., 330(2):87-92, 2000.

[5] D. Bonheure, J.-B. Castéras, E. Moreira dos Santos, and R. Nascimento. Orbitally stable standing waves of a mixed dispersion
nonlinear Schrédinger equation. SIAM ]. Math. Anal., 50(5):5027-5071, 2018.

[6] D.Bonheure, J.-B. Castéras, T. Gou, and L. Jeanjean. Normalized solutions to the mixed dispersion nonlinear Schrédinger equation
in the mass critical and supercritical regime. Trans. Amer. Math. Soc., 372(3):2167-2212, 2019.

[7] D. Bonheure, J.-B. Castéras, T. Gou, and L. Jeanjean. Strong Instability of Ground States to a Fourth Order Schrédinger Equation.
Int. Math. Res. Not. IMRN, (17):5299-5315, 2019.

[8] D. Bonheure, J.-B. Casteras, and R. Mandel. On a fourth-order nonlinear Helmholtz equation. J. Lond. Math. Soc. (2), 99(3):831-
852, 2019.

[9] D. Bonheure and R. Nascimento. Waveguide solutions for a nonlinear Schrédinger equation with mixed dispersion. In Con-
tributions to nonlinear elliptic equations and systems, volume 86 of Progr. Nonlinear Differential Equations Appl., pages 31-53.
Birkhéduser/Springer, Cham, 2015.

[10] T. Boulenger and E. Lenzmann. Blowup for biharmonic NLS. Ann. Sci. Ec. Norm. Supeér. (4), 50(3):503-544, 2017.

[11] H. Brézis and E. Lieb. A relation between pointwise convergence of functions and convergence of functionals. Proc. Amer. Math.
Soc., 88(3):486-490, 1983.

[12] L. Bugiera, E. Lenzmann, and J. Sok. On symmetry and uniqueness of ground states for linear and nonlinear elliptic PDEs.
Preprint https://arxiv.org/abs/1908.06774, Aug 2019.

[13] I. Catto, J. Dolbeault, O. Sdnchez, and J. Soler. Existence of steady states for the Maxwell-Schrédinger-Poisson system: exploring
the applicability of the concentration-compactness principle. Math. Models Methods Appl. Sci., 23(10):1915-1938, 2013.

[14] T. Cazenave and P--L. Lions. Orbital stability of standing waves for some nonlinear Schrédinger equations. Comm. Math. Phys.,
85(4):549-561, 1982.

[15] S. Cingolani and L. Jeanjean. Stationary Waves with Prescribed L2-Norm for the Planar Schrédinger-Poisson System. SIAM J.
Math. Anal., 51(4):3533-3568, 2019.

[16] M. Colin, L. Jeanjean, and M. Squassina. Stability and instability results for standing waves of quasi-linear Schrodinger equations.
Nonlinearity, 23(6):1353-1385, 2010.

[17] S. Dovetta, E. Serra, and P. Tilli. NLS ground states on metric trees: existence results and open questions. Preprint https://
arxiv.org/abs/1905.00655 , May 2019.

[18] G. Fibich, B. Ilan, and G. Papanicolaou. Self-focusing with fourth-order dispersion. SIAM J. Appl. Math., 62(4):1437-1462, 2002.

[19] T. Gou and L. Jeanjean. Multiple positive normalized solutions for nonlinear Schrédinger systems. Nonlinearity, 31(5):2319-2345,
2018.

[20] L. Grafakos. Classical Fourier analysis, volume 249 of Graduate Texts in Mathematics. Springer, New York, second edition, 2008.

[21] L. Jeanjean and T. Luo. Sharp nonexistence results of prescribed L2-norm solutions for some class of Schrédinger-Poisson and
quasi-linear equations. Z. Angew. Math. Phys., 64(4):937-954, 2013.

[22] V. I. Karpman. Stabilization of soliton instabilities by higher-order dispersion: Fourth-order nonlinear schrédinger-type equa-
tions. Phys. Rev. E, 53:R1336-R1339, Feb 1996.


https://arxiv.org/abs/1908.06774
https://arxiv.org/abs/1905.00655
https://arxiv.org/abs/1905.00655

SOME REMARKS ON A MINIMIZATION PROBLEM ASSOCIATED TO A 4NLS 21

[23] V. 1. Karpman and A. G. Shagalov. Stability of solitons described by nonlinear Schrédinger-type equations with higher-order
dispersion. Phys. D, 144(1-2):194-210, 2000.

[24] N. N. Lebedev. Special functions and their applications. Revised English edition. Translated and edited by Richard A. Silverman.
Prentice-Hall, Inc., Englewood Cliffs, N.J., 1965.

[25] P-L. Lions. The concentration-compactness principle in the calculus of variations. The locally compact case. II. Ann. Inst. H.
Poincaré Anal. Non Linéaire, 1(4):223-283, 1984.

[26] T. Luo, S. Zheng, and S. Zhu. Orbital Stability of Standing Waves for a fourth-order nonlinear Schrédinger equation with the
mixed dispersions. Preprint https://arxiv.org/abs/1904.02540v2, Apr 2019.

[27] X. Luo and T. Yang. Normalized solutions for a fourth-order Schrédinger equation with positive second-order dispersion coeffi-
cient. Preprint https://arxiv.org/abs/1908.03079, Aug 2019.

[28] F. Natali and A. Pastor. The fourth-order dispersive nonlinear Schrédinger equation: orbital stability of a standing wave. SIAM J.
Appl. Dyn. Syst., 14(3):1326-1347, 2015.

[29] L. Nirenberg. On elliptic partial differential equations. Ann. Scuola Norm. Sup. Pisa CI. Sci. (3), 13:115-162, 1959.

[30] B. Noris, H. Tavares, and G. Verzini. Normalized solutions for nonlinear Schrédinger systems on bounded domains. Nonlinearity,
32(3):1044-1072, 2019.

[31] B. Pausader. Global well-posedness for energy critical fourth-order Schrédinger equations in the radial case. Dyn. Partial Differ.
Equ., 4(3):197-225, 2007.

[32] N. Soave. Normalized ground states for the NLS equation with combined nonlinearities. Preprint https://arxiv.org/abs/1811.
00826v3, Nov 2018.

[33] N. Soave. Normalized ground states for the NLS equation with combined nonlinearities: the Sobolev critical case. Preprint https:
[larxiv.org/abs/1901.02003, Jan 2019.

[34] C. A. Stuart. Bifurcation in LP(RN) for a semilinear elliptic equation. Proc. London Math. Soc. (3), 57(3):511-541, 1988.

[35] G. N. Watson. A Treatise on the Theory of Bessel Functions. Cambridge University Press, Cambridge, 1944.

[36] S. Zhu, J. Zhang, and H. Yang. Limiting profile of the blow-up solutions for the fourth-order nonlinear Schrédinger equation.
Dyn. Partial Differ. Equ., 7(2):187-205, 2010.

NaBsiLE Boussaip
LABORATOIRE DE MATHEMATIQUES (UMR 6623), UN1vErsiTE BOURGOGNE FrancHE-COMTE,
16, Route DE GrAY 25030 BesangoN CEDEX, FRANCE
Email address: nabile.boussaid@univ-fcomte.fr

ANTONIO J. FERNANDEZ
UnN1vERSITE POLYTECHNIQUE HauTs-DE-FRANCE, EA 4015-LAMAV-FR CNRS 2956, F-59313 VALENCIENNES, FRANCE &
LABORATOIRE DE MATHEMATIQUES (UMR 6623), UNIVERSITE DE BOURGOGNE FrRANCHE-COMTE,
16, Route DE GrAY 25030 BesangoN CeEDEX, FRANCE &
DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF BATH, BATH BA2 7AY, UNITED KINGDOM,
Email address: ajf77@bath.ac.uk

Louis JEANJEAN
LABORATOIRE DE MATHEMATIQUES (UMR 6623), UN1veErsiTE BourRGOGNE FrancHE-CoMTE,
16, Route pE GrAY 25030 BEsangoN CEDEX, FRANCE
Email address: 1ouis. jeanjean@univ-fcomte.fr


https://arxiv.org/abs/1904.02540v2 
https://arxiv.org/abs/1908.03079
https://arxiv.org/abs/1811.00826v3
https://arxiv.org/abs/1811.00826v3
https://arxiv.org/abs/1901.02003
https://arxiv.org/abs/1901.02003

	1. Introduction
	2. Preliminary results
	3. An associated minimization problem
	4. A Necessary and sufficient condition for the existence of a minimizer
	5. Some classes of testing functions
	6. Behavior of the minimizers as c 0, proof of Theorem 1.3
	7. Some extensions and related problems.
	7.1. Symmetry of the minimizers in Theorem 1.2
	7.2. Optimal range of - .4 
	7.3. The mass critical and mass supercritical cases
	7.4. Bifurcation from the infimum of the essential spectrum

	References

