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Abstract

The paper deals with the existence of standing wave solutions for the Schrodinger-Poisson system with
prescribed mass in dimension N = 2. This leads to investigate the existence of normalized solutions for
an integro-differential equation involving a logarithmic convolution potential, namely

—Au+ ’y(log\ s |u|2)u =alul’?u  inR>

/ [u|’dz = ¢
R2

where ¢ > 0 is a given real number. Under different assumptions on v € R, a € R, p > 2, we
prove several existence and multiplicity results. With respect to the related higher dimensional cases, the
presence of the logarithmic kernel, which is unbounded from above and below, makes the structure of the
solution set much richer and it forces the implementation of new ideas to catch the normalized solutions.

Keywords: Nonlinear Schrodinger-Poisson systems; stationary waves; normalized solutions; logarithmic
convolution kernel; variational methods.

1 Introduction

We consider the Schrodinger-Poisson system of the type

{mt — AY + ywyp = aly[P3p,

) inRY xR
Aw =[]

(1.D

where 9 : RY x R — C is the (time-dependent) wave function, v € R, a € R, p > 2. The function w
represents an internal potential for a nonlocal self-interaction of the wave function 1. The standing wave
ansatz ¢ (z,t) = e~ *Mu(x), A € R, reduces (1.1)) to the system

(1.2) foru: RY — R.

{—Au + \u A+ ywu = alulP?u,
2

Aw=u
The second equation determines w : R — R only up to harmonic functions, but it is natural to choose w as
the Newton potential of u?, i.e., the convolution of u2 with the fundamental solution ® 5 of the Laplacian.
With this formal inversion of the second equation in (1.2), we obtain the integro-differential equation
2 _ p—2 . N
(1.3) — Au+ M+ [Py * [u]?]u = alulP " u in RY,
1

- N(N—2)b.)d
usual, wy denotes the volume of the unit ball in RY.

where @y () = |z|> N in case N > 3 and ®y(z) = 5 log|z| in case N = 2. Here, as



Due to its physical relevance in physics, the system has been extensively studied and it is quite well
understood in the case N > 3. In particular variational methods are employed to derive existence and
multiplicity results of standing waves solutions [[1,2}/12}[20,23-25]] and [{8,|18}]21},[22]] for standing wave
solutions with prescribed L?-norm.

In two dimensions, due to the logarithmic nature of its convolution kernel, the nonlocal nonlinearity
exhibits some serious mathematical differences to the higher dimensional case. The study of planar nonlocal
problems (I.3) remained for a long time an open field of investigation, apart from some numerical studies
suggesting the existence of bound states [[17]].

In contrast with the higher-dimensional case N > 3, the applicability of variational methods is not
straightforward for N = 2. Although has, at least formally, a variational structure related to the
energy functional

1
1) =5 [ (9uP 4o [ g = g lu(o)luto)dody — & [ s
R2 T Jr2 JR2 D Jr2

this energy functional is not well-defined on the natural Sobolev space H!(R?).
Inspired by [27]], T. Weth and the first author [[13]] developed a variational framework to deal with the
equation (1.3), within the smaller Hilbert space

X = {u € H'(R?) | /R log(1 + |z])|u(z)[2dz < oo},

endowed with a norm defined for each function v € X by
lullk = / Vu(@) | + [u(@)* (1 +log(1 + |z]))da.
]RQ

Even if X provides a variational framework for , some difficulties however arise in the application of
variational arguments, since the norm of X is not invariant under translations whereas the functional I is
invariant under translations of R? and the quadratic part of the functional I is never coercive on X. In [13],
for A > 0 fixed, the authors constructed a sequence of solution pairs (+u,),en C X to the equation (1.3
such that I(u,) — o0 as n — 400, under the assumption p > 4 and v > 0, @ > 0. They also provided a
variational characterization of the least energy solution. Successively, Du and Weth proved the existence of
ground state solutions and of infinitely many nontrivial changing sign solutions for when 2 < p < 4.
When a = 0, v > 0, the equation is also referred to as the planar Choquard equation and it can be
derived from the Schrodinger-Newton [25]. In [[13]], it has been showed that every positive solution u € X
of (T.3) is radially symmetric up to translation and strictly decreasing in the distance from the symmetry
center. Moreover u is unique up to translation in R2. In [11], Bonheure, Van Schaftingen and the first
author obtained sharp decay estimates of this unique positive solution to the logarithmic Choquard equation
(T.3) and they showed the nondegeneracy of the unique positive ground state. We also mention the recent
paper [6]] for the existence of the ground state of (I.3), with a = 0, v = 1, via relaxed problems.

In the present paper we are interested to study existence of standing waves solutions for the planar
Schrodinger-Poisson system with prescribed mass, which is a physically relevant open problem. To this
aim, for any ¢ € R, ¢ > 0, we consider the problem of finding of solutions to

—Au + 7(log| s |u|2)u = alulP"%u in R?,
(1.4)
lu|?dx = c.
R2

Solutions to (I.4) can be obtained as critical points of the energy functional

P(u) = %A(u) + v - g Clu)



where

Aw = [ V@R e V= [[ @Rl tos(le o)) dady

and
C(u) = |u(z)|P dx
R2
under the constraint
(1.5) S(e) = {ue X | lul3z = c}.

If p > 2, F is well defined and C"! on X (see for example [13, Lemma 2.2]) and any critical point u of
Fjs(c) corresponds to a solution of where the parameter A € R appears as a Lagrange multiplier.

We shall seek for normalized solutions to using variational arguments and we address a situation
which is substantially different compared to those considered in the three dimensional case [8},|18}21}22],
since the logarithmic kernel changes it sign and the energy functional can unbounded from above and below
on the constraint. This forces the implementation of new ideas to catch the normalized solutions.

As a first main result, we explicit conditions under which the functional F' is bounded from below on
S(c) and the infimum

(1.6) m = inf F
5(c)

is achieved. We prove the following result.

Theorem 1.1. Assume ~v > 0 and that one of the three following conditions holds:

2
()a<O0andp>2, (ii)a>0andp <4, (iiij)a>0,p=4andc< ,
aKGN

where K¢ is the best constant of the Gagliardo-Nirenberg inequality (2.15). Then the infimum m defined
in (1.6) is achieved. In addition any minimizing sequence has, up to translation, a subsequence converging
strongly in X.

Note that the property of convergence of the minimizing sequences insured by Theorem [I.T] provides a
strong indication that the set of standing waves associated to the set of minimizers for F' on S(c) is orbitally
stable.

In all the other cases that we shall now consider the functional F' will be unbounded from below on S(c)
and, in particular, it will not be possible to find a global minimizer. To overcome this difficulty we shall
exploit the property that F, restricted to S(c), possesses a natural constraint, namely a set, that we denote
by A(c), that contains all the critical points of F restricted to S(c).

Precisely, for each u € L?(R?) and t > 0, we consider the dilations

u'(z) :=tu(tr) forall x € R?,

which define an action of the group ((0, 00), X) on S(c), since ||uf||2, = [|u]|3.. By easy computations,
we also get
(1.7) Aty =t? A(u), Cu')=t"2C(u) and V(u')=V(u)—c* logt.

Defining the fiber map t € (0, 00) — g, (t) := F(u'), we can derive the formula

d o QW

t
(1.8) a (u”) = ral



where we have set

— ty _ p—2
(1.9 Qu) = — t:1F(u)—A(u)—aTC(u)—'yZ.

Actually the condition @Q(u) = 0 corresponds to a Pohozaev identity and the set
Ale) = {u € S(c) | Qu) = 0} ={u € 5(c) | g,(1) = 0}

appears as a natural constraint. As we shall see, in Lemma when v > 0, F restricted to A(c) is
bounded from below.

We also recognize that for any u € S(c), the dilated function u®(x) = su(sx) belongs to the constraint
A(c) if and only if s € R is a critical value of the fiber map ¢ € (0,00) + g, (), namely g.,(s) = 0.
Moreover it happens that g,,(s) = ¢,,-(1), so that if s is a critical point of g,,, then u® can be seen as a
projection of u on the set A(c).

Now setting
1

p-o= 1 |
(P=2)% ay"T Kon

00:2 P

we show thatif v > 0,a > 0, p > 4, and ¢ < ¢y, then the set A(c) is a submanifold of X of codimension 2
and a submanifold of S(c) of codimension 1.

At this stage, is view of the geometric profile of g, (s), and inspired by [28], see also [26] for a very
recent applications of this idea, we are lead to decompose A(c) into three disjoint subsets

At(e) ={u € S(e) [ g,(1) =0, g, (1) > 0}
A7 (c) ={u e S(e) | 9,(1) =0, g;(1) < 0}
A%(c) = {u e S(c) | g,(1) =0, gy (1) = 0},

Firstly we recognize that for any u € S(c), there exist an unique s > 0 such that u®" € A*+(c) and an

unique s, > 0 such that u® € A~ (c). Such s; and s, are respectively strict local minimum point and
strict local maximum point for g,,. Finally setting

It:S() =R It(u)=F(stu(sfu(x)))
and
I7:S(c) = R I~ (u) = F(syu(s;u(x))),

we pass to minimize the functionals I on S(c), which correspond to minimize F on A* (o).
Precisely, setting
F(p) o s —() o s
¥ (c) := inf F(u) and c):= inf F(u),
(c) AT () () 7 (o) A (o) ()

we prove the following result.

Theorem 1.2. Lety > 0, a > 0, p > 4, ¢ < cg. Then A°(c) = 0, while Ai(c) are not empty and there
exist

ut € AT (c) suchthat F(u™)=~"(c) and u~ € A~ (c) suchthat F(u~)=~(c).

In addition u* and u™ are critical points of F restricted to S(c).



We remark that the first solution u™, which appears in Theoremas a global minimizer of F' restricted
to A(c), can also be characterized as a local minimizer of F on the set S(c) N Ay, where

)

(p —2)c?
(p—4) 4

see Theorem Also the second solution ™~ corresponds to a critical point of mountain-pass type for
F on S(c). The existence of two critical points on S(c), one being a local minimizer and the second one
of mountain-pass type is reminiscent of recent works [7,[16}/19,26]] where a similar structure have been
observed for prescribed norm problems.

Ap, ={u e X | A(u) < ko} where ko=

Regarding the existence of more than two solutions we derive the following result.

Theorem 1.3. Lety > 0, a > 0, p > 4 and ¢ < ¢o. Then F constrained to S(c) possess an infinity
of critical points lying on A+ (c) and an infinity of critical points lying on A~ (c). These critical points
correspond to radially symmetric functions.

Next we consider the case v < 0 which appears more involved than the case v > 0. Note in particular
that when v < 0 and for A > 0 fixed, there are still no results of existence or non-existence of solutions to

(1.3) set on R2.

Firstly, we notice that if a < 0 and p > 2, for each u € S(c) the fiber map g,,(t) := F(u') is strictly
increasing and so we can state the following non-existence result.

Theorem 1.4. Let v < 0, a < 0and p > 2. Then F do not has critical points on S(c).

Concentrating now on the case v < 0, @ > 0 and p < 4 we observe that for K; € R given by

1 1 p

K = —
"o Kan r(p—2)i(4—p) T

we have, see Lemma[4.1]

A)#0  ifandonlyif a> K,y 2 &P,
and, see Lemma[4.2]
4—p
ir(lf) F(u) = —oco, if a>K;yz 7P
However, see Lemma[£.3]
4
sup F(u) < oo, if a> K, VTP P
Afe)
and, setting Ko = 24%? K, we are able to show that A(c) is a submanifold, of class C 1 of codimension
2 of X and a submanifold of codimension 1 in S(c) if K v 2" 3P < a < Ky v 2" ¢>~P and then that
sup, () F'(u) is achieved by a critical point of F' to S(c) (see Theorem .

In the aim to find more than one solution, we may now try to follow the approach, relying on the
decomposition of the natural constraint A(c) into three disjoint subsets AT (c), A%(c) and A~ (c), developed
when v > 0. At this point we face a new difficulty. For any choice of a and ¢ there always exists a u € S(c)
such that u’ & A(c) for any ¢ > 0. Namely an arbitrary u € S(c) cannot always be projected on A(c).

To overcome this problem our idea is, roughly speaking, to introduce an open subset V' of S(c), such that
for any u € V the dilation u* € V for any ¢ > 0 and there exists an unique s,, > 0 such that u®= € A~ (c)
and an unique s;7 > 0 such that us € At (¢). Such values u®: and us’ are respectively strict local



. . .. . . 4— .
maximum and strict local minimum point of g,. This geometry holds as soon as a > K17 = ¢>P and it
makes sense to define the functionals

IT: VR It = F(sfu(stu(x))),

I": V=R I (u)=F(s,u(s,u(x)))

and to try to maximize the functionals I* on V, which correspond to maximize F on A% (¢) N V.
However, since V' has a boundary, we need to insure that our deformation arguments take place inside
V. The additional condition a < K 27477? P insures that A(c) C V and that the superlevels of I* are
complete. Actually we show that if v,, — vy € OV strongly in X, then I*(v,,) — —o0, see Lemmam
At this point setting
v (e) := sup F(u) and ~ (c):= sup F(u)
A+ (c) A= (c)

we are able to prove the following result.

Theorem 1.5. Assume that v < 0 and p < 4. For K, 74%1] AP <a< Ky 74%1] AP there exist
u” € A (¢) suchthat F(u™) =~ (c) and u* € AT (c) suchthat F(u") =~ (c).

In addition v~ and uw™ are critical points of F restricted to S(c).

We remark that the case v < 0, @ > 0 and p > 4 seems completely open. Under these assumptions, the
geometric picture is somehow simpler than when p < 4, in particular for any u € S(c) there exists a unique
t > 0 such that u® € A(c) but what is unclear is how to identify a possible minimax level.

We end this introduction by mentioning that in the case v < 0 the existence of more than two solutions
remains an open, challenging problem.

The paper is organized as follows. In Section 2} we establish some preliminaries. Section [3is devoted
the case v > 0. In Subsection 3.1 we give the proof of Theorem [I.T] and in Subsection [3.2] the one of
Theorem Subsections [3.3] and are devoted to the proofs of Theorems and respectively.
Section [4| deals with the case where v < (. In Subsection we derive some properties of A(c). In
Subsection 4.2 we give the proof of Theorem[.7]and in Subsection {f.3|the one of Theorem [I.5]
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Notation. In this paper we denote for any 1 < p < oo, by LP(R?) the usual Lebesgue space with
norm [[ul|y := [p. |ul? dz, and by H the usual Sobolev space H'(R?) endowed with the norm [|ul|* :=
Jg2 |Vu|* + |u]? dz. We denote by — and — the strong convergence and the weak convergence, respec-
tively. We shall write lim for lim sup and lim for lim inf.

2 Preliminary results

In this section we present various preliminary results. When it is not specified they are assumed to hold for
any vy € R,a € R, p > 2and any ¢ > 0.

As already indicated, following [13}[27]], we shall work in the Hilbert space

X :={ue H'(R?) : |ul? < oo}



where
uf? o= [ 1og(1+ fal)u?(e) o
R2

with X endowed with the norm given by ||u||% := ||ul|? + |u|?. As in [13] we introduce the symmetric
bilinear forms

(u,v) = Bi(u,v) = /R2 /]R2 log(1 + |z — y))u(z)v(y) dzdy,

(u,v) = Ba(u,v) = /R2 /]R2 1og<1 + z i y‘)u(x)v(y) dxdy,

(u,v) — Bo(u,v) = By(u,v) — Ba(u,v) = /

/ log(| — yl)u(x)o(y) drdy,
RrR2 JR2

and we define on X the associated functionals

Vi(u) = Bl(u2,u2) = /}R2 /]Rz log(1 + |z — y|)u2(x)u2(y) dxdy,

Va(u) = By(u?,u?) = /R2 /R2 log(l + B i y|>u2(x)u2(y) dxdy.

Note that V' (u) = Vi (u) — Va(u). We shall use the following results from [[13].

Lemma 2.1. [/3| Lemumna 2.2]
(i) The space X is compactly embedded in L*(R?) for all s € [2,00).

(ii) The functionals V,V, Vs and F are of class C' on X.
Moreover, V! (u)v = 4B;(u?, uwv) for u,v € X and i = 1,2.

(iii) Vs is continuous (in fact continuously differentiable) on Ls (R?).

(iv) Vi is weakly lower semicontinuous on H'(R?).

2 2
Lemma 2.2. [I3 Lemma 2.1] Let (u,,) be a sequence in L*(R?) such that u,, LR # 0 pointwise a.e.
on R2. Moreover, let (v,,) be a bounded sequence in L?(R?) such that

2.1 sup By (u2,v2) < 0.
neN

Then there exists ng € N and C' > 0 such that |v,|. < C for n > n,.
If, moreover,

(2.2) Bi(u2,v2) =0 and |jvallz2 — 0 asmn — oo,
then
(2.3) [Un ]« =0 as n — oo.

Lemma 2.3. [I3| Lemma 2.6] Let (uy,), (vy,), (wy,) be bounded sequences in X such that u,, Xu weakly
in X. Then, for every z € X, we have

B (v wy, z(uy —u)) = 0.

From Lemmas[2.2] and 2.3 we obtain



Lemma 2.4. Let (u,) C S(c) be such that u, X U, Up B wand »y (un) = Vi(u). Then u, 5.

Proof. In order to show that u,, — u in X, we have to prove that |u,, — u|+ — 0. Since wu,, g u, then
U, — win L?(R?) with u # 0. Hence, by Lemrna we actually only need to prove that

By (un?, (u, —u)?) — 0.
But we have
By (un?, (un — u)?) = Vi(un) — 2B1 (un?, (4, — u)u) — By (u,?,u?).
Since (u,,) is bounded in X and u, — w in X, we know from Lemma[2.3]that
B1(un?, (4 — u)u) — 0.

Hence, L o o
lim By (un?, (un — u)?) < lim Vi (uy,) — lim By (u,, 2, v?) < lim V3 (uy,) — Vi (u)

by Fatou’s Lemma since we may assume that u,, — u pointwise almost everywhere in R, Since V; (u,,) —
Vi (u) and By (un?, (u, — u)?) > 0, we conclude that By (uy,?, (u,, — u)?) — 0. Whence the result. [

Our next two lemmas explore the links between the compactness of a sequence in L?(R?) and the
boundedness on the functional V.

Lemma 2.5. Let (u,) C S(c) and assume the existence of € € (0, c¢) such that for all R > 0, we have

@sup/ up? < c—e.
z€R? JB(z,R)

Then, L
lim Vi (uy,) = +oc.

Proof. Let R > 0. We denote

€p = SUp / 2.
z€R? J B(z,R)

Up to a subsequence, we can assume that lime,, < ¢ — . Then,

Vi) 2 [ w2 w)los(1 + o ydady

2 / /z_ng un2(x)un2(y)dxdy] .

//|m_y|§R un” (@)un®(y) = /R2 “nQ(l“)/B(LR) un?(y) < cen,

Vi(un) > log(1+ R) c[c—e,] > 1og(1+ R) ¢ g

>log(1+ R)

But

hence,

for n large enough, which implies
Tim Vi (up) > log(1 + R) ¢ g

Letting R go to infinity, we get the result. O



As a consequence of Lemma 2.5] we obtain,

Lemma 2.6. Let (u,,) be a sequence of S(c) such that (Vi (uy,)) is bounded.
Then there exists a subsequence of (u.,,) which, up to translation, converges to u in L?(R?).
More precisely, for all k > 1, there exist ny, — oo and x), € R? such that u,, (- — xx) — u strongly in
L?(R?).

In addition if the sequence (u,,) consists of radial functions than necessarily the sequence (13,) C R?
is bounded.

Proof. Since (V1 (uy)) is bounded, we deduce from Lemma [2.5[ that for all £ > 1, there exist Ry > 0,
ng — oo and zj, € R? such that
1
/ Up, 2 >c— —.
By, Ri) &

Vg = Un,, (- + k).

Let us set
Since v, € S(c), we may assume that, up to subsequence, v, — v weakly in L2(IR?). Moreover, since for
allk > 1, [0 > fB(O Re) vp? > ¢ — 1, then

lim ||vg||2 = c.

Hence, vj, — v strongly in L?(RR?).
Now if (u,) is a sequence of radially symmetric functions we claim that necessarily (x;) C R? is
bounded. Indeed by Lemma[2.5|we can fix a R > 0 such that

. 9 _ 3
lim sup up” > —c.
z€R? J B(z,R) 4

Then, using the definition of the supremum and the fact that each wu,, is radial if we assume that (xy) is
unbounded we can find a ng € N where z,,, satisfies |z,,| > R such that

2
/ un2 > —c¢ and / un2 >
B(2ng,R) 3 B(~2ny,R)

providing a contradiction. O

¢,

[SVR )

Our next result establish, under general assumptions, a Pohozaev identity satisfies by the critical points
of F. A previous, less general version was derived in [14, Lemma 2.4] and we make used of ingredients
introduced there in our proof. Note however that we do not make use of the exponential decay of the
solutions which is likely not available under our more general assumptions. As a consequence of this
Pohozaev identify any critical point u € X of F satisfies (1) = 0 and this property will proved crucial in
Lemma 28]

Lemma 2.7. Any weak solution u € X to
2.4 — Au+ M+ y(log(| - | * [ul*)u = alulP~?u

where A € R, v € R and p > 2, satisfies the Pohozaev identity

3 u@Pdsta [ [ togte = yluta) Pluty) Py

¥ 2 ? _ 2£ Dy —
2.5) +3 (/]R ju(a)|?de) - /}R lu(a)[Pdz = 0.
As a consequence it satisfies Q(u) = 0 where Q is defined in .



Proof. Since u € X C H'(R?), standard elliptic regularity theory yields that u € leo’f (R?) for every
pe [1 oo) and that u € C?(R?). In [13} Proposition 2.3] it is proved that the function w : R? — R given
by w(z) = [g. log |z — y|u?(y) dy is of class C* on R? and satisfies

w(z) — ||ul|3log|z] = 0 as|z| — oco.

Since u € X this implies in particular that wu? € L'(R?). For notational convenience, let us introduce the
functions
als|” As?

D 2
which belong to C*(RR), since p > 2. First, following [9, Proposition 1], we multiply the equation by
x - Vu and integrate by parts to get a Pohozaev type identity on a ball Bg(0) := {z € R?||z| < R}. So
let R > 0. Since, for any function u € C?(R?) we have

g(s) = als|P~2s — As and G(s)z/os g(t)dt =

IM)

Au(z - Vu) = div (Vu(x -Vu) — on R?

)

the divergence theorem gives
1

(2.6) / —Au(z - Vu)dr = —=
Br(0

R
|z - Vul*do + f/ |Vu|*do.
R JoBg(0) 2 Jorn(0)

Similarly, since g(u)(z - Vu) = div(xG(u)) — 2G(u) on R?, we have

2.7) / (x - Vu)dx = —2/ G(u)dm+R/ G(u)do.
Br(0 Br(0) OBR(0)

Moreover, since wu(z - Vu) = %(div[xqu] —u?(z - Vw) — 2wu2), we have

(2.8) 'y/ wu(x - Vu)dx = 7 / u?(z - Vw)dr — fy/ wu?dzr + gl wu?do.
Br(0) 2 JBg(0) Br(0) OB R(0)

Thus, multiplying (2.4) by - Vu and integrating on Bg(0), we deduce from (2.6)-(2.8) that
2.9
u?(z - Vw) 2 |z - Vul? |Vu|?  ywu?
y—— +ywu” —2G(u) |dx = / - +R + —G(u)) )do.
/BR(O) ( 2 ) ABR(0) ( R ( 2 2 ))

Next, still following [9} Proposition 1], let us prove that the right hand side in (Z.9) converges to zero for a
suitable sequence R,, — o0, i.e

2 2
R, |f|do — 0 for the function z — f(z) = V| + Jwu

|z - Vul?
9Bry, (0) 2 2 ‘

|z[?

— G(u) —

Actually it is a direct consequence of the observation that f € L'(R?). Indeed, if there is no such sequence
(Ry), it follows that

/ |fldo > = for R > Ry forsome constants ¢, Ry >0
0BR(0)

oo o0 1
/ |f\dx:/ dR/ |f|dozc/ —dR = 0.
R2 0 OBRr(0) Ro R

10

and then



The fact that f € L'(R?) follows directly using that u € H'(R?) which implies that |Vu|? and G(u) are
in L'(R?) and from the already observed property that wu? € L'(R?).
At this point we deduce from (2.9) that

2 n— o0

2 .
(2.10) t/ (ZEAE—YEQA%ku2—2G00)¢E: hm‘Rn/" | fldo = 0.
R? dBr,, (0)

Now using again that wu? and G(u) belong to L*(R?) we deduce from (2.10) that u?(x - Vw) € L' (R?).
A direct calculation now gives

z* =z -y , 2
x-Vwm:/i dy, for z € R
(z) AP ()

and thus

> -z
/RZ (x - Vw) da:—/R2 /]R2 | ||;v—y2y u? (z)u’ (y)dy

|z[> +|y[> =22y , 2 1 / 2\
2.11 = dy = - dz) .
(2.11) —1—2/R2/]R2 e u?(z)u?(y)dy 2( L x)
From (2.10) and (2.T1)) we deduce that (2.5)) holds.

Now multiplying (2-4) by v and integrating we get that

[ 1vu@Pds e [ u@pdeq [ [ togtle = slu(o)lut Pdady

(2.12) :a/ |u(x)|Pdx
R2

Combining (2.3) and (2:12) it follows that

/\Vu\2d:v /\ |pd3:——:0
R2

and thus, by definition, Q(u) = 0. O

Lemma 2.8. Let (u,) C A(c) be a Palais-Smale sequence for F restricted to S(c) bounded in X. Then,
up to a subsequence, u,, — u strongly in X. In particular u is a critical point of F restricted to S(c).

Proof. We claim that there exists a A € R such that (u, ) is Palais-Smale sequence for the functional
F(u) 4 3||ul|. Indeed since (u,) C X is bounded we know from [[10, Lemma 3] (adapted from the unit
sphere to S( ), that [|dEj  (un)| x- = on(1) is equivalent to ||dF'(un) — LAF (un ) (un )un|| x+ = 0n(1).
Now letting

(2.13) Ap = —%dF(un)(un) = —% Aup) + vV (uy) — aC(un)},

since (u,,) C X is bounded we deduce that (\,,) C R is bounded. So, up to a subsequence, A, — A € Ras
n — oo and this proves the claim. At this point, using that (u,,) C X is bounded and dF (u,) + Su, — 0
in X* we shall deduce that (u,,) strongly converges in X to a v € X which will thus be a critical point of
F restricted to S(c).

Since (u,) is bounded in X we can assume, passing to a subsequence if necessary, that u,, — u weakly
in X and, see Lemma i), that u,, — u strongly in L*(R?) for s € [2,00). Next we observe that, since
forany ¢ € X,

(dF (uy) + %un)(b —0

11



we have that

dF(u)—F%u:O in X*.

Namely « is solution to (2.4) and by Lemma we deduce that Q(u) = 0. Now observe that, since
(un) C A(c), we have, using that Q(u) =0

P22 0un) + 25 = Aw) - 220wy + 15,

0=Q(uy) = A(un) —a ’ 1 ’ 1

Since C(uy,,) — C(u) we then necessarily have A(u,,) — A(u). In particular u,, — u in H'(R?). Finally
we observe that, since A(u,) — A(u) and u,, — u strongly in L*(R?) for s € [2, 00),

(2.14) o(1) = (F'(uy) + %un)(un — )
= of1) + Alun) = AGw) + TV () =) = [ ual” (i = )
= (1) + V] (wn) (1 —0) = V3 (t) (1, — )]

where
V3 (un) (un = )| = | Ba(up, un (un — U))‘ < 3 [[un = ull =0

asn — oo and
W(un)(un - u) = Bl(ufmun(un - u)) = Bl(ufn (un - U)Q) + Bl(uiau(un - u))

with
By(u2, u(up, —u)) =0 as n— oo

by Lemma[2.3] Combining these estimates we obtain that
o(1) = o(1) + By (u2, (un — u)?),

which implies that By (u2, (u,, — u)?) — 0 as n — oo. Hence by Lemma[2.2} u,, — u[, — 0as n — oo.
We conclude that ||u,, — u||x — 0 as n — oo as claimed. This ends the proof of the lemma. O

Finally, for future reference, note that using the Gagliardo-Nirenberg inequality

% Bilyllt—8 L
015) lully < Ky Pl Pwhere 5 =2(3 - 1)

we obtain that
(2.16) C(u) = |lullh < Kan Au)i e

Also by (2.2) in [[13]]
Va(u)] < Collullss

and using (2.15) with p = % we get that for some best constant K > 0, forall u € H,

2.17) Va(u)| < K \/A(u) c2.

12



3 Thecasey >0

Throughout this section we assume that y > 0.

Lemma 3.1. Assume that vy > 0 and let (u,,) C S(c) be a bounded sequence in H such that F(u,) < d
for some d € R. Then there exists a sequence (x,,) C R? such that 1, = u, (- — x,,) has a subsequence
converging weakly in X.

Ifin addition (u,,) C S(c) consists in radially symmetric functions, the sequence (x,,) C R? is bounded.

Proof. Since A(uy,) is bounded, hence Va(u,,) and ||u,||? are also bounded by 2.17) and 2.16). Now
since F(u,,) is bounded, then V;(u,,) also. We then deduce by Lemma [2.6| the existence of (z,,) C R2,
which is bounded if (u,,) C S(c) consists in radially symmetric functions, such that, if we denote

UNn = un(’ - xn)a

then, up to a subsequence,
_ L2(R?)
Up — U.
Now, by Lemma since V1 (1) = V1 (uy,) is bounded and 1,, — u # 0 in L?(IR?), we deduce that |u,,|.
is bounded, so () is bounded in X. Since X is a Hilbert space, then, up to subsequence, we may assume
that u,, — u. O

Lemma 3.2. Assume that v > 0 and let (u,,) C S(c) be such that u,, X w. Then F(u) < lim F(uy). If
moreover F(u,) — F(u) then u,, Sue S(e).

Proof. Since X is compactly embedded in L*(R?) for all z € [2,00), see Lemma 1), we deduce that
u € S(c), C(u,) — C(u) and by the continuity of V3 on L3 (R2), see Lemma [2.1(iii), that V3 (u,) —
V2(u). The fact that

then follows from the weak lower semicontinuity of u — V; (u) on H (and thus on X), see Lemma iv),
and of u — A(u) on H.
Now assume that F'(u,) — F'(u). We shall see that A(u,) — A(u) and V;(u,) — Vi(u), which in

particular implies that u,, — w strongly in H and then, by Lemma that u,, X Indeed, considering
F(uy) — F(u), we get

[A(un) — A(u)] + % [Vi(un) = Vi(u)] = o(1).

NN

3.1

Hence, taking the liminf, we get

5 i A(u,) = AW+ [l Va(un) ~ Va(w)] <0.

Using the lower semicontinuity of A (resp. V;) with respect to the weak H! (resp. X) convergence, we

then deduce that
lim A(u,) = A(u) and  lim Vi (u,) = Vi (u).

Taking the limsup in (3:1), we get the desired result. O
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3.1 Proof of Theorem [1I.1l

This subsection is mainly devoted to the proof of Theorem[I.1] We start with the following lemma.

Lemma 3.3. Under the assumption of Theorem m= ér(lf) F > —co.
(&

Proof. Firstcase: a < 0Oandp > 2.
Then, since V; > 0 and a < 0, we have for all v € X, using (2.17)

N

(G.2) Flu) > SA@) — Ta(u) > S A(w) ~ TK VAT ¢,

DN =

whence the result.
Second case: a > 0 and p < 4.

Then, for all u € X, we have, using (2.17) and (2.16)
(3.3) Flu)> =A) — 1K VJA@W) ¢t — YKoy Aw)¥ e,
p

whence the result since % —1<1.

Third case: a > 0,p=4and c <

AGNGN '
From (3.3) we get that
1
F(u) < (5 — %KGNC)A(U) - %K A(u) c?
and the result follows here also. ]

As a consequence of Lemma [3.3|and of the convergence results of Section[2] we can now give

Proof of Theorem[I.1] By Lemma|3.3|we know that m > —oo. Now let (u,,) be a minimizing sequence for
(1.6). Since (F(uy,)) is bounded from above we deduce from (3:2) or (3:3)), that (u,,) is bounded in H. Thus
we deduce from Lemmathe existence of (x,,) C R? such that, if we denote ,, = u, (- — z,,), then, up
to a subsequence, we may assume that u,, — u. Moreover, recording that the embedding X C L?(R?) is
compact, we have that u € S(c). At this point, since F is invariant by translation, we deduce from Lemma
[.2]that F(u) = m and that u;, — u in X. O

We end this section by observing that setting
Y ={ue S(e), Flu)=m},

and for any R > 0,
Y(R)=XNBx(0,R)

we have

Lemma 3.4. There exists R > 0 such that ¥ = R? x $(R).

Proof. We argue by contradiction. Assume that for all n > 1, there exists u,, € 3 such that u,, ¢ R?*%(n).
Reasoning as in the proof of Theorem we deduce that there exists a sequence (z,,) of R? such that

Up = Up(- — Tp)

has a subsequence bounded in X . But by hypothesis, u,, ¢ X(n) so ||u,||x > n, which is a contradiction.
O
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3.2 Existence of a local minima on S(c).

In this subsection we always assume that a > 0, p > 4. We also set

_(p—2) vé
o= 1

Lemma 3.5. Assume thaty > 0, a > 0andp > 4. If Q(u) < 0 and A(u) = ko, then ¢ > cg, where ¢
depends on p, a and vy by the following formula :

p-9= 1 1 |

60:2 p 3 Py
(p72)2 KGNa'yT

As a consequence, if Q(u) < 0and ¢ < co, then A(u) # ko.

Proof. Since Q(u) < 0, we have

. 2
Alu) < d? . 20(u) + =

and by Gagliardo-Nirenberg inequality (2.13), since A(u) = ko, we deduce

p—2
—92 2 _9 ) 2772 2
p-29¢  p=2p {p VC} ey ¢
p—4 4 p p—4 4 4
then )
2 _ _ 915 B2
2 1 P ZKGN {p 2} v 22 =
p—4 4 p p—4 2r—
) -
gpsbl—4)z 1 1 _ 3
P p—dq = s
(p—2)z Konay™=
whence the result. O
Now we set
Ako = {u (S X, A(u) < ]{30}
and we define
(3.4) m;= inf F.

S(C)ﬁAko

Theorem 3.6. Let v > 0, a > 0 and p > 4. Assume that ¢ < cy, then any minimizing sequence for my
defined in (3.4) has, up to translations, a subsequence converging strongly in X. In particular the infimum
is achieved. Also any minimizer of is a critical point of F on S(c).

Proof. Let (u,,) be a minimizing sequence for . Reasoning exactly as in the proof of Theoremwe
see that there exists a sequence of (z,) C R? such that, 4, = Uun (- — xy), converges strongly towards a
u € X. Obviously u € Ay, and F'(u) = my. Thus to end the proof it just remains to show that u satisfies
A(U) < ko.

Let us assume by contradiction that A(u) = k. Then we see directly from Lemma [3.5|that necessarily
Q(u) > 0. But then we consider u'® with ¢, < 1 close to 1. Recording and (1.8) it follows that
u'o € Ay, and F(u'°) < F(u) providing a contradiction. This ends the proof. O
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3.3 Proof of Theorem

In this subsection we start to be interested in the multiplicity of solutions. We shall always assume that
a > 0and p > 4. For any u € S(c) we denote g, : (0,00) — X the function defined by

2 p—2
ye at
_ = t—
1 8

gult) = F') = S AGw) + 2V (w)

1 C(u)

where u!(z) = tu(tx) for all z € R2. Clearly g, is C? on (0, c0) and we obviously have

Afe) = {u € S(¢) | Q(u) = 0} = {u € S(c) | g, (1) = O}.
Lemma 3.7. For any u € S(c), a value s € R is critical for g, (t) if and only if u® € A(c).
Proof. Fix u € S(c). We have

_ !

702 (p — 2) p—
. (t*A(u) — — — aTt 2C(u)).

9, (t) 1

Therefore s > 0 is a critical value for g, if and only if

which means

namely g/,. (1) = 0 and thus u® € A(c). O
Now we prove the following lemmas.

Lemma 3.8. If ¢ < cq, then A(c) is a submanifold of codimension 2 of X and a submanifold of codimension
1in S(c).

Proof. By definition, u € A(c) if and only if G(u) := ||ul|3 — ¢ = 0 and Q(u) = 0. It is easy to check that
G, Q are of C'! class. Hence we only have to prove that for any u € A(c),

(dG(u),dQ(u)) : X — R? is surjective.

If this failed, we would have that dG(u) and dQ(u) are linearly dependent, which implies that there exists
av € Rsuch that for any ¢ € X,

2 Vu-Veodr —a(p— 2)/ |ulP~?up dz = 2V/ up dz,
RN N

RN R
namely that u solves
—Au — a@\u?”u = vu.
At this point from Lemma [2.7| we deduce that

_a(p—2)?

A(u) 5

C(u)
and then, since Q(u) = 0 we obtain that A(u) = ko which contradicts Lemma[3.5] O
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Lemma 3.9. Let u € S(c) such that Q(u) = 0 and %‘t:l Q(u') = 0. Then A(u) = k.

Proof. First, a simple computation shows that

d (p—2)7°
— Qut) = 24(u) —a C(u
G|, QN =24 —a= o)
So by hypothesis,
p—2 2
r—= - _“ A
— 0 = == Al
But we also know that Q(u) = A(u) — a % Cu) — v % =0, so
2 c?
1——— ) Alu) =v —
(1-5%5) A=+ 5,
ie. A(u) = k’o.
Let us denote
A*(e) ={ue S(c) | g,(1) =0, g, (1) > 0}.
A (c) ={u€ S(c) | g,(1) =0, g, (1) < 0}.

A%c) = {u € S(c) | g,(1) =0, g;(1) = 0}.
Observe that A°(c) = ) when ¢ < ¢ by Lemmas3.5]and[3.9]

Lemma 3.10. Let ¢ < co. For any u € S(c), there exists
1. aunique s} > 0 such that ush € AT c). Such s} is a strict local minimum point for g,.

2. a unique s, > 0 such that u®« € A~ (c). Such s, is a strict local maximum point for g,.

_ 2pA(u) } 1/(p—4)

T—220w) , which means

Proof. Fix u € S(c) with ¢ < ¢g. Let t* =

Q(t*)QA(’U,) _ a(p; 2)

(t)P~*C(w)

namely

It follows that

(3.5) 2A(ut) >
and

(3.6) 2A(u') <

By (3.3) we have that for any ¢ € (0, t*),

c2 —
g0 = Lawt) - 17 P =D o)

| = k|
—~
b
—~
<
~+
N~—
I
2
o
N
I
[\
—~
<
o~
S~—
SN—
|
| =
—
—
=3
I
i
N
b
—
<
-
—
I
‘Q
Q
[V
~——

3.7) >



Now we prove that if ¢ < ¢, then

t* e (p—2)

In fact, taking into account the Gagliardo-Nirenberg inequality, we have

= ko.

§ [KanA(u) 5277 alp —2)? p—2 4
= e Gy 1
S T
since » |
s [p((lf:;l))p; Ki‘N aviff}pg'

It follows that there exists § > 0 such that for any ¢ € (t* — ¢,t%)
A(Ut) > kg.

By we infer that for any t € (t* — §,t*), g},(t) > 0 and thus g,,(¢) is increasing in (t* — 9, t*).

Taking into account that the function g, (t) — +oo ast — 0" and g, (t) — —oco as t — +o0, we
conclude that there exists at least a critical point s} < ¢* which is a local minimum point of g, and a
critical point s;; > ¢* which is a local maximum point of g,,. We first consider s, > 0. Since s,; > t*,
from (3.6)) we derive that

(p—2)7°

(3.10) 2(s;, )2 A(u) —a ,

u

(5,)P72C(u) < 0.

Moreover from ({3.10) and the fact that ¢/,(s;, ) = 0, we derive that

Mpo— 1L usu e _a(p72)(p73) use
ou(si) = g () + 1 0=D o)
_ s7)2A(u —aLiQ)2 s )P2C(u
(3.11) =) (2(s3)A(u) ()T )) <0.

Therefore s;, is a strict maximum point for g, and u®« € A~ (c).

We have to show that s, is unique. By contradiction we assume that there exists z,, > 0 an other critical
point of g,, which is a local maximum point.

Firstly we observe that if 0 < z, < t*, then from g¢/,(z,) = 0 and it results

u

_9)2
(3.12) gi(zu) = 2%(223/1@) — a(pp2)zp_20(u)) >0
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which is a contradiction. This implies that z,, > ¢* and thus arguing as before we have g/ (z,) < 0 namely
u? € A~ (c). We derive the existence of an other critical point 6, > t*, which is a local minima for g,,.
Taking into account , we again deduce g//(6,,) < 0, which is a contradiction. Therefore the point s,, is
unique.

Now a direct adaptation of the argument used for s;, > 0 leads to conclude that s > 0 is the unique
local minimum point for g,,. O

Lemma 3.11. Let ¢ < co. The maps u € S(c) = s,+ € Randu € S(c) + s,- € Rare of class C*.

Proof. It is a direct application of the Implicit Function Theorem on the C! function ¥ : R x S(c) —
R, defined by W(s,u) = g (s), taking into account that ¥ (s, u) = 0, O,V (s},u) = g/(sFf) > 0
sV (st u) = g!/(s;) < 0and A°(c) = 0. O

s

Lemma 3.12. F restricted to A(c) is coercive on H and bounded from below by a positive constant.

Proof. Firstly we observe that if u € A(c), then

C2
(3.13) O(u) = #12) [A(u) - WT}

Taking into account that 4V; (u) > 0 and (2.17), we get that

1 ~c3/? 1 1 ~e? 1 1 /2 1

> - - - A N e - i

F(u) 2 GA@) — 2= Aw)! — =5 [Aw) - 77 ] 2 [ - 5] A - - aw)!
Since p > 4, this concludes the proof. O

In view of Lemma[3.12] we can define

T(¢) ;= inf F(u) and “(¢) := inf F(u).
71 = inf Plu) and 7 (e)i= inf F(u)

Aiming to prove Theorem[1.2]we shall establish the existence of a Palais-Smale sequence (u,,) C A*(c)
(respectively (u,) C A~ (c)) for F restricted to S(c). Our arguments are inspired from [5].
We start by recalling the following definition [15, Definition 3.1].

Definition 3.13. Let B be a closed subset of a metric space Y. We say that a class G of compact subsets of
Y is a homotopy stable family with closed boundary B provided

1. every set in G contains B;

2. forany A € G and any n € C([0,1] x Y,Y) satisfying n(¢t,x) = z for all (¢,z) € ({0} x Y) U
([0,1] x B), we have n({1} x A) € G.

We explicitly observe that B = & is admissible. Now we define the two functionals
It:S(c)—R by It(u)=F(u')

and
I7:S(c)=R by I (u)=F(u).

Note that since the maps u + s,,+ and u — s, are of class C'!, see Lemma[3.11} the functionals I and
I~ are of class C.

Lemma 3.14. The maps T,,5(c) — T .+ S(c) defined by ¢ — Wi and T, S(c) — T .. S(c) defined by

W — % are isomorphisms.
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Proof. We give a proof of the first statement and to shorten the notation we set s = s and u® = us . For
¥ € T,,8(c) we have

| w@wde= [ sutsopsiisa)de= [ ulwt)dy=o

R2 R2 R2

As a consequence, ¥* € T,:5(c) and the map is well defined. Clearly it is linear and the rest of the proof
is standard, see for example [S, Lemma 3.6]. ]

Lemma 3.15. We have that dI*(u)[¢)] = dF (u*e)[¢*t] and dI~ (u)[ip] = dF (u)[@® ] for any u €
S(c) and € T,,S(c).

Proof. We give the proof for I, we set here s,, = s and 1) = ¢S$. Our proof is inspired by [4, Lemma
3.2]. Let¢ € T,S(c). Then ¢ = +/(0) where v : (—¢,¢) — S(c) is a C'-curve with v(0) = u. We
consider the incremental quotient

. (1) = I () _ FO(0)*) = FO(0)*)

' t t
where s; := s,y (t) (notice that sg = s,,). Recalling that s; is a strict local minimum of s F(u®) and using
that u +— s; is continuous, see Lemma- we get for |¢| small

2
5t

Fly(t)*) = F(2(0)*) 2 F(y(0)*) = F(3(0)*) = *E [A(3(8)) = A(1(0)]

p—2
asy

L= [et) - o)
=5t [ Vet 9y (ode [ [ togle =3l 0P @n () () o) dody.

2o - vieo)] -

—ast ™ [ Pty (drda
for some 71, 72, 73 € (0, 1). Analogously
FO*) = FO0)) < FG0°) = FO0®) = 5 [ Va(mt)- 94’ (rajeda
[ tegla = sl(rst) e () 007 (750 ) dndy

—ash~” / I (16t) P2 (16t)y (16t)t da
R2

for some 74, 75,76 € (0,1). Now from we deduce that
It — I (~(0
lim () - GO _ /R VuVidr+y /}R 2 /R log [z — ylu? (@)u(y)u(y) dady
“ast? [ u()l Pu(e)te) de
R2
- / V() - V() de + / / log |1 — ] (u™ ) (2)us* (y)° (y) davdy

ylog(sn) [ [ @) dedy—a | @) e @ ) de
= DP@™)[i] + 7 log(s.) / @)ds [ alp)ily) dy = D)o
for every u € S(c) and ¢ € T, S(c). O
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In our next lemma I+ denotes either I+ or I~ and accordingly A* (c) denotes A*(c) (or A~ (c)) and
sy = s (or s, = s7,).

Lemma 3.16. Let G be a homotopy stable family of compact subsets of S(c) with closed boundary B and
let

eg := inf max[i(u).
AeG ueA

Suppose that B is contained in a connected component of A* (c) and that max{sup I*(B),0} < eé < 00.
Then there exists a Palais-Smale sequence (u,,) C A*(c) for F restricted to S(c) at level eg.

Proof. Take (D,,) C G such that maxyep,, 17 (u) < 65 + , and
7:[0,1] x S(c) = S(c), n(t,u) = ut~tHtse,

Since s, = 1 forany u € A*(c), and B C A*(c), we have n(t, u) = u for (t,u) € ({0} x S(c))u([0,1] x
B). Observe also that 7 is continuous. Then, using the definition of G, we have

A, =n({1} x D) ={u’": we D,} €G.

Also notice that A, C A*(c)foralln € N. Letv € A, ie. v = u® for some u € D,, and I*(u) =
I*(v). So maxa, IT = maxp, I and therefore (A,,) C A*(c) is another minimizing sequence of eg.
Using the minimax principle [15, Theorem 3.2], we obtain a Palais-Smale sequence (,,) for I on S(c) at
level eg such that distx (4, An) — 0 as n — co. Now writing s,, = s, to shorten the notations, we set
U, = S € AT (c). We claim that there exists C' > 0 such that,

1
(3.15) G < s2<C
for n € N large enough. Indeed, notice first that
Alun)
3.16 2=
e T A

Since by definition we have F'(u,,) = I*(i,,) — e, we deduce from Lemma[3.12] that there exists M > 0
such that

(3.17) % < A(uy) < M.

On the other hand, since (A,) C A*(c), is a minimizing sequence for eg and F'is H coercive on A% (c),
we deduce that (A,,) is uniformly bounded in H and thus from dist x (@, An) — 0 as n — oo, it implies
that sup,, A(@,) < oo. Also, since A,, is compact for every n € N, there exists a v, € A, such that
distx (iin, An) = ||v, — @n || x and, using once again Lemma [3.12] we also deduce that, fora § > 0,

. - ]
A(un) > A(Un) - A(un - Un) > 5
This proves the claim.

Next, we show that (u,) C A*(c) is a Palais-Smale sequence for F on S(c) at level (’g Denoting by
|||« the dual norm of (7%, S(c))*, we have

ldF(u)lle = sup  [dF(u)ll=  sup  [dF(ug)[(7)]).
YT, S(c), [¥I<1 YET,, S(c), |¥]<1
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From Lemma we know that T;; S(c) — T, S(c) defined by ¢p — t®~ is an isomorphism. Also, from
Lemma we have that dIF (4i,,)[v %] = dF (u,,)[(¢p~%")*"]. Tt follows that

(3.18) [dF (un)l+ = sup | (@) [0l
VETu, S(e), <1

At this point it is easily seen from (3.I3)) that (increasing C' if necessary) ||| < C||¢|| < C and we
deduce from (3.18) that (u,,) C A*(c) is a Palais-Smale sequence for F on S(c) at level eg. O

Lemma 3.17. There exists a Palais-Smale sequence (u,) C A (c) for F restricted to S(c) at the level
v+ (c) and a Palais-Smale (u,,) C A~ (c) for F restricted to S(c) at the level v~ (c).

Proof. Let us assume that (u,) C AT (c), the other case can be treated similarly. We use Lemma
taking the set G of all singletons belonging to S(c) and B = @. It is clearly a homotopy stable family of
compact subsets of S(c) (without boundary). Since

+o_ oy — i 0 — A

et = inf maxI"(u)= inf I"(u)= c

g Aeg uei{ ( ) ueS(c) ( ) i ( )

the lemma follows directly from Lemma[3.16] O

Now we are ready to give

Proof of Theorem[1.2] We give the proof for u™, the one for u™~ is almost identical. Let (u,) C A (c) be
a Palais-Smale sequence for F restricted to S(c) at level v+ (c) whose existence is insured by Lemma[3.17]
By Lemma we know that (u,,) is bounded in H. Also since the functional F is translational invariant,
in view of Lemma it is not restrictive to assume that (u,) C A*(c) is bounded in X. At this point we
conclude using Lemma 2.8] O

3.4 Proof of Theorem

We are now interested in the existence of infinitely many solutions lying on A1 (c) and A~ (c). For this
we shall work in the subspace X,.,q of X consisting of radially symmetric functions. We set A,.q4(c) =
A(C) N Xrad-

We denote by 0 : X — X the transformation o(u) = —u. The following definition is 15 Definition
7.1].

Definition 3.18. Let B be a closed subset of a metric space Y. We say that a class G of compact subsets of
Y is a o-homotopy stable family with closed boundary B if

1. every setin G is o-invariant.
2. every set in G contains B;

3. forany A € G and any € C([0,1] x YY) satisfying, for all ¢ € [0,1], n(t,u) = n(t,o(u)),
n(t,x) = x forall (¢,z) € ({0} x Y)U([0,1] x B), we have n({1} x A) € G.

Lemma 3.19. Let F be a o-homotopy stable family of compact subsets of Afa 4(¢) with a close boundary

B. Let cr := inf oc 7 max,eca F(u). Suppose that B is contained in a connected component of Afa 2(0)
and that max{sup F(B),0} < cr < oc. Then there exists a Palais-Smale sequence (u,,) C AE (c) for F
restricted to S(c) at level cr.

Proof. We are only sketchy here and refer to [5] for the proofs of closely related results. The proof of
Lemma [3.19]first relies on an equivariant version of Lemma[3.16] whose proof is almost identical to the one
of Lemma[3.16] Then the lemma follows just as [5} Theorem 3.2] follows from [5] Proposition 3.9]. O
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Remark 3.20. Lemma [3.19] establishes that, if the assumptions of the equivariant minimax principle [15]
Theorem 7.2] are satisfied by the functional F constrained to A* (c), then we can find a “free" Palais-Smale
sequence for F' on S(c) made of elements of A*(c).

Now let H := AT (c) N Xyqq (or H := A~ (c) N X,.4q) and recall, in this notation, the definition of the
genus of a set due to M.A. Krasnosel’skii.

Definition 3.21. Let .4 be a family of sets A C H such that A is closed and symmetric (u € A if and only
if —u € A). For every A € A, the genus of A is defined by

v(A) :==min{n e N: J ¢ : A — R"\{0}, ¢ is continuous and odd}.
When there is no ¢ as described above, we set y(A) = oc.

Let Az be the family of compact and symmetric sets A C H. For any k € NT, define
I'y:={Aec Ay :~v(4) >k}

and
:= inf sup F'(u).
o= el )
Lemma 3.22. Let ¢ < co. Forany k € NY, T, # 0 and T} # 0.

Proof. We give the proof for '} . Let V' C X4 be such that dim V = k. We set SV (c) := V N S(c). By
the basic property of the genus, see [3, Theorem 10.5], we have that v(SV (¢)) = dimV = k. In view of
Lemma for any u € SV (c) there exists unique s;; > 0 such that ust € At (c). Itis easy to check
that the mapping ¢ : SV (¢) — A(c) defined by p(u) = s+ is continuous and odd. Then [3, Lemma 10.4]
leads to v(p(SV (c))) > v(SV(c)) = k and this shows that Ty, # . O

Proof of Theorem[I.3] We give the proof for A*(c), the case of A~ (c) is identical. Consider the minimax
level (). From Lemma [3.22] we know that each of the classes I';, is non empty and thus to each of them we
can apply Lemmato obtain the existence of Palais-Smale sequences (u*) C A 4(c) for F restricted
to S(c) at the levels 3. Since u¥ is radial we know from Lemmas|2.6/and Lemma that (uf) C X,qq is
bounded in X. At this point we conclude using Lemma that (u"),, converges to a u* which is a critical
point of F on S(c). Now to show that if two (or more) values of 5 coincide, than F' has infinitely many
critical points at level c, one can either proceed in the usual way, or adapt [5, Lemma 6.4] to the present

setting. 0

4 Thecasey <0

In this section, for convenience, we change v into — and thus we write

F(u) = 5A() = TV ()~ 5 Cw

with v > 0. With this change note that the function g, : (0,00) — X becomes

t2 ¥ ~e? a
— ty p—2
gu(t) = F(u") 5 A(u) V(u)+ logt tr72C(u).

Obviously we still have that g, is C% on (0, co0) and

@.1) gL (t) = %(t2A(u) + 7702 - Wtﬂcm)).
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Firstly, we notice that if a < 0 and p > 2, for each u € S(c) the fiber map g,,(t) := F(u') is strictly
increasing and so we can immediately derive TheorenT.4]
Also note that

Ale) = {u € S(e) | Q(u) =0} = {u € S(c) | g, (1) = O}.

For future reference observe that defining

@2) . [a(p;pi):u?(u) 1/(4—p)

we have that

4.3) 24(utt) = U2 ; 2)20(ut*)
Furthermore notice that

“.4) 2A(ut) < a(pp2)20(ut), VO<t<t
and

4.5) 2A(u") > ‘l(’;z)QC(ut), Vit >t

In what follows we always assume that ¢ > 0 and p < 4. The following quantities will play a crucial
role in this section,

1 1 P
Kl = 4—p P 4—p *
2" Kan 250(p - 2)5 (4 — p) 7"
and )
K, =27 K, P _.

 Kon 25r(p-2)F(d-p) T

4.1 Properties of A(c)
Lemma 4.1. Assume that v < 0 and p < 4. Then
A(c) #0 ifandonlyif a > K174—Tp037p.

Proof. Letu € S(c) and t > 0. Defining

du(t) = Q(u') = A(u)t® — o= 2)C(u)t1’*2 Lo

p 4
we have g/, (t) = 1¢u(t). Thus the function ¢,, achieves its minimum at ¢, given in #2) and
2 ~ C’(u)Q 1/(4—p)
» 1) 2% R [ SO O ey
(4.6) o ( ) Y 4 1 A(u)p,Q a

(p—2)P/"P) (4 —p)

where K; = p2/(4=p)2(r=2)/(4=p)

. By Gagliardo-Nirenberg inequality (2.15)), we have

C(u)? 2 2
Afuyp=2 = e
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which leads to )

inf Q(u) > ’yc— - K [Ken a c]2/(47p).
u€S(c) 4
Hence if a < K17 2 ¢3~P, then infg(c) @(u) > 0, and so A(c) = (. Now, since the best constant in the
Gagliardo-Nirenberg inequality is reached, say by @ € S(c), we also have that

2

. _ C -, _
inf Qu) =Q(a) :'y——Kl[KGNacP/(4 P,
u€eS(c) 4

Thus if ¢ > KWAL_TPC?”Z’, then

inf <0
and since lim;_, o, ¢, (t) = 400, we deduce by continuity that A(c) # 0. If a = K174_Tp ¢3~P, then
Q(u) = 0 and so A(c) # 0. O

Lemma 4.2. Assume that v < 0 and p < 4. Then if
4.7 a> K 7477? AP,

we have that inf F = —oo.
A(e)

Proof. Our proof borrows ideas from [8]. First observe that if u € S(c) is such that Q(u) < 0 then since
Q(u') — +oo ast — oo there exists a t > 1 such that Q(u') = 0 and F(u') < F(u). So we only
need to prove that there exists a sequence (u,) C S(c) with Q(u,) < 0 and F(u,) — —oo as n — oo.
Let ¢ > 0 satisfies (4.7) and assume first that p > 3. Then there exists a ¢; > 0 such that ¢ > ¢; and
{ue€ S(d): Qu) <0} #0ford > c;. Wesetnn = c—c; > 0and take u € C§°(R?), u > 0 with
||u|[3 = ¢— ¥ and Q(u) < 0. We also choose a v € C§°(R?), v > 0 with |[v[|3 = Z. We now consider the
sequence

1 /1
up(x) = u(z) + fv(f(x - nR)) =u(x) + v ()
n \n
where R > 0 is choosen sufficiently large so that the supports of u and v,, are disjoints. Clearly

2

Qluy) = Alu+wv,)— 2= 2C(u +v,) + e

-2
— A(u)—app C’(u)+£<0,

since A(v,) — 0and C(v,) — 0 as n — oo. Also we easily observe that, because the functions v and
vy, are non negative, that Vi (u,,) > Vi(v,) and that V;(v,) — 400 as n — oo. We then deduce that
F(uy) — —oo proving the lemma in the case p > 3.

Now if we assume that p < 3 there exists a ¢c; > 0 (¢c; = +oo if p = 3) such that ¢ < ¢; and
{u € S(d) : Q(u) < 0} # 0 for d < c¢; We then modify the previous proof by taking u € C§°(R?), u > 0
with [|u]|3 = £ and Q(u) < 0 and consider instead the sequence

un(x) = u(z) + %u(%(z —nR)).

By similar arguments we obtain Q(u,,) — Q(u) < 0 and F(u,) — —oo as n — oc. O
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Lemma 4.3. Assume that v < 0, a > 0 and p < 4. Then,
1. F restricted to A(c) is bounded from above.

2. For any my € R, there exists a mo € R such that, for all u € A(c), A(u) < mg and V1 (u) < mq if
F(u) > my.

Proof. Letu € A(c). From

__ P 1<
“38) Clw) = ooy A + 7]
and vV1(u) > 0, we deduce
1 /2 1 1 ~c? (4—-p) /2 1
< — 2 - — — < —— 2,
F(u) < 5 A + A} — =5 [Aw) + 7] < 20— 3 A+ AW
Since 2 < p < 4, both points follow. 0

The following three lemmas give information on the geometric structure of A(c).

Lemma 4.4. Assume thaty < 0, a > 0andp < 4. If Q(u) < 0 (resp. Q(u) < 0) and A(u) = ko then
4—p

a> Ko 74;;) AP (resp. a>Koy 2 cg_p)

Proof. Since Q(u) < 0, we have

Alw) < o220 (u) - %
Then, by Gagliardo-Nirenberg and since A(u) = ko, we get
—2
p—2 vc? p—2 p—2 yc? = ~c?
t 2 <a N|—=1 c— 21—
4—p 4 P 4—p 4 4
_ 2 2 _ 9%
V2+4w:1ng%N<pﬁz 252 p-1
’YAFTP s-p : i—p b > <a
Kan (4 —p)2°23-p(p—2)%
K> ’74_Tp AP <a,
whence the result. O

Lemma 4.5. Assume thaty < 0, a > 0and p < 4. Let u € S(c) such that Q(u) = 0 and %|t:1 Qut) =
0. Then A(u) = ko.
Proof. First, a simple computation shows that
d
dt

t=1 p
So by hypothesis,

ie. A(u) = ko. O
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4.2 Proof of Theorem

In order to prove Theorem [4.7) we first establish the following lemma.

Lemma 4.6. Assume that v < 0 and p < 4. Then if K, 74_% AP <a< K, 74_% 3P M :=sup Fis
A(e)
achieved on A(c).

Proof. From Lemma we already know that M < oo and that for any maximizing sequence (u,,) C
A(e), (A(uy)) is bounded. Clearly also (V;(uy,)) is bounded. Hence, using previous arguments we may
assume that, up to a subsequence and translations, (u,,) is bounded in X and that, for some u € S(c),

U, Xuc S(c) and uy, A 1. In addition we have that Va(u,) — Va(u). At this point it is convenient to
introduce the functional
4—p g c?
(4.9) Gu)=——= Alu) — V(u) —y —.
B A )

which coincide with F" on the set A(c). Since A (resp. V1) is lowersemicontinuous for the weak convergence
on H (resp. X) and since G is invariant by translation, we deduce that M < G(u).

Similarly, C'is continuous for the weak convergence in X and A is lower semicontinuous for the weak
convergence in H, hence Q(u) < 0. To conclude we just need to show that Q(u) = 0. Observe that by a
direct calculation, for any ¢ > 0,

4—p e g
ty 2 _ !
Gu') = =2 Au) t* + 1 logt 4V(u),
and thus

d 4—p ve? 1
4.10 — H=— Alu) t+ ——.

Note that v := % |t:1 G(u') = 0 is equivalent to A(u) = ko. Since Q(u) < 0 we thus know from Lemma
4.4|that v # 0. We shall now prove that neither v < 0 nor v > 0 is possible if Q(u) < 0 and it will end the
proof.

2

c . .
First assume that v < 0. Since Q(u') — 77 > 0 ast — 0, assuming that Q(u) < 0, there exists a

to < 1 such that Q(u') = 0 and Q(u') < 0if ¢t € [to,1]. Thus, again by Lemma[4.4] we deduce that
4 G(ut) < 0fort € [to, 1] and consequently G(u'®) = F(u') > M in contradiction with the definition
of M. Assume now that v > 0. Since Q(u') — +o0c as ¢ — oo there exists a t; > 1 such that Q(u'*) = 0
and Q(u') < 0if ¢t € [1,¢1]. Thus, again by Lemma we deduce that £G(u?) > 0 for t € [1,#;] which
lead to the same contradiction. O

At this point we are ready to give

Theorem 4.7. Assume v < 0, p < 4 and
K 74771) AP <a< K, 7477’1 AP,

Then sup, ) F'(u) < oo and it is achieved by a critical point of F restricted to S(c).

Proof. We shall see in Lemma that, under the assumptions of the theorem, A(c) is a submanifold of X
of codimension 2. By Lemma we know that there exists u € A(c) such that

F(u) = max F.
A(o)
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Since u is a maximizer of F' on A(c), hence a critical point, there exist two Lagrange multipliers A, u such
that

4.11) dF (u) = X (u,) + p dQ(u).

Our aim is to show that y = 0. Observe that (#.11) can be rewritten as

(4.12) — (1= 2p)Au—~(log| - | * [ul*)u — M = a(l — p(p — 2))ul’~?u
and thus from Lemma 2.7 we obtain that

(p—2)(1 - p(p—2)) ye?
P 4

(4.13) (1-2u)A(u) —a
Now using that Q(u) = 0 we obtain from (4.13) that

—2
(4.14) pTu(ﬁl —p)C(u) = %w

If 4+ = 0 we are done, so we assume that y = 0. We then deduce that

2
p e
(4.15) cCu)=——FL T7¢
W= —oa—p 2
and inserting (4.15)) into Q(u) = 0 we deduce that A(u) = ko. This contradiction proves that y = 0 namely
that v is a critical point of F restricted to S(c). O

Remark 4.8. We also would like to express the sufficient conditions given in Theorem[4.7]in term of ¢ > 0
since an interesting phenomenon then occurs. Actually, there is a strong qualitative change depending on
the position of p with respect to the, thus critical, exponent 3. In particular, our result says that F|g.) has
no critical point

e if c > (Oislarge for2 < p < 3.
e if ¢ > 0issmall for 3 < p < 4.
o ifa < K; ’yll'pr but without condition on ¢ > 0 if p = 3.

In the following table, we express the sufficient conditions given by Theorem [4.7]in term of c.

Nonexistence Existence i, 1=1,2

1
1 a3—p

4—p
K;3-p Y 2(3—-p)

2<p<3 c>cC co<c<c

p=3 a<K\v7 |Kiy 7 <a<Kyy 7

4—p
3<p<4 c< c<c<e K 0

qp=3

4.3 Proof of Theorem 1.5

Considering a sequence (u,,) C S(c) such that C(uy,) = 1 and A(u,,) — oo, we deduce from (4.6) that for
any a > 0 and ¢ > 0 there always exists a u € S(c) such that u® ¢ A(c) for any s > 0. For this reason we
shall localized our search of critical points into the subset of S(c) given by

V={ueS(c)|(t:)*A(u) > ko}.

The following result gives an alternative characterization of V' and some first properties.
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Lemma 4.9. Assume that v < 0, a > 0 and p < 4. We have
1. u €V < inf~0 Q(u?) = Q(u') < 0.
2. Ifa> Kw% c37P, then V is an open, not empty subset in S(c).

Proof. By definition, v € V if and only if

. —2) yc?
4.16 Aty > ko = 2=HE
(10 W) > ko (4—p) 4
But [#16) is equivalent to
2
X ye 2 X
4.17 A to S = A ty,
(4.17) (u') + T < " (utw)
and recording that by definition of ¢},
2 - -2 .
——A(u') = a<p )C(ut")
p—2 p

it is also equivalent to
2

A(uti)a(pp%Q)C’(ut:) + % <0

namely to Q(ut;) < 0. This proves the first point. Now, arguing as in the proof of Lemma we see that

ifa>K 174% 3P, there exists u € S(c) such that Q(u) < 0 proving that V' is non empty. The fact that
V is open in S(c), follows from the continuity of the map u — ¢7;. O

Remark 4.10. For future reference note that it can be checked, by direct calculations, that if Q(«) = 0 and
A(u) = ko then t¥, = 1 and thus u ¢ V.

Our next result can be deduced from the characterization of V' given in Lemma[4.9]but we provide here
a proof directly based on the definition of V.

Lemma 4.11. Assume that v < 0 and p < 4. Let a > Kw% c37P, then for any u € V, we have that
u® €V forany s > 0.

Proof. Letu € V, namely u € S(c) and (t})2A(u) > ko. We define v = u® and we evaluate

oo [a (p—2)? C(v)} Y(-p) _ [(s)Ha(p —2)2C(u)1/-n) 1
: 2p Av) (52 " 2p Al

“ |

It follows that

2w = B 2aw) = @240 > b
and thusv € V. O
Let us now denote
AT(e) ={ueV|g,(1) =0, g;(1) > 0},
Ae) ={ueV]g,(1) =0, gi(1) =0},
A () ={ueV]g,(1) =0, g,(1) <0}

Observe that A°(c) = ) by Lemma[4.5|and Remark

29



4
Lemma 4.12. Leta > K1y 2 ¢3~P. Forany u € V, there exists
1. aunique s;; > 0 such that usi € At (e). Such st is a strict local minimum point for g,,.

2. a unique s, > 0 such that u®« € A~ (c). Such s, is a strict local maximum point for g,.

Proof. Fix u € V. Since ()% A(u) > ko, we deduce that

(0 = (4 + 7 - =)
1 o et 2 PR v (4—p)
(4.19) < E(A(u )+ T 2)A(u )) = ¥(T o 2)t2A(u)).

By we infer that there exists § > 0 such that for any ¢t € (¢ — &,t%), ¢/,(t) < 0 and thus g, (t) is
decreasing in (t} — 6, ¢). Taking into account that the function g, (t) — —oo as t — 07 and g,,(t) — +oo
as t — 400, we conclude that there exists at least a critical point s;; > ¢ which is a local minimum point
of g,, and a critical point s;, < t;, which is a local maximum point of g,,.

Since s > t, from we derive that

(4.20) 2(s7)2A(u) — a(p;)Q(sj)PQC(u) > 0.

Moreover from (4.20)) and the fact that ¢/,(s;7) = 0, we derive that

@21) dlsd) = s () = I = o BB gt
4.22) = (31)2 (2(s)2A(u) — ai(p _p2) (sh)P72C(u)) >0

Therefore s is a strict minimum point for g, and u*+ € A*+(c).

We have to show that s, is unique. By contradiction we assume that there exists 2,7 > 0 an other
critical point of g,, which is a local minimum point.

Firstly we observe that if 0 < 2,7 < ¥, then from g/, (2;7) = 0 and (4.4) it results

1
(2 )2
11

which is a contradiction. This implies that z;7 > ¢* and thus arguing as before we have g/ (z;7) < 0 namely
u*s € AT (c). We derive the existence of an other critical point 6, > t*, which is a local maximum for g,,.
Taking into account , we again deduce g/ (6,,) > 0, which is a contradiction. Therefore the point s; is
unique.

Now a direct adaptation of the argument used for s;; leads to conclude that s;7 > 0 is the unique local
maximum for g,,. O

@23 ) = (AW - o P2 o) <o
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For future reference note

Lemma 4.13. Assume that v < Oand p < 4. If a > K, '74_Tp e3P, the maps u € V + s,+ € R and
u €V = s,- €Rareof class C.

Proof. Tt is a direct application of the Implicit Function Theorem on the C' function ¥ : R x V
R, defined by ¥(s,u) = g/(s), taking into account that ¥ (s u) = 0, 9,¥(s}t,u) = g/(st) >
sV (s, u) = g!'(s;) < 0and A°(c) = () by Lemma}.5|and Remark

Lemma 4.14. Let v < 0 and p < 4. Assume that a > Kl'y%Tp c37P, then A(c) NV is a submanifold, of
class O, of codimension 2 of X and a submanifold of codimension 1 in S(c).

Proof. Note that the assumption a > K 174%11 ¢37P is just used to guarantee that V' is an open, not empty
subset in S(c). By definition, u € A(c) if and only if G(u) := ||ul|3 — ¢ = 0 and Q(u) = 0. It is easy to
check that G, @ are of C'! class. Hence we only have to prove that for any u € A(c),

(dG(u),dQ(u)) : X — R? is surjective.

If this failed, we would have that dG(u) and dQ(u) are linearly dependent, which implies that there exists
av € R such that for any p € X,

2 Vu~V<pdx—a(p—2)/ |ulP~?up dz = 2V/ up dz,
RN RN RN
namely that u solves
-2
—Au — a%\uvn_zu = vu.

At this point from Lemma [2.7) we deduce that

—92)2
(4.24) Aw) = X2 =2 0y

2p
Then on one hand, since Q(u) = 0 we obtain that A(u) = kg. On the other hand (4.24) implies that t% = 1.
Thus, from the definition of V, one deduce that « ¢ V" which contradicts our assumption. O

Lemma 4.15. Assume that v < 0,a > Oandp < 4. Ifa < K27%03’p then it holds that A(c) C V. In
particular A(c) is a submanifold, of class C*, of codimension 2 of X and a submanifold of codimension 1

in S(c).

Proof. If u € A(c), then ¢, (1) = Q(u) = 0. Since ¥ is the minimum point of ¢,,, we deduce that
Q(uts) = ¢y (t7) < 0. Since a < Kyy 2" P we deduce from Lemmaandﬁthat Qutv) = 0is
not possible. Thus Q(u'=) < 0 and we get from Lemmathat ueV. O

ip g .
From now on we assume that a < K> v 2 ¢*7. In view of Lemmawe can define

vt (e) :== sup F(u) and ~ (c):= sup F(u).
A+(c) A= (¢)

Aiming to prove Theorem [1.5| we shall establish the existence of a Palais-Smale sequence (u,,) C AT (c)
(respectively (u,) C A~ (c¢)) for F restricted to S(c). Arguing as in Section 4, we define the two functionals

IT:V—R by IT(u)=Fw%) and I~:V =R by I (u)=F(u™).

By Lemma4.13| the maps u ~ s,+ and u + s, are of class C'' and thus the functionals I* and I~ are
of class C''. As in Section 4, we can prove the following results.
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Lemma 4.16. The maps T,,V — TMS: V' defined by i) — 1/)53 and T,V — Tus; V defined by 1) — )%«
are isomorphisms.

Lemma 4.17. We have that dI't (u)[yp)] = dF (u*s)[¢*t] for any uw € V, 1 € T,V and dI~(u)[y)] =
dF(u®e )] for any w € V and ¢ € T,V

In our next lemma I+ denotes either It or I~ and accordingly A* (c) denotes A*(c) (or A~ (c)) and
sy = s (or s, = s;,). This lemma is crucial to guarantee that it is possible to develop a minimax argument
inside V.

Lemma 4.18. Assume that v < 0, p < 4 and let
K 74%,, AP <a< Ky 74%,, AP,
If (v,) C V is a sequence with v,, — v € OV strongly in X, then I* (v,,) — —oc.

Proof. Let (v,) C V such that v,, — vy € OV strongly in X, as n — oo.

Since v, € V, we have (¢} )?A(v,) > ko and s, < t; < s} . Moreover since vy € OV, we have
(t5,)2A(vo) = ko, tj, # O and limsup s, <t; <liminfs] .

Now if (s;f ) is bounded from above, then up to a subsequence, it converges to 5 # 0 and ¢} < 3.

Moreover since v, — vg strongly in X and Q(vff") = 0, we infer that Q(v§) = 0.
At this point we deduce from Lemmam that v§ € V and thus, by Lemma we have vp € V in
contradiction with the assumption that vy € OV
We conclude that (s;} ) is not bounded from above and thus, up to a subsequence, s} — 400, as
n — oco. Taking into account that
st 4—p , 4 c?

(o) = Glotin) = — ()2 A(v,) — %V(vn) + CZ% log(s, ) — ey

we deduce that I (v,,) — —o0, as n — 0o.
On the other side, up to subsequences, (s, ) converges to 5, as n — oc. If 5 # 0, we can argue as
before, deriving a contradiction. It follows that s, — 0" as n — oo. Taking into account that

2

- 55, 4—p 9 v 27 - c
I n) — G nvn = - A n) — -V n -1 -
(80) = G = ~ g (50, A(w) = TV (w0) + ] loa(sy,) 7z
we deduce that I~ (v,,) — —o0, as n — 0. O

Lemma 4.19. Assume that v < 0, p < 4 and that K, 747717 AP <a< Ky 74%? 3P, Let G be a
homotopy stable family of compact subsets of V with closed boundary B and let

+ : +
es = sup min I~ (u).
g AG% u€A ( )

Suppose that B is contained in a connected component of A*(c) and that

min{inf I*(B),0} > 65 > —00.
Then there exists a Palais-Smale sequence (u,) C A* (c) for I restricted to V at level eg.
Proof. Take (D,,) C G such that min,ep, I+ (u) > e — L and

n:[0,1] xV =V, n(t,u) = u' 7t
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Since s, = 1 forany u € A*(c),and B C A*(c), we have n(t,u) = ufor (t,u) € ({0} x V)U([0,1] x B).
Observe also that 7 is continuous. Then, using the definition of G, we have

Ay i=n({1} x D)) = {u* : ue D,} €G.

Also notice that A, C A*(c)foralln € N. Letv € A, ie. v = u® for some u € D,, and I*(u) =
I*(v). In particular we have min4, I* = minp_ I* and therefore (4,,) C A*(c) is another maximizing
sequence of eg. Now by Lemma we derive that the superlevels of (I*)¢ are complete for any d € R.
A direct adaption of the minimax principle [15, Theorem 3.2] implies the existence of a Palais-Smale
sequence (ii,,) for I on V at level eé such that distx (i, Ay,) — 0 as n — oo. Now writing s, = s,
to shorten the notations, we set u, = u;" € AT (¢). We claim that there exists C' > 0 such that,

1
(4.25) c< sy <C
for n € N large enough. Indeed, notice first that
Alun)
4.26 2
(20 T A
By Gagliardo-Nirenberg inequality and
4.27) C(uy) P Ay + 2%
. n) = ——— | A(uy) + —
a(p —2) 4
there exists C' > 0 such that
(4.28) C < A(uy)

for n € N. Moreover since F(u,) = I*(i,) — eg, we know from Lemma (4.3( (ii), that there exists
M > 0 such that A(u,,) < M. Also, since (4,) C A*(c), is a maximizing sequence for e:gt , we deduce,
still by Lemma[4.3|(ii), that (A,,) is uniformly bounded in H and thus from dist x (i, A,) — 0asn — oo,
it implies that sup,, A(@,) < co. Moreover since A,, is compact for every n € N, there exists a v, € A,
such that dist x (@in, An) = ||vn, — @n || x and, using ([@.28)), we deduce that

A(an) > A(Un) - A(an - Un) > K

for some K > 0 and this proves the claim.
Next, we show that (u,,) C A*(c) is a Palais-Smale sequence for ' on V at level eg
Denoting by ||.||. the dual norm of (7, S(c))* and recalling that V' is open in S(c), we have

[F @)l = sup JdF)l = s JdF )@ 0) ]
YETun ¥, IlI<1 VETu, V, el <1

From Lemma [3.T4 we know that T;; 'V — T,V defined by 1) — ¢* is an isomorphism. Also, from
Lemma we have that dI* (4, )[v)~°"] = dF (u,)[(¢)~5")*"]. It follows that

(4.29) IdF (un)lls = sup |dIF(a@n) "),
VET,, V, 4] <1

At this point it is easily seen from (3.13)) that (increasing C' if necessary) ||y~ || < C||¢|| < C and we
deduce from (@.29) that (u,,) C A*(c) is a Palais-Smale sequence for F' on V at level eg. O
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Lemma 4.20. Assume that v < 0, p < 4 and that
i 3_p ip 3_p
Kivy 7= ¢ <a< Kyvy2 7P

There exists a Palais-Smale sequence (u,) C AT (c) for F restricted to V at the level v+ (c) and a Palais-
Smale sequence (u,) C A~ (c) for F restricted to V' at the level v~ (c).

Proof. Let us assume that (u,) C AT (c), the other case can be treated similarly. We use Lemma m
taking the set G of all singletons belonging to V and B = @. It is clearly a homotopy stable family of
compact subsets of V' (without boundary). Since

e'g‘: := sup min I (u) = sup I'"(u) = y*(c)
AeguGA ueV

the lemma follows directly from Lemma[4.19] O
Now we are ready to give

Proof of Theorem[I.5] We give the proof for ™, the one for v~ is almost identical. Let (u,,) C At (c)
be a Palais-Smale sequence for F restricted to V' at level 41 (c) whose existence is insured by Lemma
By Lemma4.3|we know that (u,,) is bounded in H and that (V3 (u,,)) stays bounded. Also since the
functional F’ is translational invariant, reasoning as in the proof of Lemma/3.1|it is not restrictive to assume
that (u,,) C A*(c) is bounded in X. At this point we conclude using Lemrgm O
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