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Introduction

Introduction

Some definitions

@ Long memory processes.

@ Weak FARIMA models.

Asymptotic results of the least-squares estimator (LSE)
@ Strong consistency and asymptotic normality.

@ Asymptotic variance matrix estimation and some simulations.

Diagnostic checking in weak FARIMA models

@ Asymptotic joint distribution of the LSE and the noise empirical
autocovariances.

@ Asymptotic distribution of the residual autocorrelations.
@ Limiting distribution of the test statistics.
@ Numerical illustrations.
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Recalls

Defining long memory

Let X = (X¢)iez be a second order stationary stochastic process,
and let yx(.) be its autocovariance function.

Definition A
X is a long memory process if :

“+o0

Y hix(h)] = +oo.

h=—o00

Definition B

X is a long memory process if :
vx(h) ~ h?=1¢(h), as h — 400,

where d is the so-called long-memory parameter and 4(.) is a slowly
varying function.
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Recalls

FARIMA processes

Let X = (X¢)iez be a second order stationary process.

Definition 1

X is called a weak FARIMA(p, dy, q) process if there exists 0 < do < 1/2,
a1,y Ap, b1, ..., by € R such that the polynomials a(z) =14 Y7_, a;2°
and b(z) =14 Y_7_, b;z" have all their roots outside of the unit disk
with no common factors, and (e;):cz a sequence of uncorrelated variables
defined on some probability space (€2, F,P) with zero mean and common
variance o2 > 0 such that, for all t € Z,

a(L)(1 — L)® X, = b(L)e;, (1)

where L is the back-shift operator.

The fractional difference operator (1 — L)% is given by :

do(do —1)---(do —j +1)
4!

(=1).

+00o
(1-L)% =" a;(do) L7, where a;(do) =
j=0
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Results

Least-squares estimator (LSE)

Framework : Let © be the compact space

O :={0= (01,00, ...,0p1¢); ag(z) =1+ 012+ +,2F
and b;(z) = 14 Opr12 + - -+ + Oy 427 have all their
roots outside the unit disk and have no common zero}.

Denote by © the cartesian product © x [dy, d], where
[d1,d2] C ]0,1/2[ and containing dp.

The parameter 6y := (a1, ag, ..., ap, b1, b, ... ,bq,do)' belongs to
the parameter space ©.

For all 6 = (él,d) € 0, let (¢(0)),cz be the second order

stationary process defined as the solution of
p

&(0) =D (X +Y 0> aj(d)Xiij— Y Oprjes(6).

i>0 =1 j>0 =1
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Results

Least-squares estimator (LSE)

Given a realization of length n, X1, Xo, ..., X, €(6) can be
approximated, for 0 < ¢t < n, by €,(0) defined recursively by

t—i—1

t—1
:Zaj( )Xt J+ZH Z d) Xi—i; Zem-ﬁt (0,
§=0

i=1 7=0 7j=1
The random variable @\n is called least-squares estimator if it

satisfies, almost surely,

n

0, = argmin Q,,(0), where Q, () = %263(9)

feo —
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Results

Strong consistency

Our first two main results concern the strong consistency and the
asymptotic normality of the least-squares estimator (LSE) of the
weak FARIMA model parameter

902((ll,...,ap,bl,...,bq,do)/.

The strong consistency of the LSE is proven under the following
assumption :
A1l. The process (€;)iez is strictly stationary and ergodic.

Theorem | (strong consistency)

Assume that (¢;);c7, satisfies (1) and belonging to L2. Let (6, )nen
be a sequence of least-squares estimators. We have, under
Assumption Al,

0n a.s. 90'
n—-+00
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Results

Asymptotic normality

Suppose that (&;)(cz satisfies the following two additional
conditions :

A2. We have E|e;[*t2 < oo and 3252 {ac(h)}#+7 < oo for some
v > 0.

A3. Assume 3, . 7 [cum(eo, €;, €, €5 )| < 00 .

Theorem Il (asymptotic normality)

Under the hypotheses of Theorem | and Assumptions A2 and A3, the
sequence of random variables

(Vi (0 =60)) .

has a limiting centred normal distribution with covariance matrix
Q:=J 1J L, where

. 9] , 0?
I= lim Var {\/ﬁaeQn(HO)} and J = Jim {(WQn(OO)} a.s.
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Results

Asymptotic variance matrix estimation

It would be necessary to estimate the variance matrix

Q= J~'I1J7! to obtain confidence intervals or to test significance
of FARIMA model coefficients.

@ The matrix J can easily be estimated empirically by :

-~ 2 "L [ 9¢,(0) D¢, (0)
J‘n;{ 900 00 [,_5°

-0,

@ The matrix I can be rewritten in the form :

o 1 _ 26.(0)
I_nlLHgOVar{ﬁ;Tt}, where Tt_Q{et(G) 70 9:90.

We use the parametric estimation of the spectral den5|ty introduced
by Berk [1974] Let ®,(2) = g+l + Dy <I>Mz where

<I>T71, M be the least-squares regression coefficients of Tt on
Tt_l, . Tt » and EA be the empirical variance of these residues.
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Asymptotic result

The third main result is given by :

Theorem Il (estimating the asymptotic variance matrix I)

In addition to the assumptions of Theorem Il, assume that the
process (Y;); admits an AR(co) representation of the form
QL)Y :=Tr — > ey Pp Yy = uy in which the roots of
det(®(z)) = 0 are outside the unit disk, ||®x]| = o(k~2), and
¥, = Var(u) is non-singular. Moreover we assume that

E [yetﬂ < 00 and that

Z,ﬁ__oo Zk7__oo |cum(eq, €g,, .., €k, )| < 0o. Then, the
spectral estimator of I

ISP = o7 (1), &1 1) = 1

in probability when r = 7(n) — co and 73/n — 0 as n — oo.
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Results

Some simulations

We first study numerically the behavior of the LSE for strong and
weak FARIMA models of the form

(1 — L)d (Xt + CLthl) =€ + bEtfl, (2)

where (a,b,d) = (0.7,0.2,0.4).
@ The process ()¢ is an iid centered Gaussian process with
common variance 1 in the strong case.

o In the weak case,

Nt

=———— forallte?Z, 3
P e+ 1 (3)

€

with (n:); is an iid centered Gaussian process with variance 1.

We simulated N = 1,000 independent trajectories of size
n = 1,000 of Model (2), first with the strong Gaussian noise,
second with the weak noise (3).
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Strong case Strong case
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Strong FARIMA: estimator of 2J7"
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Let, fort >1, é; = Et(én) be the least-squares residuals. Using the
expression of &(.) we have é; =0 for t <0 and ¢t > n. By (1), it
holds that

t—i—1 p+q R
ZOZ] Xt j+z 97” Z )Xt i—j Z en,jétfja
7=0 Jj=p+1

fort =1,...,n, with X; =0 for t <0 and X; = X, for t > 1.
Let, for h > 0,
1 < v(h
V) =2 S e and p(h) = 1)
t=h+1

denote the white noise "empirical" autocovariances and
autocorrelations.
The residual autocovariances and autocorrelations are defined by

~—

(h
o)

~—

\Q>

Z éiéi—p and p(h) =

t h+1

~—

\Q>
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For a fixed integer m > 1, let

’ ’

Ym = (Y1), .;7(m)) and Ay = (3(1), ..., 5(m)) .
Denote also by
pm = (P(1), ..., p(m))
the first m sample autocorrelations.
Based on the residual empirical autocorrelation j(h), Box-Pierce

and Ljung-Box have proposed the following respective statistics for
the validation of strong univariate ARMA models :

- *an (h) and QLP =n(n+2) iﬁ h.

?‘

Test hypotheses

(HO) :  (X¢)iez satisfies a FARIMA(p, dy, q) representation ;
against the alternative

(H1) : (X})tez does not admit a FARIMA representation or
admits a FARIMA(p', dy, ¢') representation with p' > p or ¢ > q.
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Joint distribution of 6,, and the noise empirical
autocovariances
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Under the assumptions of Theorem Il, the random vector

va((5a-0) )

has a limiting centred normal distribution with covariance matrix =,
where

Eé Zé -~ oo ,
== 2/ = Z E [gtgt—h] 3

éf}"m E'Ym h=—00

(glt) < —2J716t%6t<90) )
gt = = , .
g2t (thl, B €t—m) €t
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Results

Asymptotic distribution of the residual autocorrelations
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Let U, be the m x (p 4+ ¢ + 1) matrix defined by

4 8615 (90)
06’ '

\I/m = ]E{(Et_l, .. -7€t—m)

The following proposition provides the limit distribution of the
residual autocovariances and autocorrelations of weak FARIMA
models.

Proposition

Under the assumptions of Theorem II, we have
. D . D
\/ﬁ’ymnjooN (Oa E’?m) and \/ﬁpmnjooN (03 Eﬁm):
where

’ ’ ’ 1
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— The matrices ¥4, and ¥, depend on the unknown matrices Z,
W,,, and the scalar o..
2

— The matrix W, and the noise variance o
its empirical counterpart :

1 n /aét N 1 ~
nZ{ €t Ty eeey 6{ WL) ag,} and 0'6225 6%.

t=1

can be estimated by

— By interpreting (2m)~!Z as the spectral density of the
stationary process (g;); evaluated at frequency 0, we use Berk's
approach to estimate the spectral density of (g;); by fitting a
parametric autoregressive model. This estimation technique is
based on the following expression

E=ATY1)T,A )
when (g¢); satisfies an AR(oc0) representation of the form

A(L)gt = gt — Z Apgi—k = v, (4)
k>1

where (v) is aép + ¢ + 1 4+ m)-variate weak white noise with
variance matrix
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Let g; be the vector obtained by replacmg € by € in g;. Let
Ar(z) g 1m — D ey Tkz where Am, Ar,r denote the
coefficients of the least squares regression of g; on gs_1, ..., G-
Let 0,.; be the residuals of this regression, and let 21% be the
empirical variance of 0,1, ..., Uy p.

Theorem IV (estimating the asymptotic variance matrix =)

In addition to the assumptions of Theorem |l, assume that the
process (g;); admits the AR(c0) representation (4) in which the
roots of det(A(z)) = 0 are outside the unit disk, |Ax|| = o(k~2),
and X, = Var(v;) is non-singular. Moreover we assume that

[[etﬂ < oo and that

S o o leum(€o, gy, ..y €k, )| < 00. Then, the
spectral estimator of 2

B = A (12, A7 (1) — B

in probability when r = 7(n) — co and 73/n — 0 as n — oo.
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Results

The exact limiting distribution of Box-Pierce and Ljung-Box
statistics is given in the following theorem :

Theorem V (exact asymptotic distribution of the standard
portmanteau statistics)

Under the assumptions of Theorem Il and (HO), the statistics
QBP and QLP converge in distribution, as n — oo, to

m(&m) = Z é-k,mZ]%a
k=1

where &, = (§1,m5 - §m7m)/ is the vector of the eigenvalues of the
matrix $;,, = o, *S5,. and Zi, ..., Z,, are independent and
identically distributed (i.i.d.) random variables of the same

distribution N(0, 1).
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— Let f),;m be the matrix obtained by replacing = by = and o2 by

/\2 . ~
oz in X, .

— Denote by &, = (E1.m; - Emm) the vector of the eigenvalues
Of Ef)m-

— At the asymptotic level «, the LB test (respectively the BP
test) consists in rejecting the null hypothesis of the weak
FARIMA(p, do, q) model (the adequacy of the weak
FARIMA(p, dy, q) model) when

QLB > 8., (1 —a) (resp. QEF > 5,,(1—«)),
where S,,(1 — @) is such that P(Z, () > Sm(1 — @) = o

— The proposed modified versions of the BP and LB statistics are
more difficult to implement because their critical values have to be
computed from the data.

Youssef ESSTAFA 5th Probability/Statistics day Besancon-Dijon



Results

Numerical illustrations

Table — Empirical size (in %) of the modified and standard versions of
the LB and BP tests in the case of FARIMA(1,d, 1) model with
independent noise. The nominal asymptotic level of the tests is a = 5%.
The number of replications is N = 1,000. (ar = 0.9 and ma = 0.2)

dy  Lengthn Lagm LB, BP, LB, BP,

1 7.4 7.4 n.a. n.a.
2 55 55 n.a. n.a.
0.20 n=1,000 3 4.7 47 na. na.
6 4.4 43 6.5 6.4
12 4.6 4.6 5.1 5.1
15 5.0 4.7 5.7 5.2
1 5.6 5.6 n.a. n.a.
2 5.1 5.2 n.a. n.a.
0.20 n =5,000 3 5.2 52 na. na.
6 49 4.9 6.6 6.6
12 5.0 5.0 5.7 5.6
15 5.6 55 5.9 5.8
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Results

Table — Empirical size (in %) of the modified and standard versions of
the LB and BP tests in the case of FARIMA(1,d, 1) with an ARCH(1)
noise (c; = 0.45). The nominal asymptotic level of the tests is « = 5%.
The number of replications is N = 1,000. (ar = 0.9 and ma = 0.2)

dy  Lengthn Lagm LB, BP, LB; BP,

1 6.4 6.4 n.a. n.a.
2 5.2 5.2 n.a. n.a.
0.20 n=1,000 3 3.9 3.9 n.a. n.a.
6 3.8 3.7 10.0 938
12 1.9 1.8 7.3 6.7
15 1.0 0.9 6.4 6.3
1 6.3 6.3 n.a. n.a.
2 4.3 4.3 n.a. n.a.
0.20 n =5,000 3 5.5 5.4 n.a. n.a.
6 3.8 3.8 116 116
12 2.3 2.3 8.3 8.2
15 1.5 1.5 8.5 8.5
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» Some perspectives :

o Estimation and validation of AR models with fractional noise.
@ Generalization to fractional ARMA models.

@ Comparison with weak FARIMA models.
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Thank you for your attention
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